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Preface

Abbreviations:
e “HY” — half yearly exam
e “AT” — assessment task

e “God folder” — don’t ask.

e This document is for non commercial usage only and was made to benefit students.

e Sources for questions have been attributed in the right margin, except for the multiple choice,
where they are listed in the solutions (for formatting reasons). ! These sources are merely where I
have found these questions. I do not know if they are truly original or come from elsewhere.

e To quickly access solutions, click the question number, e.g for Question 37, you would click 37.
Doing this in solutions will take you back to the original question. There are 530 marks in total.
For further explanation on solutions, consider asking your teacher, tutor or online forums such as
this one or nswmaths.com.

e This document was made in LuaTgX to be uploaded on BoredOfStudies. It is not open source. pls
hire me

e Questions? are only sorted by type (mcq vs normal) and topic, not by any other metric (e.g difficulty,
chronological; sorry if you get jumpscared by a Q16c¢ better organisation will come later or never)

¢ In case of errata, please email ayohneeumgmail.com.

e This specific version was produced on April 22, 2025. This work is licensed under a Creative
Commons Attribution—-NonCommercial 4.0 International License. DO NOT redistribute without
this page. Explicitly, this document is NOT for use, adaptation, or distribution by tutoring centres.
Use by non-affiliated tutors, i.e not working for a centre is permitted.

Special thanks to:

Jomaa — for the inequality booklet (of which many questions were recycled but with mark values)
Justin — helping with solutions for some anonymous questions.

Tywebb & MagiicMushroom — helping check over this document (some advice will be applied later
because i cbb rn).

“Individuals” — who have helped me learn IXTEX.

“Individuals” — who have provided me with more papers/resources to add to this document.

Enjoy your studies!
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Language of Proof

1

Consider the following statement for positive integers:

“If 3 divides a — b then 3 divides a3 — b3”

Which of the following is always true?

A.

B
C.
D

The statement is correct and its converse is incorrect.
The statement 1s incorrect and its converse is correct.
The statement is incorrect and its converse is incorrect.

The statement is correct and its converse is correct.

Consider the statement:

“Every day next week, Max will do at least one maths problem”

If this statement is not true, which of the following statements is certainly true?

A.

B
C.
D

Some day next week, Max will do no maths problems
Some day next week, Max will do more than one maths problems
On no day next week will Max do more than one maths problem

Every day next week, Max will do no maths problems

Which of the following is true?

A.

B
C.
D

VaeZ*3beZt:b=aqad
VaeZ*3beZ :b=3%a
VaeZ*3beZ* :a=Dhb3
VaabeZt:b=ad

Consider the following statement:

“If you have no treasure, I have no kingdom.”

Which of the following is logically equivalent to this statement?

A.
B.
C.
D.

“If I have no kingdom then you have no treasure”
“If you have treasure then I have a kingdom”
“If you have no kingdom then I have no treasure”

“If I have a kingdom then you have treasure*

L
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A sufficient condition for AABC to be right angled is that a? + b? = ¢2.
Which of the following is an equivalent statement?

A.
B.
C.
D.

If AABC is right angled, then a? + b? = ¢2.
If a? = b? = ¢2, then AABC is right-angled.
If a® + b? # c?, then AABC is not right angled.

AABC is right-angled if and only if a? + b? = ¢?

Suppose John found a raven, and it was black. Which of the following must be false?

A.

B
C.
D

“There exist non-black ravens as well as black ravens.”
“There exist non-black ravens.”
“All ravens are black.”

None of the above.

Let A and B be true statements such that A = B. Which of the following statements is
necessarily false?

A.

B
C.
D

~B = ~A
Aand ~ B
Aor~B

None of the above.

Which of the following is NOT equivalent to ‘If n is even, then n? is a multiple of 4°?

A.
B.
C.
D.

n is even ~n? is a multiple of 4;
n? is a multiple of 4 if n is even;
n? is a multiple of 4 ~n is even;

n is even implies that n? is a multiple of 4.

The negation of the statement Vx € R, 3y € R such that 2x + 3y = 12 is:

A.
B.
C.
D.

Yx € R,3y € R such that 2x + 3y # 12;
dx € R such that Vy € R 2x + 3y # 12
Yx € R,Vy e R2x + 3y # 12

dx € R, 3y € R such that 2x + 3y # 12

L
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10 Which of the following statements is FALSE?
A, Yxe€R,x2>0
B. YyneZ dmeZ m=n+5
C. JaeR,VxeR,ax=x
D. dmeZ,YyneZ m=n+5

11 Which of the following statements is true?

A, Vx>0,3y<0:y>—

B. Vx>0,3y<0:xy>1

C. ¥x<0,3y>0:y< =

D. Vvx<0,3y>0:xy<1

12 Consider the following claim:
“If p is not prime then (p — 1)! + 1 is not divisible by p”.
Which of the following is a counterexample to this claim?
A. A prime number p such that (p — 1)! + 1 is divisible by p.
B. A prime number p such that (p — 1)! + 1 is not divisible by p.
C. A composite number p such that (p — 1)! + 1 is divisible by p.

D. A composite number p such that (p — 1)! + 1 is not divisible by p.

13 Which of the following is the negation of p = (q A T)
A, ~p = (gAr)

B. ~pA(qAT)
C. (~qv~1r) =~p
D. pA(~qv~r)
14 Which of the following statements is FALSE?

A. 3x € Z,¥y € R such that /x < e¥

B. 3x € R* Vy € R such that |y| < x

C. Vx € R,3y € R such that cos x = cos(—Yy)
D. Vx € R,3y € R* such that x* = 2y3
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15 Suppose that a, b, ¢ and d are integers such that a+ b divides ac —bc. Which of the following
must be divisible by a + b?
A. ab+cd
B. ab-—cd
C. bc—ad
D. bc+ad
16 Consider the following statement for real numbers a and b:

“Ifa < bthen a® < b3.”

A. Ifa < bthen a3 > b3.
B. Ifa > bthena > b3.
C. Ifa®>b3thena > b.
D. Ifa3 < b3thena < b.
17 Which of the following is not equivalentto P = Q7?

A. P is sufficient for Q

B. Q@ is necessary for P

C. IfQ is false, then P is false
D. None of the above

18 A single die is rolled and the uppermost face noted. Let p represent the statement “the upper-
most face is divisible by 3” and let g represent the statement “the uppermost face is divisible
by 6”. Considering the implication p = g, which of the following is correct?

A. The negation is true and the converse is false.
B. The negation is true and the converse is false.

C. The negation is false and the converse is true.

D. The negation is false and the converse is false.

19 Given that x and y are real numbers, which of the following is a true statement?
A. Vy,3xsuchthatx? —y? = x
B. Vy,3xsuchthatx? —y2 =y
C. Vy,3xsuchthatx? +y2=x

D. Vy,3xsuchthatx?+y2 =1y
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20 Consider the following proof: For a,b,c € Z*,3p,q,r € Z* such thata = 3p + 1,b =
3g+1,c=3r+1.

abc=Bp+1)(Bg+1)Br+1)
= 27pqr +9pq +9pr +9qr +3p+3q +3r +1
=309pqr+3pq+3pr+3qgr+p+q+r)+1
=3k+1, keZt

Which of the following can be deduced from the proof above?

A. If the product of three integers is one more than a multiple of 3, then the three integers
must all be one more than a multiple of 3.

B. If'the product of three integers is one more than a multiple of 3, then at least one of the
three integers must be one more than a multiple of 3.

C. If the product of three integers is two more than a multiple of 3, then none of the three
integers can be one more than a multiple of 3.

D. Ifthe product of three integers is two more than a multiple of 3, then at least one of the
three integers must not be one more than a multiple of 3.
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Question 21 (1 mark) SGGHS 20 Q11d
Consider the statement Yx € R, 3y € R such that x? +y? = 2. Is this true or false? Justify your answer.

Question 22 (2 marks) Killara ’24 Q13a
Prove or refute the following: For any list of primes py, ..., P, the number (p;p, -+ p,,) + 1 is prime.
Question 23 (3 marks) NSB 24 Ql1a
State whether each statement is true or false, justifying your answer.
(i) Yne€ N,n? >n 1
(ii)) 3x € Rsuchasx?2+1=0 1
(i) Yx € R,3Jy € Nsuchasx +y =10 1
Question 24 (10 marks) Ascham ’22 Q12a

Consider the statement:

VA E R: Ifsind = k thensin *k = A4

(1) Write the converse. 2
(i) Write the contrapositive. 2
(iii) Write the negation. 2
(iv) Determine whether or not the statement is an equivalence. Give reasons. 2

(v) Determine whether or not the statement is true. If true, justify using logic, or if not, give a counter- 2
example.
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Direct Proof

Question 25 (2 marks) BBHS 24 Q14b
Prove that the sum of the squares of 3 consecutive positive integers is always 1 less than a multiple of 3.
Question 26 (2 marks) Caringbah ’24 Ql1c
Prove algebraically that the difference between two consecutive square numbers is odd.
Question 27 (3 marks) Baulko ’24 Q16c¢
Prove L 1 1 1

> 22.

+ + 4
1+vV2 V3+v4 V5++6 V2023 + /2024

Question 28 (2 marks) HAHS ’24 Q13a
Prove that a number is even if and only if its square is even.
Question 29 (5 marks) Ascham ’24 Ql15a
1
. -1 —tan=11 — fan—1 _
(1) Prove thattan™"(k + 1) —tan™" k = tan (k(k DT 1) fork=1,2,3.. 2
(i1) Hence prove that 3

lim [‘[an_1 ( 1 ) + tan~?! ( 1 ) + tan~ ! ( 1 ) + ..+ tan ! <;>] -
n=0c0 1.2+1 23+1 34+1) nn+1)+1/] 4

Question 30 (5 marks) Penrith °24 Q14b
On the curve y = e*, P and Q are two points with x-coordinates a and b respectively, a > b
(i) Prove that y = e* is concave up for all x. 1

(ii) Explain why % (e% +eb) > pz(@+h) ,

a+b+c+d
(iii) Hence show that e® + e? + e€ + e >4e” + ifa>b>c>d 2

Question 31 (3 marks) NSB ’21 Ql4a

2
Show that HCR < 4 (kz —k+ 1) for all real x and k.
x2+x+1" 3
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Question 32 (2 marks) Normo ’22 Ql14a

Prove thatifa,b € R,

4 2 2
— — >
8a +5b > a“b

Question 33 (2 marks) Knox ’23 Ql6a
Prove that the sum of the squares of three consecutive integers that are even and positive, always gives a
remainder 8 when divided by 12

Question 34 (4 marks) Knox °23 Q15a
It is given that 3* > x + In(x) for x > 0. By forming a series of n inequalities, show that 31 >
n? + n + 3 + 21n(n!), where n is a positive integer. Do NOT use induction.

Question 35 (2 marks) Knox ’22 Ql6d
For arbitrary pronumerals a, b, c,d, e, f,g and h, if ab — gh is a divisor of abef + cdgh, show that
ab — gh is a divisor of abcd + ef gh.
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Contradiction & Contrapositive

36 Consider the following statement for n € Z

Which of the following statements is the contrapositive of this statement for n € Z?

“If n? + 4n + 1 is even, then n is odd.”

A. Ifniseven, then n? + 4n + 1 is odd.
B. Ifn?+4n+ 1is odd, then n is even.
C. [Ifnisodd, then n? 4+ 4n + 1 is even.
D. Ifn?+4n+ 1iseven, then n is even.
37 The contrapositive of “If it barks it’s a dog” is:
A. “Ifit doesn’t bark it isn’t a dog”
B. “Ifit’s a dog it will bark”
C. “Ifit doesn’t bark it’s a dog”
D. “Ifitisn’ta dog it doesn’t bark”
38 The converse of “if it miaows it’s a cat” is
A. [Ifit’s a cat it miaows.
B. Ifit’s not a cat it doesn’t miaow.
C. Ifit doesn’t miaow it isn’t a cat.
D. [Ifit’sacat it doesn’t miaow.
39 The contrapositive of “if it miaows it’s a cat” is
A. Ifit’s a cat it miaows.
B. Ifit’s not a cat it doesn’t miaow.
C. [Ifit doesn’t miaow it isn’t a cat.
D. [Ifit’s acat it doesn’t miaow.
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40 Consider the statement

“For all quadrilaterals, if the four angles are right angles, then the quadrilateral is a
rectangle”

Which of the following is the contrapositive of the statement?

A. There exists a quadrilateral such that the four angles are not right angles and the quadri-
lateral is not a rectangle.

B. There exists a quadrilateral such that the quadrilateral is not a rectangle and the four
angles are not right angles.

C. For all quadrilaterals, if the quadrilateral is not a rectangle, then the four angles are not
right angles.

D. For all quadrilaterals, if the four angles are right angles, then the quadrilateral is not a
rectangle.

Question 41 (3 marks) SGHS ’21 Q12d
In the set of real numbers, let P be the preposition:

“If a + b is irrational then at least one of a and b is irrational.”

(1) State the contrapositive of the proposition P. 1

(i1) Write the converse of the proposition P, and state, with reasons, whether this converse is true or 2
false.

Question 42 (3 marks) SGS °21 Q12a
Prove by contradiction that g + % >2forp,q e Z*.

Question 43 (3 marks) Baulko ’23 Ql1e
Consider the statement about a real number x “if x> 4+ 4x3 + 5x > 8x* 4+ 2x2 + 17 thenx > 0”
(1) Write down the contrapositive of the statement. 1

(ii) Hence, or otherwise, prove the statement “Vx € R, if x> + 4x3 + 5x > 8x* + 2x? + 17 then 2
x = 0.

Question 44 (3 marks) NSG 20 Ql6a
Prove by contradiction that Ya, b € Z,a? — 4b # 2.
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Question 45 (3 marks) God folder
Consider the polynomial p(x) = 4x3 + 2x? — 6x + 1. Prove by contradiction that p(x) has no integer
roots.

Question 46 (4 marks) Ruse ’20 AT2 Q10c
Given a, b, ¢ are positive real numbers with a > b and ¢? > ab, prove by contradiction that
a+c b+c
— >0
Jaz+c¢z2 Vb2 —c?
Question 47 (3 marks) Manly ’24 Q12e

Let a, b and c be positive integers.
Prove the following statement by contraposition:
“If a® + b3 + ¢3 is divisible by 9, then at least one of a, b and c is divisible by 3.”

Question 48 (3 marks) SGGHS ’24 Q14d
Prove by contradiction that fora > 2,v/a+va +2 >+Va+8

Question 49 (1 mark) Copium ’23 Q13 a) iv)
Prove by contradiction that if a, b, ¢, d are positive real numbers such that a > ¢ and b > d, then
ab+ cd = ad + bc.

Question 50 (4 marks) Ruse ’22 AT2 Q8¢
Suppose a, b € Z. Consider the statement:

If a?(b? — 2b) is odd, then a and b are odd.

(1) Write the contrapositive of the statement. 1
(i1) Use the contrapositive to prove the statement is true. 3
Question 51 (3 marks) Baulko ’24 Q15c i

Prove that the cube root of any irrational number, is also an irrational number.

Question 52 (4 marks) Baulko ’23 Q14a
Prove, by contradiction, that there are no positive integers p and q such that 4p? — g% = 25

Question 53 (2 marks) NSB ’24 Ql4c 3
Let a, b, ¢ be positive integers. Prove that it is impossible for all three numbers a? + b + ¢, b? + a +
¢,c? + a + b to be perfect squares.

Question 54 (3 marks) Killara ’24 Q14a
Prove that, for any integer greater than one, there is only one prime factorisation.
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Question 55 (3 marks) NSB 21 Q13c¢

“If both ab and a + b are even then both a and b are even.”

Prove this statement by proving its contrapositive.

Question 56 (2 marks) SGHS 22 Ql6a
Let a and b be positive integers. Prove by contradiction that there are no solutions to a? = 9b — 6.

Question 57 (3 marks) SGHS ’23 Ql16a
Let f(x) be a concave down function on a given interval and let x4, x, and x5 lie in the given interval.
Jensen’s inequality states that

fOe) + fxa) + fxs) _ f<x1 ) +x3)
3 - 3 '
(Do NOT prove this)
(1) Show algebraically that f(x) = sinx is concave down for 0 < x < . 1
(i1) Suppose that 4, B and C are the angles of a triangle. By using part (i), or otherwise, show that 2
sinA +sinB +sinC < %?_)
Question 58 (8 marks) Baulko *21 Ql4c 4
n
LetS, = Z = wheren € Z*.
r=1 r
(i) Prove by induction that S,, < 2y/n — 1. 4
(ii) Show that (4k + DVk + 1 > (4k +3)Vk Vk = 0. 2
(ii1)) Determine the smallest number c¢ such that: 2
S, >2yn+ L c
n = 2 \/ﬁ
Question 59 (3 marks) Normo 22 Q14d

Suppose that a, b, ¢ € Z. Consider the following proposition:
“If all a, b, c are odd integers, then the equation ax? + bx + ¢ = 0 has no integer solutions.”

(1) State the contrapositive to the proposition. 1

(i) Hence prove the proposition by proving the contrapositive. 2
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Question 60 (7 marks) NSG 23 Ql6a

(i) Given w is a non-real root of x3 — 1 = 0, show that w is also a root of x2 + x + 1 = 0. 1

(ii) Use a proof by contradiction to show that (x + 1)2™ + x2™ 4 1 is not divisible by (x? + x + 1) if 3
n is divisible by 3.
Question 61 (3 marks) NSG ’23 Q13c
Consider the statement S below:
S:Vx,y e RIfy3 +yx? < x3+xy?theny < x.

(1) State the contrapositive of the statement S. 1

(i1) Hence, prove the statement by proving the contrapositive. 2
Question 62 (4 marks) NSG 22 Q16b

(1) By finding the equation of the tangent to y = Inx at x = 1, explain why 1

Inx<x—1 forx>0

(i) Ifaq, ay, as, ..., a, and by, by, bs, ..., b, are positive numbers such that a; + a; +az ++-+a, =1 3
and a,b; + a,b, + -+ + a,b, = 1., prove that b{*hy?b3? ...by"™ < 1.

Question 63 (7 marks) Manly *20 Q13d
let n be a natural number.
(i) Prove that if n is composite, at least one factor of n is less than v/n. 2
(i1) State the converse of the proposition in part (i) 1
(i11)) Write down the contrapositive of the proposition in part (1) 2
Question 64 (4 marks) FSHS °23 Ql6a

Consider the proposition:
“If the remainder is 2 or 3 when an integer n is divided by 4”.

(1) State the contrapositive to the proposition. 1

(i) Hence, prove the proposition by proving the contrapositive. 3
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Question 65 (5 marks) NSG ’24 Ql4c
The integers 1 to 30 are to be arranged randomly around a circle so that each integer occurs exactly once.

Consider the statement:
P: “There exists a set of three neighbouring integers around the circle which sum to at least 45.”

(1) Without using the word “exist” or an equivalent, write down the negation of this statement. 1
An arbitrarily chosen integer on the circle is labelled x;, and the other integers are labelled con-
secutively around the circle x,, x3, x4, ..., X3¢

The diagram below shows an example for the partial arrangement

..,29,15,3,17,30, 8,6, ...

15 3 1730 ¢
29 6

(i) Assume that the statement P is FALSE. 1

Hence write down an inequality (not specific to the example above) involving x4, x5 and x5, and
another inequality involving x3¢, X1 and x.

(i11) Prove by contradiction that the statement P is true for any random arrangement. 3

(A proof by the pigeonhole principle will receive no credit.)
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Algebraic Inequalities

66 Given that positive numbers a, b, ¢ satisfy a+2b+3c = 6, which of the following expressions
have the largest maximum value?
A. a’bc
B. abc
C. ab?c
D. ab?c?
67 Suppose that a and b are both positive real numbers with a > b. If m is any real number,

how many of the following statements are always true?

a_a +m
& _aim
b = b+m
b <1
A. 0
B. 1
C. 2
D. 3
68 Let a, b, c be positive real numbers. Which of the following expressions has the smallest

minimum value?
(a+b)(b+c)(a+rc)

A abc
a+b b+c a+c
B. + +
c a b

c. (a+g)(b+g)(c+7)

D. (a+b+c)<%+%+l>
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70

71

Let a and b be positive real numbers with a < b. Given that:

2
0=17
a b
M =+ab
a+b
N= 2

which of the following statements is true?

A.

B
C.
D

Q<N<M<R
Q<M<N<R
M<N<Q<R
Q<M<R<N

If x, y and z are any real numbers and x > y, which of the following statements must be true?

A.

B.

C.
D.

x? > y?
1
y
xt+z>y+z

1
=<
x

Xz > yz

If a, b and c are real numbers such that 0 < a < b < c, which of the following is NOT
necessarily true?

A.

1 1 1
—+-==>0
a b ¢

1 1 _ 1 >0
c+a b+c a+b
1 1

L
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Question 72 (5 marks) Ascham ’22 Ql4a

(i) If a, b are real, show that a® + b? > 2ab. 1
Hence, or otherwise, show that if a, b, ¢ are real then

(ii) a® + b2+ c? =ab+ bc +ca 2
(iii) (a? +b% + c2)2 > 3abc(a+b +¢) 2
Question 73 (3 marks) Baulko 22 Qlé6c
Ifa,b,c>0 e that —— + b + ¢ >§
e e e T ey c Ta+b T 2
Question 74 (3 marks) Ruse 22 Q11b
(1) Prove thatx +y > 24/xy 1
(i) Hence or otherwise, find the minimum value of the function 2

9x2sin’ x + 4

fx) = xsinx
in the domain 0 < x < 7.
Question 75 (4 marks) Sydney Tech *22 Q1l6¢ ©
Prove the following, where x, a, b, ¢ are real positive numbers.
. 1
- >
(1) x+ = 2 2
. 1 1 1
(i1) Hence, show (a + b + ¢) <E + 3 + E) >9 2
Question 76 (4 marks) Sydney Girls ’22 Q15¢
For all non-negative real numbers a and b, (a + b)? = 4ab (Do not prove this)
(1) Using this fact, show that for all non-negative real numbers a, b and ¢ 2
(a+ b +c)? =8cVab.
(i1) Using part (i), or otherwise, show that for all non-negative real numbers, a, b and ¢ 2

(a+ b+ c)3 = 16cV2abc.
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Question 77 (5 marks) Penrith *22 Q12c¢
Suppose that a, b, ¢ are real numbers.
(i) Prove that a* + b* + c¢* > a?b? + a?c? + b?c? 2
(ii) Show that a?b? + a?c? + b?c? = a?bc + b%ac + c%ab 2
(iii) Deduce thatifa + b + ¢ = d then a* + b* + ¢* > abcd 1
Question 78 (6 marks) NSG ’22 Ql15¢
. 1 1
(1) Show that k—Dk(k+ D > F,where k> 1. 2
n
i h 1 1 1 1 1 . i1 fracti .
(i) Given that §,, = 33 + VK] + =3 + ..+ el Z Pl by using partial fractions on part (i) or 4
k=3
otherwise, prove that §,, < % Yn = 3.
Question 79 (5 marks) Normo ’22 AT3 Q3a
Itis given that a,b,c € Randa+ b +c = 1.
. a b
—4+=>
(1) Prove that b + - 2 2. 1
(i1) Prove that 1 + 1 + 1 >09. 2
a b ¢
(ii1) Hence, or otherwise, prove (1 — a)(1 — b)(1 —c¢) = 8abc. 2
Question 80 (3 marks) God folder
Suppose thata > b >c >d > 0.

Show that:
ac(b+d) —bd(a+c) > c(ac + b?) —b(bd + ¢?)
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Question 81 (6 marks) NSB ’23 AT2 Q3

. ty+t, +t3+ ... +t ce .
(a) Itis given that Yt tytg.t, < +—2 ;  for any positive integer n and for any posi- 2

tive numbers tq, t,, ts, .... Find the minimum value of x5 + y® + z% — 5xyz

(b) (1) Use part (a) above to show thatn > ,/(2n — 1) 1
(i) Without using Mathematical Induction, prove that n® > 1 X 3 X 5 X -+ X (2n — 1) forall 3
positive integers n.
Question 82 (8 marks) NSB 19 Q15¢
Given that a, b and c are positive real numbers:

(i) Prove that a® + (bc)? = 2abc 2
(ii) Prove that a? + b? + ¢2 > ab + bc + ca 2
(iii) Prove that a®(1 + b?) + b2(1 + ¢?) + c?(1 + a?) = 6abc 2
(iv) Hence, or otherwise prove that a?(1 + a?) + b?(1 + b?) + c2(1 + ¢?) = 6abc 2
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Question 83 (6 marks) ST ’24 Ql6¢
It is known that the arithmetic mean of three numbers is greater than the geometric mean of those numbers,

that is ,
% 2 ?ﬂabc
(1) Giventhata + b + ¢ = tand (a, b, c > 0), prove that 3
1 1 1_9
4+ 1+ >Z
a + b + c t
(i) Hence, givena + b + ¢ = 1 and (a, b, ¢ > 0), prove that 3
G-1)G-1)(E-1)=e
b c
Question 84 (6 marks) BBHS ’24 Q14d
(1) Let x,y be real numbers such that x > 0 and y > 0. 1
Prove that > ; Y > \/xy
(i1) Suppose that a, b, c are real numbers. 2
Prove that a® + b8 + ¢® > a*b* + a*c* + b*c*.
(iii) Show that a*b* + a*c* + b*c* = a*b?c? + b*a?c? + c*a?b?. 2
(iv) Deduce thatif a® + b? + ¢? = d2, then a® + b8 + ¢® > a?b?c?d>. 1
Question 85 (3 marks) Ruse *24 Q12d 7
(i) Show that a? + b% > 2ab. 1
(i1) Hence or otherwise, show that for all positive numbers a, b and c, 2

2(a3+ b3+ c3)=ab(a+b)+ bc(b+c)+calc+a)
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Question 86 (4 marks) NSG 24 Q16b
. 2k —1 2k e
(1) Show that ok < k1 for all positive integers k 1
. S 135 2n-1 2 4 2n 13 2n-1
(i1) B}iconmdermgp =528 "7 andq = 3% 67- ..-Zn—_l_l,showthatz-z- T 3
V2n
Question 87 (2 marks) Baulko ’23 Q16b
Given p, q are positive real numbers:
(i) Prove that % (p+q) =+/pq 1
.. 1(0p
(ii) Hence, deduce that \/p < A= NG 1
VP
Question 88 (5 marks) Manly ’24 Q1l6c¢
(1) Prove for all a,b > 0 that a4 ; b >Vab 1
(i) Prove that if x > 1 then > 2 2
x—1
(ii1)) Hence or otherwise prove that for a, b > 1, the following inequality holds: 2
a? b?
>
b—1Ta-1°°8
Question 89 (5 marks) Baulko *23 Q14b 8

Three numbers a, b and c are all positive.
(1) Use the Arithmetic/Geometric mean inequality, or otherwise, to prove that (a + b + C)3 > 27abc 2

(ii) Hence, or otherwise, if a, b and ¢ multiply to give 1, prove that a®>c* + b°a* + ¢°b* > 3. 3

Question 90 (3 marks) NSB 24 Q14a
Let a4, ay, ..., a, be positive real numbers such that a,a, ...a,, = 1. Prove that

(a2 + ay)(a3 + ay) ... (a2 + a,) = 2"
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Question 91 (4 marks) NSB °24 Q13b
Let p and g be positive real numbers with 219 + % = 1. Prove that
(1) 2
1 1 1 1
5 < + <5
37 p(p+1D) ql@+1) " 2
(ii) 2
1 1 1

-1 Tqq-D "

Question 92 (2 marks) Killara ’22 Q13b
Prove |a? — ab| + |ab — b?| = (a + b)(a — b) fora > b > 0.
Question 93 (5 marks) Normo ’13 Q16b
(1) By squaring, or otherwise, show that for k > 0 1
2k +3 > 2Vk+ 2Vk + 1
(i) By decomposing 2k + 3 and factorising 2vk + 2vVk + 1 — 2(k + 1), show that for k > 1, 2
1
>2(Vk+2-Vk+1
=i )
(i11)) Hence, or otherwise, show forn > 1 2
1
1+ —+——+-+—>2(Vn+i-1)
2 3 n
Question 94 (4 marks) God folder
(i) Prove that, for all positive real numbers a, b, c, 2
abc c

ad+b3+abc” a+b+c

(i1) Hence prove that 2

abc abc abc <
a3+ b3+abc b3+c3+abc c3+ad3+abc ™
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Question 95 (4 marks) God folder
Let a, b and c be positive real numbers such that a + b + ¢ = 1. Show that

3 34 .3
1,11 g 2@+b+c)
a b ¢ abc
Question 96 (6 marks) NSB *22 Ql6bv) ?
Giventhata + b+ c+d = 0 and a? + b? + c? + d? = 12, find:
(1) The maximum value of abcd. 2
(i1)) The minimum value of abcd. 4
Question 97 (4 marks) SGHS °22 Q15c¢
For all non-negative real numbers a and b, (a + b)? = 4ab. (Do not prove this.)
(i) Using this fact, show that for all non-negative real numbers a, b and ¢ 2

(a+b+c)?=>8cVab

(i1) Using part (i), or otherwise, show that for all non-negative real numbers a, b and ¢ 2

(a+b+c)d = 16V2abc.

Question 98 (4 marks) Random Question
Let a, b, ¢ be reals with a, b, ¢ > 1 such that
1 n 1 + 1 1
a2—1 bh2—-1 c¢2—-1
Prove that
1 + 1 4 1 <1
a+1 b+1 c+17~
Question 99 (5 marks) Ruse ’20 Q15b
Given that a, b and c are positive real numbers:
(i) Prove that a® + b3 > a?b + ab?. 2
(i1) Hence prove 3
3 3 3 3
abcs(a+§+c) Sa +b3+c

You may assume that a + b + ¢ > 3Vabc and

(a+b+c)=ad+b3+c3+3(a?b + a?c + b%a + b?c + c?a + ¢?b) + 6abc.
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Question 100 (3 marks) Ruse ’22 AT3 Q9a
Let a + b + ¢ = 1, where a, b and c are positive real numbers. Find the smallest possible value of

GGG

Question 101 Ruse ’20 AT2 Q10d

. xX+y+z 1 1 1_9. oL . .
> 3 44>
Given > 3/xyz, show that Y] + B + -2 if A, B, C are three interior angles (in radians), of
AABC.
Question 102 (4 marks) NSB 21 AT2Q3 a) i
x? y? zzZ _ 1 1
24l 4 s = [y2y2 g4 = [,242 4
Provey2+Z2+x2_yZ xX‘ys+z +xz‘/Zy + x* forx,y,z > 0.
Question 103 (3 marks) Knox ’22 Q15d
Ifa,b and c € Z*, prove that b;—c + C_;a + a-l—b > 6.
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Mathematical Induction

Question 104 (3 marks) God folder
Sigma rolls n dice and adds up all the numbers rolled. Prove by mathematical induction that the expected

. 7n
sum of the numbers is >

Question 105 (3 marks) SGHS 21 Q13b
Consider the recurrence relation defined by T; = 1 and

Th41 =3T,+4forn=1,2,..
Prove by mathematical induction that

T,=3"—-2forn=1,2,..

Question 106 (3 marks) Abbotsleigh *24 Q15¢ci 10
Given P,(x) = (x — a1)(x — ay) ... (x — a,), prove by mathematical induction that

Pi(x) 1 1 1

- LN >
Po(x)  (x—ay)) x-—a X—a, (forn = 2)
Question 107 (5 marks) Caringbah 24 Q164
Let /() =1+ andg = 1+2V3

Define f o f(x) to be the composition of f(x) with itself twice, that is f o f(x) = f(f(x)).
Define f™(x) to be the function f(x) composed within itself n times, for integers n = 0, that is,

1 n=20
fre) =qfeofo..of(x) nx1
n times
(1) Showthat1+1and1+L—1—<p 1
¢ -9
(i1)) Show, using mathematical induction, that for all integers n > 0, 3
n+2 __ 1— n+2
) =
@ (1-¢)
(iii) Hence, or otherwise, find the value of the infinite composition lim f™(1). 1
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Question 108 (3 marks) Ruse 2020 AT3 Qle
Prove by mathematical induction that for n > 3, the sum of the interior angles of a convex polygon with
n vertices is 180(n — 2)°

Question 109 (4 marks) Ruse ’24 Q14b
Consider the following number sequence given by
a1 == 0
1+a,_4
= — >
a, ¥ a, . nezZ,n=>2

Prove by mathematical induction that a,,_; < a,, for all integers n > 2.

Question 110 (3 marks) ST °24 Q14b
Use mathematical induction to prove that

dTl
yro (xe?) = 21 (2x + n)e?*
forn>1

Question 111 (3 marks) SG ’24 Ql15d
Prove by mathematical induction that for all positive integers n,

12 22 n?
— 4+ 44

7z N

Question 112 (4 marks) BBHS ’24 Q16 ¢
Given that x; + x, > 4/x{X5, use the method of mathematical induction to show that for all positive
integers n > 2, iij >1,j=1,2,3,..,n, then

1
In(xq + x5+ +xp,) > P (Inx; +Inxy + -+ Inx,)

Question 113 (4 marks) Ruse ’24 Q13 d
Prove by mathematical induction that
1 sin (2112—1
5 +cosf +cos20 + - +cos(n — 1) = ——5—=
2 2sin 3
foralln = 2,n € Z and 6 # 2km forall k € Z.
Question 114 (4 marks) Manly ’24 Q16d

Prove by mathematical induction that

L 2n _ 2n(2n)!
fo sin“ xdx = 4n+1—(n')2
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for all integers n > 1

Question 115 (4 marks) SBHS 24 Q13b
A sequence uq, Uy, U3, ... 1s such that
w =1
174
— 1 -n +
u”+1_u”+n(n+1)+2 ,NE Z
(i) Prove by mathematical induction that forn € Z%, 3
— 9 _ 1 — 2—-n+1
Un =7~ o 2
. 9 +
(i) Show that u, < 7 forne Z™. 1
Question 116 (3 marks) NSG ’24 Ql6a

In the country of Discretia, the currency consists of $3 and $8 coins.

Use mathematical induction to prove that any whole dollar amount of $14 or more can be achieved by
taking a combination of $3 and $8 coins.

Hint: You may wish to consider two cases in the inductive step — no $8 coins and at least one $8 coin.

Question 117 (5 marks) SGGHS ’24 Q15a
. 2k 2k + 2
(1)Showk_|_2<k_|_3 2
(i) Use mathematical induction to prove forn € Z,n > 1 3
31 4! 5l n+2) n+2 m+2)!
Question 118 (4 marks) SGGHS 24 Q16a !

A sequence is defined by the following formula for n € Z+:
TO = O

T, =Ty + 2

Prove by mathematical induction that T;, = 2 cos (zn—nﬂ) for integer n > 0
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Question 119 (6 marks) Baulko ’23 Ql6¢ 2
Given a4, a,, as, ..., a, and by, b,, bs, ..., b, are positive real numbers, where 0 < b; < b, < b3 < -+ <
b,,and A, = a;+a,+az+--+a, B, =b;+b,+by+--+b,, where A, < B,forr =1,2,3,...,n

(1) Prove, by mathematical induction for all positive integers n, that 3

J%?B”+<J;—-ffb‘n)3”‘”<wi_z Vo ) e +<f‘f‘)
= /by + /by + \[bs + - + /by,

(i) Hence, given that 1

1 ( 1 1 ) ( 1 1 ) ( 1 1 )
:_An+ - ——— ATL—1+ ATL 2+"'+ I — Al'
\/E vV bn—l \/E \/bn—z \/bn 1 \/E \/E
n n
Show that Z & < z Jb,.
r=1 \/b—r r=1 '

(ii1) Using the result from part (b), or otherwise, deduce that 2
n n
§s3 i
r=1 r=1
Question 120 (3 marks) Killara ’24 Q13b
Prove by mathematical induction that x™ — y™ is divisible by x + y when n is even.
Question 121 (5 marks) Girraween '24 Ql4a
(i) Solve k? —k—2=0 2
(ii) Hence prove by induction that 3" > 2n? —3V¥n € Z* > 2 3
Question 122 (4 marks) NSB *24 Q13a 3
(i) If k is an integer where k > 3 and (k — 1)(k + 1) < k?, show that 1
1 1

k—Dkk+1)

n
(1) Given that S,, = 31 + l + é + - + 1 z kl3 , use use partial fractions from previous part 3

or otherwise to prove that S,, < I
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Question 123 (4 marks) Normo ’21 AT2 Q2¢
Suppose that p is a prime number and that a is a positive integer.
(i) Use the expansion of (1 + a)P? to prove that (1 + a)? — 1 — aP is divisible by p. (You may use 1
the fact that (¥) is divisible by p for k = 1,2,...,p — 1)

(i1) Hence or otherwise, prove by mathematical induction that a? — a is divisible by p for all positive 3

integers a.
Question 124 (3 marks) Normo 22 Q16a
Leta € Rt andn € %*.
(1) Show thata + 2 > 2. It is given that 1
n+1 + + n-1 + = + 1 n 4 1 Do NOT thi
a s a = at_|la on (Do prove this)
(i1) Use the principle of mathematical induction to prove that 2
1 1
"+ & 2 a" 4 o
for all positive integers n > 1.
Question 125 (5 marks) NSG *20 Q15a
. o . 1 1
(1) Use mathematical induction to prove that - < on forn>6nezZ?* 3
. herwise. show th 1 1 1 1 5
(i1) Hence or otherwise, show that @ + vl + a1 + - < 26— 5"
Question 126 (3 marks) Knox ’22 Ql6a

Use mathematical induction to prove that 3" > n? + 3n — 1, for any integer n > 1.
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Question 127 (10 marks) SGHS °22 Ql6¢
2n 1
— 1 1 >
Let I, J @n=D! sin x dx where n is an integer, n > 1.
(1) Show that . 3
[, = smnl cost _;  forn>2.

2n—2)! (@2n-1)!

(i1) Using part (1), prove by mathematical induction that for every positive integer n there exists integers 3
a, and b,, such that
_aysinl+b,cosl
no (2n —1)!

~~

(ii1) Itis giventhat 0 < [, < and cos1 > 5 (Do not prove this.) Using these results and part 2

(2 )!

(i1), show that for every positive integer n there exist integers a,, and b,, such that

1
0<antan1+bn<£

(iv) Using part (iii), prove by contradiction that tan 1 is irrational. 2
Question 128 (3 marks) NSG 13 Ql6¢ 4
Using the fact that tan™' x + tan"1y = tan™! 1x _-l_x}; for0 < x < 1land 0 < y < 1, prove by
mathematical induction that for all positive integers n

tan~1 ! + tan™?! ! + tan~! ! + ...+ tan™! 1 _m_ tan~1
2 x 12 2 x 22 2x32 " 2xn2 4 2n+1
Question 129 (3 marks) HAHS 24 Q13d

Use mathematical induction to prove that, forn > 1,

xBD —1=x—-D@E2+x+ 16 + 23+ 1)..(x@3"D +xC"D 4+ 1)

Question 130 (3 marks) SGS °21 Q15a
Bernoulli’s inequality famously states that,

“if x = —1 then (1 + x)™ = 1 + nx, for all positive integers n.

Prove this inequality using mathematical induction.
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Question 131 (5 marks) Ruse ’22 AT3 Q10
. . 1

The function f is defined by f(x) = 5 (1 —V1-— x) for0 <x<1.

Giventhat fi = fand f,, = f o f oo f, prove by Mathematical Induction that for 0 < 8 < g and

n compositions
positive integers n

f.(sin? 0) = sin? (%)

Question 132 (4 marks) SBHS 21 AT2 Q11d
(1) Prove, using induction that ! + ! + ! +---+L<1frn>1 herenisan 3
} Ve, using Incu n+l n+2 n+3 2n+1 © » Where
integer.
m
(i) Hence show that Z % <1. 1
k=n+1
Question 133 (3 marks) NSB ’19 Q15b
A sequence x,, is defined by the following rules: x, = 2a,x; = —a? and
Xps1 = —axXp + a’x,_4, forn > 1.

Prove by mathematical induction

x, = a"t1 K_lT-I_\/g) + <_1+\/§) ], forn = 0.

Question 134 (6 marks) Normo ’22 Q13a 1>
For integer values of n, I,, = Je (1—Inx)" dx forn > 0.
(i) Show that I, = —1 + nl,_, forn > 1. 2
(i1) Use mathematical induction to show that: 4
n
I,=nle—1- Z "p. forall integersn > 1
r=1
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Question 135 (4 marks) BoS ’24 Ql16a
For positive integer n and a;, € {0, 1, 2,3,4,5,6,7,8,9} with a,,,_; # 0, let

2n—1 2n—1

Uppy = Z 10%a;, and w,, = z (—Dkay.
k=0 k=0

Note that u,,, represents a 2n digit number with leading digit a,,_; and final digit a,.
(i) Suppose that wy, is divisible by 11 for all positive integer n. Prove by mathematical induction that 3
U,y 1s also divisible by 11.

(i1) A palindromic number is a number which is unchanged when it’s digits are in reverse order. Using 1
the result in part (i), deduce that all palindromic numbers with an even number of digits is divisible
by 11.

Question 136 (4 marks) HAHS *17 Ql6¢
The nth Fermat number, F,, is defined by F,, = 22" + 1 forn =0,1,2,3,.... Prove by mathematical
induction, that for all posiive integers:

FOXF1XF2X"'XFn_1=Fn—2

Question 137 (4 marks) Normo ’21 AT2 Q2b 16
The towers of Hanoi is a classical puzzle. You have three pillars, with n gold plates on the first pillar,
all in different sizes with the smaller plates above the larger plates. Your task is to move one plate at a
time, such that you end up with all n plates at the last pillar. During this procedure, a larger plate is never
allowed to be on top of a smaller plate.

Use mathematical induction to prove that this can be done using 2™ — 1 moves.
Question 138 (5 marks) Ruse ’23 AT3 QS8a

A function f(x) is defined such that f(x) > 0 for all real numbers x and f(a + b) = f(a) X f(b) for
any real numbers a and b.

(1) Show that f(0) = 1 and deduce that f(—x) = ]% 3
(i) By using mathematical induction, show that f(nx) = [f(x)]" forn € Z*. 2
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Question 139 (5 marks) In howard textbook and Lambertnet trial
Suppose that n lines are drawn in a plane such that no three lines intersect at the same point i.e. not
concurrent, and no two lines are drawn in parallel.

Let R,, be the number of regions into which these lines divide the plane. The diagram below shows that
forn =3 thatR; = 7.

(1) By drawing diagrams, find Ry, R,, R, and Rs. 2

(i) From these results, find the values of a, b and c in the recurrence relationship below that describes 1
the numbers of lines and regions, where a, b, c € Z.

Rl =a
R, =bR,_1+cn,n=2.

2
nAntzo o 2

(ii1) Prove that R,, = > ,n =
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Question 140 (8 marks) Copium 23 Ql4a 17
A tetromino tile is a tile that can be formed by gluing together four unit square tiles, edge to edge. For
each positive integer n, consider a bathroom whose floor is in the shape of a 2 X 2n rectangle. Let T;, be
the number of ways to tile this bathroom floor with tetromino tiles. For example, T, = 4 since there are
four ways to tile a 2 X 4 rectangular bathroom floor with tetromino tiles, as shown below:

(i) Let E, be the Fibonacci sequence, defined as F,,,, = F,,; + f,forn > 0,and F, = 1,F; = 1. 1
Prove for positive integers n:

Fr% +Fr%—3 = Z(Fr%—1 +Fnz—2)

(i1) If the tetromino covering the leftmost 2 X 1 column of the 2 X 2n rectangle is a 2 X 2 square, 1
explain why the number of ways to tile the rectangle is now T,,_;

(i11) If the leftmost 2 X 1 column is covered by two horizontal 1 X 4 rectangles instead, explain why 1
the number of ways to tile the rectangle is T, _,.

(iv) Itis given that if the leftmost column of the 2 X 2n rectangle is covered by an L-shaped tetromino, 3
the number of ways to tile the rectangle is

2(Ty + Ty + o+ Tpes)

(Do NOT prove this)
Hence prove that for positive integers n > 3,

TTl - 2Tn_1 - ZTTl—Z + TTl—3 == 0

(v) Hence prove by mathematical induction that T,, = E? for all positive integers n. 2
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Question 141 (3 marks) ”The —C ult Q2a”
The Sierpinski triangle is a fractal that starts with a shaded equilateral triangle. Then, a triangle is hol-
lowed out from the middle of each shaded triangle such that the vertices of that triangle is exactly in the
middle of each of the black triangle’s edges.

AAAAAN AN

n_
(1) Prove by mathematical induction that there are a total of > shaded or white triangles 2
in the nth iteration.
(11) Find the shaded area of the nth iteration, if the original triangle has side length one. 1
Question 142 (5 marks) BoS *18 Q15c¢

There are n people sitting in a circle labelled P; to P, as shown in the diagram below.

Every second person is removed from the table in a clockwise direction, initially removing P,, until even-
tually there is only one person remaining on the table.

(i) Suppose there are 2m people in the circle labelled P; to P,,, , where m is a positive integer. 3
Use mathematical induction to prove that P, always wins.

(i1) Hence, find the labelled position of the remaining person if the circle contains 2018 people. 2
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Calculus Proofs & The Squeeze Theorem

Question 143 (12 marks) God folder
The harmonic series is defined by:

n
_ (_1)k+1 . 1 1 B 1 . (_1)n+1

Denote H,, and A, as the infinite sum of the above series.

1
(1) By considering upper rectangles for the area under y = ot show that: 2
H, >Inn
(i1) Hence, show that the harmonic series diverges i.e H,, grows without bound 1
(ii1)) Show that for x > 0: 1
le
< N1
T+x ="
(iv) Prove that for x # —1 : 3
n-1
1 (D)™ K
1+x 1+x +z( 2
k=0
(v) Hence, show that: 3
1 n
X
— — (— n
A, =In2—-(-1) fo T+
(vi) Hence, by showing that: 2
1 n 1 n
X X
— <A, <
In2 fo 1+xdx_A"_ln2+L 1_{_xdx

prove that A, = In 2
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Question 144 (2 marks) BoS 20 Q15b
Show that for x > 0

x?  x3
Question 145 (7 marks) Abbotsleigh ’24 Q16a
Givenx <0 1
i —x< —— <
(1) Prove that 1 x_1+x_1 2
. 1 1
(11) Forx >0, showthatl—ﬁﬁxlnx(1+;)ﬁl. 3
1 X
(iii) Hence deduce that )}1_% (1 + ;) =e. 2
Question 146 (5 marks) BBHS ’24 Q16 ¢
. . (n+ 1+ x)"*?! . L
Consider the function f(x) = M+ o" ,x > 0, where n > 1 is a fixed positive integer.
(i) Show that for x > 0, f(x) is an increasing function. 2
. X n+1 X n
(i1) Hence show that (1 + pra 1) > (1 + ﬁ) 2
(iii) Deduce that (n + 2)**1n™ > (n + 1)2n+1 1
Question 147 (5 marks) Ruse 24 Q14d
(i) Show that, for x € R such that |x| < 1, 1
n ek 1 (_1)n+1xn+1
Z(—l)x “T1+x 1+x
k=0
(ii) Prove that 2
1, n+1
x 1
< <
O_JO 1+xdx_n+2
(111) By integrating part (1) and using the result in part (ii), show that 2
n
, (=D* _
e
k=0
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Question 148 (5 marks) Baulko ’22 Q13d
Consider the geometric series

Son=1—h+h?—...+h?", 0<h<1

(l) Show that SZTL—l < rlh < SZn 2

(i1) Integrate the previous result between h = 0 and h = x, where 0 < x < 1, and hence write down 2
a polynomial for In (1 + x)

(i11) Use n = 3 to estimate the value of In % to 4 significant figures. Show full working. 1
Question 149 (4 marks) BBHS ’24 Q16 b
If a function f(x) is continuous for a < x < b and differentiable:
b b
(i) Show that f f(x)dx SJ lf(x)| dx 1
a a
S 33— 1
. <
(i) Hence prove that Jo 27%cosxdx| < 313 3
Question 150 (5 marks) NSG ’13 Ql6d
Consider f(x) = logx —x + 1.
(i) Show that f(x) < 0 forall x > 0. 2
(i) Consider the set of n positive numbers py, py, D3, -, Pn, Such that 1
p1+p2 +p3 +"'+pn = 1
By using the result in part (i), deduce that
n
z log(np,) < np; + np, +np; + - +np, —n
r=1
n
(iii) Show that Z log np,. < 0. 1
r=1
(iv) Hence deduce that 0 < n"*p;p,p;3 ...pn < 1. 1
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Question 151 (6 marks) Knox ’15 Ql6¢
Suppose that x is a positive real number.
(i) Showthatrltz <1—t?2+t*—to + ..+t < ﬁ+t4n+2 for0<t<x 3
(i1) Hence show that 1
tan~t x < —x—3+x—5—£+---+ X <tan"'x + X
W ASETTFTE Ty m+1 > YT a3
3 3 5 7
(iii) Explain why tan™1x = x — % - % + % ~ 4. for0<x<1 1
. 1 1 1
(1v) Deducethatﬂ—4x<1—§+§—7+...) 1
Question 152 (8 marks) Ruse ’22 AT3 Q8b
Suppose 0 <t < —.
V2 2
. 2
(i) Show that 0 < 112 < 4t-. 2
, 1 1 X
(i) Hence show that 0 < 1+t + T~ 2 < 4t-. 2
(ii1) By integrating the result in part (ii) fromt = O tot = x (where 0 < x < %, show that 0 < 2
2
3
(1) - 2x < 5
1—x
x3
(iv) Hence show that for 0 < x < L, 1< (ﬂ) e~ < e'T 2
V2 1—x
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Question 153 (7 marks) Baulko ’20 Q16a '8

. . 1
In the diagram below, the diagram of y = — has been drawn, and n rectangles have been constructed
X
between x = n and x = 2n, each of width 1 unit.

y
1
Jn
On n+1 n+2 2n—1 2nX
(i) Showthatf = =2vn(vV2-1 1
n Vx
(i1) LetS,, = ! + ! + -+ L, show that 4
vn+1 Vn+2 V2n
2Vyn(vV2 — 1) + 1_‘/§<Sn<2ﬁ(ﬁ—1)
2n
(ii1) Hence find, correct to three decimal places: 2
1 1 1 1
+ + ot —
v/1000000 /1000001 /1000002 v/2000000
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Question 154 (6 marks) Ruse ’20 Q13a

Consider the function f(x) = % for x > 0.

y
NOT TO SCALE
1)
x
0 m m+1 x
(1) Let m be a positive real number, m > 1. By integrating f (x) between m and m + 1, show that 2
1 1
e <1n(m+1)—lnm<%
4

(i1) Let m take on successively the values 1, 2, ...,n — 1. Hence show that

In(k+1) < S, <1+Ink

where
1 1 1

Sk=1+§+§+"‘+E
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Question 155 (8 marks) Normo 23 AT3 Q2
(a) (i) Show that, forx > 1 1
1 1 1
0<—< =<
xwx X xz
(i1)) Hence show that, fort > 1, 2
2(Ve—1
( )s1ntss(§/5—1)
Vt
(iii) Hence find lim L. 2
t—oo \/’E
(b) Consider the function f(x) = tan™ ! x.
(1) Show that f”(x) < 0 for x > 0. 1
(i) Hence, by considering the concavity of f(x), or otherwise, show that fora > b > 0: 2

tan~1(a — b) +tan" (a + b) < 2tan"la

Question 156 (10 marks) HGHS ’24 Q16b

z
Letl, = J tan™ x dx and let J,, = (—=1)"I,,
0
1

(1) Show that In + In+2 = n—+1 2
(ii) Find the value of I, = f * tan* x dx. 2
0
(=n"
(ii1) Deduce that J,, — J,_1 = =1 forn > 1. 1
(iv) By considering 2
Jm = Un = Jm-1) + Un-1 = Jm-2) + Um-2 = Jm—3+ )+ U1 =Jo) + Jo

, show that

Jm =

N

m

="

>

+22n—1 forn>1
n=1
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1 n
(v) Use the substitution u = tan x to show that [, = J- u_z du. 1
o 1+u
(vi) Deduce that 0 < I, < - i 1 and conclude that /,, - 0 asn — oo. 2
Question 157 (4 marks) NSG *22 Q16b ii
(i) By finding the equation of the tangent to y = log, x at x = 1, explain why 1

log,x <x—1 forx>0.

(1) Ifaq,a,,as, -+, a, and by, b,, b3, -+-, b, are positive numbers such thata; +a, +az +---+a, =1 3
and a;b; + a,b, + azb; + ... + a,b, = 1, prove that

bep2p% . bin < 1.

I Explicitly not for commercial use, adaptation or distribution. Made by Aeonium. This version was produced on April 22, 2025. I



[ 1

Solutions

Language of Proof

1 (Copium): B.
If 3 divides a — b, let a — b = 3k. Then

a® — b3 = (a—b)(a%? + ab + b?) = 3[k(a? + ab + b?)]

which is divisible by 3 because k(a? + ab + b?) € Z. Therefore the statement is correct.
If 3 divides a® — b3, let it be 3m:

3m = a3 — b3 = (a—b)((a—b)?+3ab) = (a—b)®+3ab(a—b)

so (a — b)3 = 3[m — ab(a — b)] which is divisible by 3 because m — ab(a — b) € Z. Thus a — b is
divisible by 3, so the converse is also correct.

2 (Baulko *20 Q6): A.

If the statement is false, then there must exist a day where it is not the case that Max does at least one
problem. The complementary event to doing at least one problem, is to do no problems at all. So it must
certainly be true that there exists a day next week the Max does the complementary event

3 (Girra *20 Q6): A.

For all positive integers a, a® is indeed positive.
¥a exists for all a, unless a is a perfect cube, 3/a is not an integer.

Obviously false.

O 0w p»

Domain of a unspecified; a can be negative, etc, so this is false.

4 (Ruse ’20 Q2): D.

Let T(for treasure) be the statement “you have treasure” and let K(for kingdom) be the statement “I have
a kingdom”. The original statement is now =T — —K. The contrapositive of =T = —-K is K — T, which
is D.

5 (Baulko *24 Q9): B.
InP = Q, P is a sufficient condition for Q. Q is a necessary condition for P. ~P : a? + b? = ¢?
Q : AABC is right angled, hence B is correct.

6 (Ruse "24 Q3): C.
“All ravens are black.” must be false because the existence of even one non-black raven disproves this
statement.
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7 (Ruse ’24 Q6): B.

A. ~ B = ~ Ais the contrapositive and is always true.

B. Aand ~ B is false since A = B implies B is true if A is true.
8 (NSB 24 Q1): C.

Equivalent
Rewording

The converse of the statement, which is not equivalent

O 0w »

The original implication

9 (NSB 24 Q4): B.

A. This keeps the same quantifier order as the original statement, so it is not correct.
a

C. This says that for every pair (x, y) the equation fails, which is much stronger than the correct nega-
tion

10 (NSG *24 Q9): D.

Clearly true.
Translated: For every integer n, I can find an integer m larger than it.

Translated: I can find an a [a = 0] such that every number times a is zero.

o 0w »

Translated: I can find an integer m such that every integer is 5 more than m.

11 (BoS 21 Q3): D.

implies that a negative value is greater than a positive value, which is false.
implies that a negative value (xy) is greater than 1, which is false.

implies that a positive value is less than a negative value, which is false.

O 0w »

implies that a negative value (xy) is less than 1, which is true.
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12 (SGHS ’21 Q9): C.

“’If P then Q” is equivalent to “If not Q then not P”. So the claim is equivalent to “If (p — 1)! + 1 is
divisible by p, then p is prime”. A counter-example is therefore a composite number such that (p—1)!+1
is divisible by p.

13 (Normo ’22 Q6): D.
14 (Normo ’22 Q9): B.

15 (SGHS °22 Q9): C.
We want a + b multiplied by something to give ac — bd. This motivates the expansion
(a+b)(c—d)=ac—bd+ bc—ad

We know that ac — bd is divisible by a + b, and we can see that (a + b)(c — d) is divisible by a + b. It
follows that bc — ad must also be divisible by a + b

16 (SGHS *22 Q1): D.
The converse of ‘If P then Q’ is ’If Q then P’. Therefore the converse of ‘If a < b then a® < b3’ is ‘If
a® < b3thena < b’.

18 (SGS 24 Q8): A.
p = q is false (3 uppermost). Negation: pA ~ q istrue ~ (p = ¢q) Converse: ¢ = pistrue as 6
is divisible by 3.

19 (SGS ’24 Q10): A.

Vy,3x : x2 —y?2 =x
x2—x=y

-3 -eed

2 4

1 .
RHS > Z Yy, so always solutions for x. Not the case for others.

20 (SGS °22 Q10): B.
The proof states:

“If a, b, c are 1 more than a multiple of 3, then abc is 1 more than a multiple of 3.”

Contrapositive: If abc is not 1 more than a multiple of 3, then not all of a, b, ¢ are 1 more than a multiple
of 3.
D fits this structure.

Question 21 (1 mark) (SGGHS ’20 Q11d)
If the set of all counter examples x € R, x? > 2, then x > 3. If x = 3, then there does not exist a real y
such that x2 + y2 = 2,i.e no y € R exists that satisfies x? + y2 = 2. .. false statement.
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Question 22 (2 marks) (Killara *24 Q13a)
Consider the set {3, 5}.

3x5+1=16
=4x4

=~ The statement is refuted by a counter example.

Question 23 (3 marks) (NSB °24 Ql1a)
Consider the set {3, 5}.

3x54+1=16
=4Xx4

which is not prime. The statement is refuted by counter example.
Question 24 (10 marks) (Ascham ’22 Q12a)

(i) IfsinA = k then sin™" k = A.
(i) Ifsin"* k # A thensin A # k.

(iii) Not all A such that sinA = k means sin”* k = A or 3sin A = k such that sin™* k # A.

. : . . .5 1
(iv) Equivalence if A = Band B = A are both true. A = B is NOT true (sin Fn =5 but
.11 ) .
sin”! 5 = %) but B = A istrue. - Not an equivalence.
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Direct Proof

Question 25 (2 marks) (BBHS ’24 Q14b)
Let the 3 consecutive numbers be n,n + 1,n + 2.
n+m+1)2+m+2)2=n’+n*+2n+1+n*+4n+4
=3n’+6n+5
=3n’+6n+6—1
=3n*+2n+3)—-1

=~ This is one less than a multiple of 3.

Question 26 (2 marks) (Caringbah ’24 Q11c)
Let two consecutive numbers be k, (k + 1),k € Z. Then,

(k+1)2—k?=k?+2k+1—k?
=2k+1 (which is odd)

=~ the difference between two consequtive square numbers is odd.

Question 27 (3 marks) (Baulko ’24 Q16c¢)

1 1 1 1

+ + ot
1+vV2 V3+vV4 V5446 V2023 + 2024
1 1 1 1

> + + + ..+
V243 Va+V5 V647 V2024 ++/2025

2< 1 + 1 + 1 + 1 + ..+ 1 >
1+v2 V3+vV4 V4++5 V5+6 V2023 + V2024
1 1 1 1 1 N 1

> + + + + ..+
1+vV2 V2+vV3 V3++V4 5++6 V2023 +/2024 V2024 + 2025

V2—-1 V3-v2 V4-vV3 V6-+5 V2024 —/2023 V2025 — V2024
= + + + + ot +
1 1 1 1 1 1
= /2025 -1
=45 -1
= 44
1 1 1 1 1

+ + + + .t
1+v2 V3+vV4 Va+V5 V5446 V2023 + /2024

> 22
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Question 28 (2 marks) (HAHS °24 Q13a)
Let p be even, so that p = 2k where k € Z. Then,

p* = (2k)?
= 4k?
= 2(2k?)

Which is even. Hence, if p is even, then p? is even. Proving the converse: Let g2 be even, such that
q? = 2k where k € Z. Then,
q%xq _ k
2
So 2 divides either q or g, that is 2 divides g as k is an integer. Therefore, a number is even if and only
if the number squared is even.

Question 29 (5 marks) (Ascham ’24 Q15a)
(1) Consider

tan Y (k+1) =«

tan"1(k) = B
tana — tan 8
1+tanatanf

O K+1-K
14+ (k+ Dk

~a—f =tan"1 (ﬁ)

then, tan(a — f) =

(i) Consider LHS:

lim [tan_1 ( 1 ) + tan~?! ( 1 ) + tan™! ( 1 ) + ...+ tan™ ! (;)] =
n=c 12+1 23+1 34+1) " nn+1)+1/]

Question 30 (5 marks) (Penrith *24 Q14b)

(1) y,y',y" = e*, which is positive for x € R

a b\ 2 a
(i1) (ef - ef> > 0 as e” is always positive. For a > b,e® > e? from (i). Therefore,e® — 2eze

(SIS

. 1 a b
e? > 0. Rearranging, 5 (e@ +eb) > eZe?.
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(ii1) Just cycle Imao

a b
% (e®+eP) > eze? (from (i)

NI

%(ec+ed)>e%e (a>b>c>d)

% (ea + eb) + % (ec + ed) ) (e%(a+b) n e%(c+d))

1 (at+b+c+d)
> 2 (26 2 2 )

by re-applying part (i), where new a = % (a+b) andnew b = % (c+d)

Question 31 (3 marks) (NSB 21 Q14a)
(x + k)?

Lety = ————.
y x24+x+1

Rearranging it gives

(y—Dx>+(@y—-2kx+(@y—-k*»)=0
This is a quadratic equationin x, Vx € R,A >0

-2?2-4@-D(y—k?)=0
3y2 —4 (k> —k+11y) <0

ysg(kz—k+1)

Question 32 (2 marks) (Normo ’22 Q14a)

(5a% — 4b)% > 0
25a* — 40a?b + 16b%2 >0

25a* + 16b% > 40a?b

So—= + — >

Question 33 (2 marks) (Knox ’23 Q16a)
Let the three consecutive integers be 2n, 2n + 2,2n + 4 where n is a positive integer, and let S be the
sum of these three three consecutive integers.
S=(2n)2+ (2n+2)% + (2n + 4)?
=4n? 4+ 4n” +8n+4+4n* + 16n+ 16
= 12n? + 24n + 20
=12n?+24n+12+8
=12(n*+2n+1)+8
=12(n+1)*+8
=12M + 8
M=m+1°€eN
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From the result above we can see that the sum of any three consecutive even integers can be divided by
12 and leave a remainder of 8.

Question 34 (4 marks) (Knox ’23 Q15a)
From the statement 3% > x + In x:

x=1-31'>1+In1
x=2-32>2+In2
x=3-33>3+In3

x=n-3">n+Inn
Summing LHS,

3(3n—1) 3nt1_3
3-1 2

31432 43" =

Summing RHS,

1+2+3+...+n=g(n+1)=%(n2+n)
Inl+In2..+hn=In(1X2xXx3X..Xxn)=Inn!

Hence by summing all the statements for x = 1 to x = n:

3n+1_3
2
3n*1 _3>n24+n+2lnn!

3"l > n2 4+ n+34+2lnn!

> %(n2 +n) + Inn!

Question 35 (2 marks) (Knox ’22 Q16d)

abcd + efgh = abcd — cdgh + cdgh + ef gh — abef + abef
= cd(ab — gh) + cdgh — ef(ab — gh) + abef
= (ab — gh)(cd — ef) + abef + cdgh (1)

Now, as ab — gh is a divisor of abef + cdgh then
abef + cdgh = M(ab — gh) (2)

, where M is a pronumeral; though possibly an integer.

(2) > (1) : abcd +efgh = (ab — gh)(cd —ef) + M(ab — gh)
= (ab — gh)(cd —ef + M)

Hence, ab — gh is a divisor of abcd + ef gh.
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Contradiction & Contrapositive
36 (HGHS ’20): A.

37 (Girra 20 Q5): D.

40 (Knox ’23 Q5): C.

For a statement “For all, if P then Q”,its contrapositive statement is “For all, if not Q then not P”.

So as the statement is “For all quadrilaterals, if the four angles are right angles, then the quadrilateral is
a rectangle”, the contrapositive statement would be “For all quadrilaterals, if the quadrilateral is not a
rectangle, then the four angles are not right angles”.

Question 41 (3 marks) (SGHS °21 Q12d)

(1) If a and b are rational, then a + b is rational.

(i) Converse of P:
If at least one of a and b is irrational, then a + b is irrational.
This converse is false. For a counter-example, consider a = V2 and b = —V2. Then, at least

one of @ and b is irrational, while a + b = V2 — V2 = 0 is rational. Other counter examples are
a=mb=—-mora=e b= —e, etc.

Question 42 (3 marks) (SGS *21 Q12a)
Assume P + 4 <2
qa p

p*+q* < 2pq
p?—2pq+q*<0
P—-q9?*<0

This is a contradiction, since a square is non-negative by definition.

Hence g + % > 2 using proof by contradiction.

Question 43 (3 marks) (Baulko ’23 Ql1e)

(i) Ifx < 0, then x° + 4x3 + 5x < 8x* + 2x% + 17.

(1) If x < 0 then x5 +4x3 +5x <0.
If x < 0 then 8x* + 2x2 + 17 > 0. ~8x* + 2x2 4+ 16 > x5 + 4x3 + 5x.
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Question 44 (3 marks) (NSG *20 Q16a)
Assume 3a,b € Z* : a® — 4b = 2.

Then a? = 4b + 2
=2(2b+1)

~a? is even.
So, a = 2k forsome k € Z*.

(2k)? =2(2b + 1)
2k? =2b+1

LHS=2k? is even and RHS=2b + 1 is odd. There is a contradiction, hence the assumption is incorrect.
SoVa,b,€ Z,a%> — 4b # 2.

Question 45 (3 marks) (God folder)
Suppose for a contradiction that p has an integer root k. We have 4k3 + 2k? — 6k + 1 = 0.
Then 2(2k3 + k?) = 2(—3k) — 1. We have an even equal to an odd.

Question 46 (4 marks) (Ruse 20 AT2 Q10c)
a+c b+c

Jaz+c¢z Vb2 —c2?

Assume that <0

a+c < b+c
Ja? + c? R/
(a+0) (\/b2 - cz) <(+0) (\/ a? + cz)
(a+c)?(b%+c?) < (b+c)?(a?+c?)

(a? + 2ac + c?) (b% 4 ¢?) < (b? + 2bc + ¢?) (a? + c?)
a’b? + 2ab?c + ¢?b? + a?c? + 2ac® + ¢* < a?b? + 2a®bc + a®c? + b?c? + 2bc3 + ¢*
2ab?c + 2ac® < 2a’bc + 2bc3
ab?c + 2ac® < 2a?bc + 2bc?
ab? + ac? < a®b + bc?
ab? + ac? —a’bh—bc? <0
ab(b—a)+c?(a—b) <0

(a—b)(c?—ab) <0

Asa > b:(a—b) > 0andc? > ab-(c? —ab) > 0.
Hence
(a — b)(c? —ab) > 0.
a+c b+c

- >0
Jaz +c2 Vb2 —c?

~ This is a contradiction, hence
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Question 47 (3 marks) (Manly ’24 Q12e)
The contrapositive statement is:

“If none of a, b, ¢ are divisible by 3 then a3 + b3 + ¢3 is not divisible by 9”.

If each of a, b and c are not divisible by 3 then each one is of the form 3k + 1 or 3k + 2.
Hence, a3, b3 and ¢3 end in either 1 or 8.

~ a3 + b3 + ¢3 ends in either 3,10,17 or 24 = no common factor of 9 exists.

~ a3 + b3 + ¢3 is not divisible by 9.

=~ The statement is true by contradiction.

Question 48 (3 marks) (SGGHS *24 Q14d)
Assume Ja > 2 such thatva+Va+2 <+Va+8

(a+va¥2) <(Vats)

a+2a(a+2)+a+2<a+8

2a+2Va2+2a+2<a+8
a+2vJa2+2a—-6<0

(2 a? + Za)2 < (6 —a)?

4(a? 4+ 2a) <36 — 12a + a?
4a? + 8a <36 —12a + a?
3a2+20a—-36<0
a=1.47,-8.14

So, the negation is false.
~ By contradiction, va + Va + 2 > Va + 8

Question 49 (1 mark) (Copium 23 Q13 a) iv))
Assume ab + cd < ad + bc. Then ab + cd —ad — bc < 0 so

ab—d)—c(b—d)<0 = (@a—c)(b—d) <0

Buta > cand b = d implies thata — ¢c,b — d = 0 giving (a — ¢)(b — d) = 0, a contradiction. Thus
the original statement is true.

e 1 mark Writing assumption and obtaining contradiction.

e Comment: Itis good practice to restate the original statement is true after obtaining a contradiction.
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Question 50 (4 marks) (Ruse *22 AT2 Q8c¢)

(i) Let P(x) mean ‘x is P’.
Then for a, b € Z , the statement as given can be expressed as

odd (a? (b* — 2b)) = odd(a) A odd(b)
The contrapositive is

~ (0dd(a) A odd(h)) = -odd (a2 (b% — 2b))
= —odd(a) V ~odd(b) = —odd (a? (b2 — 2b))

which is equivalent to

even(a) Veven(b) = even(a? (b? — 2b))
“If either a or b is even, then a® (b? — 2b) is even.”

So if at least one of a or b is even, then the given expression is true.

(i1) Suppose a is even and b is any integer. Then
a=2k 3keZ
We have,

a? (b? — 2b) = 4k? (b? — 2b)
= 2(2k% (b% - 2b))
Since Z is closed under +, X, —, it follows that 2k? (b? — 2b) € Z.

Hence 2|a? (b? — 2a) if a is even.

Now suppose that b = 2k (3k € Z) and a is an integer. Then
a? (b? — 2b) = a? (4k? — 4k)
= 2 (a? (2k2 — 2k))
Again, since Z is closed under the previously stated operations,
a?(2k? -2k) e Z

So
2|a? (b? — 2b)

Hence, if at least one of a or b is even, then a? (b? — 2b) is even.
Therefore, if a? (b? — 2b) is odd, then both a is odd and b is odd.

L
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Question 51 (3 marks) (Baulko 24 Q15¢ 1)
Let r be an irrational number and that ¥7 = g where (p Aq € ZT) Aq # 0, i.e ¥7 is rational and also

p and q are coprime.

~1 is a factor of p3. However, rq3 is irrational as r is irrational, yet p? is rational (p € Z).
~¥7 is irrational, by contradiction.

Question 52 (4 marks) (Baulko ’23 Q14a)

Suppose, by contradiction, that positive integers p and g do exist such that 4p? — q? = 25. Then,
@p+q)(2p —q) = 25.

The factors of 25 are 1,5,25.

Since q # 0 (q is a positive integer), then the factors must be 1 and 25 as they are distinct.
(2)—(1):2q =24

q=12
2p—q=1D)and2p+q=25(2). Zp +4 =25 . 3 contradiction exists since p is a positive
2p =13
1
p= 6§

integer. .. there are no positive integers p and g such that 4p? — g% = 25.

Question 53 (2 marks) (NSB ’24 Ql4c)
Assume a < b < c.

c?<c?+a+b<c?*+2c<(c+1)?
c24+a+b<(c+1)?

c? 4+ a + b cannot be perfect square, similarly for the other two.

Question 54 (3 marks) (Killara *24 Q14a)
Assume 34 € Z with 2 unique prime factorisations, that is:

A = p1pap3 ...p; Where p; is prime
A =q19295 ---q; Wwhere q; is prime

~“P1D2P3 - Pi = 919293 - q; are equal and A. As both sides are divisible by p;, and all g; are prime,then
one of q; must be q;, say q;.

~“P1P3 - Pi = G293 - q;, Since p, = g, and so on, so each p; must match q;, and therefore the prime
factorisations are the same, a contradiction, so any integer A must only have one prime factorisation.
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Question 55 (3 marks) (NSB °21 Q13¢)
The contrapositive of the statement is:

“If a and b are not both even, then ab and (a + b) are not both even.”

1.e, if either a or b is odd, then either ab or a + b is odd.

Suppose a is odd. Then a = 2k for some integer k. Then, ab = (2k + 1)b = 2kb + b, which is odd is
b is odd, even otherwise. And a + b = 2k + 1 + b which is odd if b is even, and even otherwise.

So regardless of whether b is even or odd, one of ab or a + b is necessarily odd.

Question 56 (2 marks) (SGHS ’22 Q16a)
Assume that there is at least one solution to

a?=9b—-6
where a and b are both positive integers.
a? =33b-2)

Since a is a positive integer, a? must have prime factors in pairs. Hence, (3b — 2) must have 3 as a factor
so that a has 32 as a factor. Since b is a positive integer, (3b — 2) is two less than a multiple of 3, and
hence (3b — 2) is NOT a multiple of 3. Hence, 3 is a factor of a? but 32 is not and this contradicts the
assumption that a is a positive integer. - By contradiction, there is no solution to

a?=9b—-6
where a and b are both positive integers.
Question 57 (3 marks) (SGHS ’23 Q16a)
(1)
f'(x) =cosx

f'(x) =—sinx <0(0<x<m)

Hence f"(x) is concave down for 0 < x < .

(i) Let f(x) =sinx,xqy = A4,x, =B, x3=C:

sin4 +sinB + sinC A+B+C

< sin(—————
3 < sin( 3 )
. T
= sm(§)
_V3
2
~sinA +sinB +sinB < ¥
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Question 58 (8 marks) (Baulko *21 Q14c)

(1) Whenn = 1:
LHS=S; RHS=2-1 (1)
_ 1 =1
Vi
=1

~ true forn = 1.
Assume true forn =k, k€ Z*, ieS, < 2Vk — 1.

Prove true forn = k + 1,1.e Sp4q < 2Vk +1 — 1. Proof:

1
Vk+1
<2Wk-1+

Sk41 =Sk +

1
VE+1
_ kD1

k—1
_ Ak +4k+1
- Vk+1l

<\/4k2+4k+1+1
Vk+1

/(2k+1)2+1
-1

vVk+1

_2k+1+1

VE+1
J2(k+1) -1

Hence, the result is true for n = k + 1, if it is true for n = k. Since the result is true forn = 1,
then it is true Yn where n € Z* by induction.

(ii)

(by assumption)

1

—1 (42 + 4k < 4k? — 4k + 1)

(4k + DVEk + 1 — (4k + 3)Vk

=\/(4k+ D%k + 1) —\/(4k+ 3)%k

= J16k3 + 8k2 + k + 16k2 + 8k + 1 — \/16k3 + 24k2 + 9k

= J16k3 + 24k2 + 9k + 1 — / 16k3 + 24Kk2 + 9k
>0 (as1>0)

~(4k + DVk + 1 > (4k + 3)VkVk > 0
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(iii)
Sp = 2\n+ 1.
n — zﬁ
1
c=>2yn+ —-3S5
2n
22\/ﬁ+i—2\/ﬁ+1 (S, <2vyn—-1)
24/n
24/n
As n increases, # will decrease, thus its largest value will occur when n = 1.
n
1
ne> =
c = > +1
_3
)

Question 59 (3 marks) (Normo ’22 Q14d)

(i) If the equation ax? + bx + ¢ = 0 has at least one integer solution, then at least one of @, b, ¢ is an
even integer.

(ii) If ax? 4 bx + ¢ = 0 then at least one solution is either odd or even.
Case 1: Assume the equation has at least one odd integer solution: Let x = 2m+ 1, where m € Z.
alm+1)?+b2m+1)+c=0
4am? + dam+a+2bm+b+c=0
a+b+c=2k (where k = —2am? — 2am — 2bm)
1.e. the sum of a, b, c is even since k € Z. Assume a,b,c are all odd: Leta = 24+ 1,b =
2B+ 1,c=2C+ 1,where A4,B,C € Z.
a+b+c=QRA+1D)+2B+1)+(2C+1)
=2p+1 (wherep =A+B+C+1)
i.e. the sum of a, b, c is odd since p € Z. But this contradicts the previous result, and so a, b, ¢
cannot all be odd. -~ By contradiction, if the equation has at least one odd integer solution, then at
least one of a, b, c is even.
Case 2: Assume the integer has at least one even integer solution: Let x = 2n, where n = 2n,
where n € Z.
a2n)?+b(2n) +c=0
4an? +2bn+c=0
= 2q (where ¢ = —2an? — bn)
c is even since ¢ =€ Z. .. If the equation has at least one even integer solution, then at least

one of a, b, ¢ is even. Hence by the contrapositive, if all a, b, ¢ are odd integers, then the equation
ax? + bx + ¢ = 0 has no integer solutions.
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Question 60 (7 marks) (NSG 23 Q16a)
(1)
w—13=0

(w—D(w?*+w+1)=0
w=1 or wW?+w+1=0

As w is non-real, w? + w + 1 = 0.

(ii) RTP:
“If n is divisible by 3 then (x + 1)2™ + x2™ + 1 is not divisible by x? + x + 1.”

For the sake of contradiction, assume that n is divisible by 3 and (x + 1)?™ + x2™ + 1 is divisible

by x%2 + x + 1.
Then,
(x+DM+x?"+1=(x2+x+1)Q(x) (Q(x) is polynomial)
(W+ D"+ 0" +1=(w?+w+1)Qw) (subsititute x = w)
=0 (W2+w+1=0)
(—wz)zn +w?™+1=0 (Nown = 3k, k € Z)

(—0)  + wb +1=0

- W +(w +1=
16k 3\4k 32k 1 0
1+14+1=0

Hence our assumption is incorrect.
~ if n is divisible by 3, (x + 1)2™ + x2™ + 1 is not divisible by x? + x = 1.

Question 61 (3 marks) (NSG *23 Q13c¢)

i) Yx,y € Rt ify > x then y3 — x%2y > xy3 — x5.
y y

(i) Consider

y?—xty —xy? —x* =y(y* —x*) —x(y* — x?)
=y -x0)W*—x?)
= - )2y +x)
>0
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Question 62 (4 marks) (NSG ’22 Q16b)

(1)
y=Inx
=1
Y =%

x=1m; =1
y—Inl=1(x—-1)
y=x-—1

As Inx is concave down V x, it never lies above any tangent, - Inx < x — 1

(i)
In(b§*by? ...bg™) = In(b5*) + In(b5?) + ... + In(bp™)
=aqInb;-a,Inb, + ..+ a,Inb,

<a;b;—D+ab,—1D)+..+a,(b,—1) (from (1))
=a.by +ayby + ... +ap,b, — (a; + a, + ... + a,)
=1-1
=0
bi'by?bg? ...bp" < €°
<1
Question 63 (7 marks) (Manly 20 Q13d)
(1) Letn = pgwherep <n,q <nforn>1.
If p < +/n then the proposition is true.
Ifp<+nthenpg=n = qg<+n
- the proposition is true.
(ii) m has a factor less than /n = n is composite.
(iii) If a factor exists greater than y/n then n is NOT composite.
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Question 64 (4 marks) (FSHS °23 Q16a)

(i) If n = k2, where k € Z, then the remainder is 0 or 1 when an integer, n, is divided by 4.

(ii) Case 1: n = k?

k=4q (g€ )
k? = 1642
n = 16g? remainder is 0 when divided by 4

Case2: k=4qg+1

k? = (4q + 1)?
=16q*>+8q+1
n = 4(4q%> + 2q) + 1 remainder is 1 when divided by 4

Case3: k=4q+2

K2 = (4q + 2)?
=169 + 16q + 4
n =4 (49> +4q+1) remainder is 1 when divided by 4

Cased4: k =4q + 3

k? = (4q + 3)?
= 1692+ 24q +9
n=4(4gq*>+6q +2)+ 1 remainderis 1 when divided by 4

-~ Since the contrapositive statement is true, then the original statement is true.

L
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Question 65 (5 marks) (NSG 24 Q14c)

(i) Every set of three neighbouring integers adds to less than 45.

(i)

(iii)

Adding:

But

Which is a contradiction, .-

X1 +x, +x3 <45
X309 + X1 + X <45

X1+ Xy +x3 <45
Xy + X3 + x4 < 45

Xpg + Xp9 + X309 < 45
X9 + X3¢ + X1 <45
X309 + X1 + x5, <45

3(xy +x; + ... +x30) < 30X 45
X1+ Xy + .o+ x39 < 450

=¥(1+30)
= 465

P is true.

L
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Algebraic Inequalities

66 (Copium °23): A.
By the AM-GM inequality, we have that:

%a+%a+2b+3c
4

le\llaxlaXbe%:aszS 6

Z 2 44‘/%x%x2x3
3
LMZB\/aXbe%:abCS( 6 )

3 3¥1x2x3
4
a+bzb+3cz‘§/axbxbx3c=abch< 6 )
491 x1x1x3

a+b+b+3c+3c
5

6

5§/1x1><1><%><%

Zs\laxbxbx%cx%c = ab?c? <

where equality can be obtained from:

31
(al b' C) - (3’ Z) E)
2
(a,b,c) = (2, 1, §)
331
(al b' C) - (ir z; E)
6 6 4
(al bl C) - <§’ gl g)
and A gives the maximum value.
67 (Ruse "21 AT3 Q4): A.
a _a+m .
B<b+m is false (m =0)
a_a+m .
= >
»Z b m is false (m < 0)
a+m .
<
b+m_1 is false (m > 0)

So A.
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68 (BoS 16 Q10): B.

A.

(a+b)yb+o)ato) 2Vab 2Vbc 2y/ac

abc - abc
- 8Va2b2c?

abc

a+b+b+c+a+c:(g+£)+<é+£>+<é+g>
c a b c a
>2+2+2

=6

(a+1)<b+l>(c+l>22x2x2
a b c
=8

1 1 1 3 3’ 1

69 (Ruse ’21 AT3 Q5): B.
This can be determined by substituting in a value of a and b, e.ga = 5,b = 3.

70 (Ruse "23 AT3 Q3): C.

A. Considerx = —-1,y=-2 = (-1)2>(-2)? = —1>4. ~notA.

. o1 1
B. Consider x = 1,y = —2, then the statement implies — < —, - not B.

1 =2

x>y
X+z>y+z

D. Consider z < 0: equality or the inequality flips.
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71 (NSG 20 Q10): B.

A. b<c=>l>lsol—1>Osol+l—1>0.'.notA.
b c b ¢ a b ¢
B.
c>b c>a
c+a>a+b b+c>a+b
1 < 1 1 < 1
c+a a+b b+c a+b
ega=1,b=2,c=5
1.1 1oy
6 7 3
C.
a>c
ab > bc
1 1 1 1
50%>Eso%—ﬁ>0--notc
c? > p2?
2 2 _ 12
D. i+£—£=—c ta” b as c?2—b2>0 ~notD

c24+a2-b2>0

Question 72 (5 marks) (Ascham ’22 Ql4a)
(1) Consider:

a? — 2ab + b? = (a — b)?
>0
a’ + b? = 2ab

(ii)) RTP:a? + b? + ¢? = ab + bc + ca Proof: From (i),

a’? + b? > 2ab
b? + ¢? > 2bc
a® + c? > 2ac
M+@)+3):
2a? + 2b? + Zc? > 2ab + Zbc + Zab
~a’?+b?>+c?2>ab+bc+ca

(1)
)
3)
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Question 73 (3 marks) (Baulko ’22 Q16c¢)

LH5=(L+1)+(aL+C+1)+(L+1)—3

b+c a+b
_a+b+c a+b+c a+b+c_3
~ b+c a+c a+b

1 1 1
_(a_i_b-l_c)(b+c+(JL+C+a+b>_3

><((b+c)+(a+c)+(a+b))><<b_1l_c+a_1I_C+aib)—3

v

N WNO Nk N -

><(3><V(b+c)(a+c)(a+b))x<3x3\](b+c)(aicxa+b))—3
x%/I—B

Question 74 (3 marks) (Ruse 22 Q11b)
(1)
(Wx—3)? =0

x—2\Vx\[y+y=0
xX+y=2\xy

(i)

.2
9x%sin”“ x + 4
xsinx

fx) =
= O9xsinx + 4
xsinx

4 )
XSHTX (1)

22J9m+
=12

~ minimum value of f(x) is 12.
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Question 75 (4 marks) (Sydney Tech ’22 Q16¢)

(1)

(i)

(a+b+c)(

+ -+

1 2
<ﬁ+—) >0
X
x—2+120
X
x+1>2
X
1 1 a b a ¢ b c
3 >_1+1+1+E+_+_+E+E+E
a 1 b 1
_3+ + +—+T
() HONE (2)
>34+24+2+2 (by (1))
=9

Question 76 (4 marks) (Sydney Girls 22 Q15¢)

(1)

(i1) Similarly,

(D) x(2) x(3):

(a+b+c)?=(a+b)+c)

=>4(a+b)c

> 4 x 2\abc

= 8cVab (1)
(a+b+c)? > 8avbc (2)
(a+b+c)? > 8byac (3)

(a+b+c)® = 83abcVa?b2c?
— 8202p2c2

~(a+b+c)? =8V8ahc

= 16V2abc
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Question 77 (5 marks) (Penrith 22 Q12c¢)

(i)
VX —y3)?2 20

x+y=2\xy
x +

> wy

Cycle, let x — a*,y = b*, then:

a* + b*

> Va*b* = a?b?

4 4
b™+c > Vb%c* = b2c?

> Vcta* = c%a?

(a* +b*) + (b* + c*) + (c* + a*)
2

2 (a*+b* +c*)

e, 5

(i1) From (i),

252 2.2 2 (p2 2
a“b® + a“c a t+c
_ 2 ) > Va?b2.a%c? = a’bc

2 - 2
202 4 p2g2  b%(c%+a?
bc ;b @ - ( 5 )ZVbzcz.bZa = b%ca
2q2 4 ¢2p2  c?(a® + b?
c’a” +c’b = ( ) > Vc2a?.c2b? = c%ab

2 2
By addition,
a? (b? +c?) + b* (c* + a?) + c? (a® + b?)
2
. 2(a?b? + -b%c? + c%a?)
ie. 5

i.e. a®bh? 4+ b3%c? + c%2a? > a?bc + b%ca + c?ab

(ii1) From (ii), (iii),

a* + b* + c¢* = a®?b? + b?c? + c%a?
a?b? + b%c? + c?a? = a’bc + b%ca + c%ab
a* + b* + c* = a’bc + b?ca + c?ab
= abc(a + b + ¢), factorising
= abcd, sincea+b+c=d
a* + b* + ¢* > abcd.

Thus

> a?b? + b%¢c? + c2a?

> a?b? + b%c? + c%a?

ie., a* + b* + c* > a?b? + b2c? + c?2a?

> a?bc + b%ca + c%ab

> a?bc + b%ca + c?ab

L
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Question 78 (6 marks) (NSG 22 Q15¢)

(1)
1 1= (k= Dk + D)
k—Dk(k+1) ¥ k3(k—1(k+1D
1
T Bk-Dk+1)
>0 (ask>1)
: ! ! vk > 1
"k—Dkk+ 1) ~ k2 (Ve >1)
(ii) Let ! 4 B, ¢

k—Dk(k+1) k—1 "%k +1°

1=Ak(k+ 1)+ Bk — 1)(k + 1) + Ck(k — 1)

1 1
“C=-5B=-1A=>

_1 1_iz+1"“1
2 k k 2 k
K K 1] K,
12 k 2 3 k 2 n 2 k n n+1
k=4 k=4 k=4
_1,1.1 1,1, 1
46 3 n 2n 2(n+1)
1

_ _1(1_ 1)
“12 2\n n+1

1 1
<12 (asr—l>n—+1)
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Question 79 (5 marks) (Normo 22 AT3 Q3a)

(1)
bz
a
—— 2] >
(- ) =
a b
- — = >
5 2+a_0
a b
e— = >
b-l_a_2
(i1)
1 1 1 1 1 1
1141424l e by
b a ¢ a ¢ b
>3+24+24+2
=9
(1i1)

Q1-a@-b)(1l-c)=A-b—a+ab)(1-0)
=1—c—b+bc—a+ac+ab—abc
=1-(a+b+c)+ab+ac+ bc—abc
=0+4+ab+ac+ bc —abc—abc
= 9abc — abc
= 8abc

L
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Question 81 (6 marks) (NSB 23 AT2 Q3)
(a) Letn =5,t; = x>, t, = y>,t3 = z°,t, = 1° and t5 = 15.

51454 45115
5,—x5y5z515§x +y +25+1 + 15

x5+ y>4+25+25

xyz < 5
x> +y%+2°—5xyz < -2
i.e, the minimum value of x° + y> + z°> — 5xyz is -2.
) () Letn=2,¢ =1andt, = (2n—1)
1-2n—1) < w
n=v2n-1

(i1) Similarly,

n=.302n-3)
n=.502n-5)

n.Zw/(Zn—S)-S
n>,2n-3)-3
n=>,Cn-1)-1

Multiplying these inequalities:

n" >./12-32.52 . (2n — 1)2
=1%Xx3%x5x%x..2n—-1)
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Question 82 (8 marks) (NSB ’19 Q15c)
(1)

x2+y? > 2xy
a? + (bc)? = 2a(bc) = 2abc

(i1)
a? + b? = 2ab
a? + ¢? > 2ac
b? + ¢? > 2bc
2a% + 2b% + 2¢? = 2 (ab + ac + bc)
a’b? + ¢? > ab + ac + bc.

(iif)
a? (14+b%)+b2(1+c?)+c?(14a?)=a?+b? + c? + a?b? + a%c? + b?c?
a® + b?c? > 2abc
b? + a?c? = 2abc
a® + c%c? = 2abc
> 6abc

(iv)

a* +b*+c* 4+ a® + b% +c? > a?b? + b%c? + a%c? + a? + b% + 2
> 6abc
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Question 83 (6 marks) (ST "24 Q16¢)

(1)

|
Q
S
o

(i)

G-1)G-1)E-)= () () )

_ 1-a)1-b)1-0)

abc

_1—(a+b+c)+(ab+ac+ bc)—abc
- abc
_1—-1+ab+ac+bc—abc
- abc
_ 1,11
=ctrta

9
_T_l
=8
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Question 84 (6 marks) (BBHS ’24 Q14d)

(1)
(a+b)2=0
a’?+2ab+b*>0
a? + b% > 2ab

a;bzx/%

(i)
a4+ b8 +¢8 = %(a8+b8)+%(b8+cs)+%(a8+cg)
% (a® + b®) = Vadb?®
% (b8 + ¢8) = V8B

% (a® + c®) = Vadc?

a8 + b8 + ¢ > Vadh8 + Vb8c8 + VadeB
> a*b* + b*c* + atc?

(iif)
a* + b* > 2a?b? (1)
b* + c* > 2b2c? )
a* + c* = 2a%c? (3)
D+ @)+ 3)
2 (a* + b* +c*) = 2(a?b? + b%c? + a%c?)
(a* + b* + ¢c*) = (a?b? + b%c? + a?c?)
Replacing a with ab, b by bc and ¢ by ac:
(ab)* + (bc)*
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Question 85 (3 marks) (Ruse 24 Q12d)

(1)
(a+b)2=0
a?+2ab+b%2=>0
a? + b? > 2ab
(i)
a’ + b? = 2ab (i)

(a2 + b?)(a + b) = 2ab(a + b)
a3+ a®b + b%a + b3 > 2a?b + 2ab?

a3+ b3 = a?b + ab? (1)

Cycling,
b3 + ¢3 = b%c + c¢?b (2)
a® + c3 = a’c + c%a (3)

DH+B):
2(a® + b3 + c®) = a?b + ab? + b?c + bc? + c?a + ca?
>ab(a+b)+ bc(b+c)+ca(c+a)
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=

Question 86 (4 marks) (NSG ’24 Q16b)

(1)
2k 2k—1 _ 4k* - 2k+1)(2k—1)
2k +1 2k 2k(2k + 1)
1

 2k2k+ 1)
>0

2k-1 - 2k

T2k 2k —1

2n—1 2n

o < 1" Multiplying:

o\ LU
N
N o

. .1 23 4
(i1) From(1),§<§,z<§

p? < pq (as p > 0)

Question 87 (2 marks) (Baulko ’23 Q16b)
(1)

(Vo +a)" =0
P—2ypq+q=0

%(p+q)2\/p_q

(i1) Dividing both sides in (i) by 1/q:

i(p_ a
@£2<ﬁ+@>
1(p
<3(%+v7)
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Question 88 (5 marks) (Manly ’24 Q16c¢)

(1)
2
(x/ﬁ—\/E) >0
a—2Vab+b =0
a+b>=>2Vab
“;bzm
(i)
2
(\/x—l—l) >0
x—1—-2vx—14+12>0
x—2Vx—1=>0
x=>2Vx—1
X
> 2
x—1

(iii) From (i)

2 2 2 2
a+b>2\/a b

b—1 a—1-“Nb—-1"a=1
a? b2

=2 b—1Va-—-1

_ a_ . b

>2X2X2

X
Vvb—1 +Va-1

L
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Question 89 (5 marks) (Baulko ’23 Q14b)

(1)
%b-l_c 2 s‘labc
a+b+c>3Vabc
(a+b+c)®=27abc
.. a b c
(i) Leta - F’b - C—4,c - F:

a b [4
bt Tt ai _ s abc

3 a*b*c*

4
a c 1
— 4+ — 4+ - >33
b4+c4+a4_ J(abc)4

apaga( L D C) 3\E 4
abc(b4+c4+a4>_3 1(abc)
a’c* + b%a* + ¢°b* = 3

Question 90 (3 marks) (NSB ’24 Q14a)

a; = +/a;

(a1 - \/a_l) =0

a? +2a;\/a;+a; =0
af +a; > 2a;/a; (1)

Similarly, for a, to a,

a3 + a; > 2ax\/a; (2)
: ()
az +a, = 2a,\/a, (n)

Now (1) X (2) X ... X (n) :

(@2 + ay)(a3 +ay)(a3 +az) ...(a2 + a,) = 2 X ay/a; X 2a,/a; X ... X 2a,+/a,
> 2" (a,a, ...ay)Ja a, ...a,

= 2"
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Question 91 (4 marks) (NSB 24 Q13b)

1 1
iIf—+—=1,
(i) >t g
p+tq=pq=s
»+@)?* =p*+q*+2pq (1)
(»+q)? = (pg)* = s* )
W+@2) = p+q)*=4pqg = s=4
1, 1 11 1 1
pp+1) g@+1l) p p+1 g g@+1)
. p+q+2
p+1(@g+1)
_ _s+2
2s +1
_s—1
T 25+ 1
~ we have to prove
1 s—1 _1
<< < _
37 25s+1 "2

But2s+1<3s—3 < 4<sand

2s—2<2s+1e-2<1

(ii)
1 1 1 1 1 1
+ = - —— -
pp—-1) gl@—-1) p—-1 p g—-1 g
_ ptg-—2 _1
P-D@@-1
s—2
_s—s+1_1
=s—3 andass =>4 (1)
s—32>1
1 1

Po-D glg-D - !
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Question 92 (2 marks) (Killara *22 Q13b)

|a? — ab| + |ab — b?| = |a? — ab + ab — b?|
|a? — ab| + |ab — b?| = |a? — b?|
|a? — ab| + |ab — b?| = |(a + b)(a — b)|

Andasa > b > 0 we know:

a+b>0anda—b>0,so0
|a? — ab| + |ab — b?| = (a + b)(a — b)

Question 93 (5 marks) (Normo ’13 Q16b)

(1) Square both sides.

LHS = (2x +3)? = 4k? + 12k + 9
RHS = 4(k? + 3k + 2) = 4k*> + 12k + 8
LHS > RHS

(i)

2k +3>2Vk+ 2Vk + 1
2k +3=2k+1+2
1> 2Vk+ 2Vk+ 1+ 2(k+ 1)

1>2\/k+1(\/k+2—\/k+1)

1
Vk+1

>2(\/k+2—\/k+1)

(iii)

7
JEN

Sl
ol
=l

=0
n—

22 \/k+2—\/k+1)

’_\
=
+
—_

v

=0

k
2(VZ-Vi+V3-V2+ - +Vn+1-+n)
(n+ 1)
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Question 94 (4 marks) (God folder)

.

(1) When dealing with inequalities, it is useful to work backwards (on a piece of scrap paper) to find

an equivalent form of the inequality which is easier to solve.

abc

c
< 3 3
a3+b3+acha+b+c®abc(a+b+6)—c(a + b + abc)

& a?bc + b?%ca + c?ab < cad® + cb3 + c%ab

This inequality is easier to deal with as we have removed the fraction and expanded terms. To

prove this last inequality, we can consider the difference:

ca® + cb® + c?ab — (a®bc + b%ca + c?ab) = ¢ (a® + b3 + abC — a?b — ab? —pzbf)

= c((a + b)® — 4a?b — 4ab?)

= c¢((a+ b)® — 4ab(a + b))
= c(a + b) ((a + b)? — 4ab)
= c(a + b)(a — b)?

>0

Now reversing this process will give the required inequality.

(i1)) We can generate similar inequalities by cycling through the variables in (i)
e Replacing (a, b, c) with (b, c, a) gives

abc a
b3+c34+abc” a+b+c

e Replacing (a, b, ¢) with (c, a, b) gives

abc < b
c3+a3+abc a+b+c

Adding these two inequalities, along with the original inequality from (i) gives:

abc abc abc c a b
a’d+b3+abc  b3+c3+abc c3+ad+abc ™ a+b+c+a+b+c a+b+c
_at+b+c
T a+b+c
=1
|_ Explicitly not for commercial use, adaptation or distribution. Made by Aeonium. This version was produced on April 22, 2025. J
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Question 95 (4 marks) (God folder)
First common denominate so we can clear the abc denominator so we get a polynomial inequality:

ab +bc+ca _ 3abc + 2(a® + b3 + ¢3)
abc - abc
ab + bc + ca < 3abc + 2(a3 + b3 + ¢3)

The LHS is a degree 2 and the RHS is also a degree 3.
so to make this homogenous, we will multiply the LHS by a + b + ¢ = 1. So now we want to prove

(a+b+c)(ab+bc+ac) <3abc+2(a+ b3+ c3).

The 3abc term is annoying because it breaks the symmetry in the problem. Good thing is expanding the
LHS also has a 3abc term so this cancels out.

a’b + abc + a’c + ab? + b%c + abc + abc + bc? + ac? < 3abc + 2 (a® + b3 + ¢3)
a’b + a?c 4+ b%c + b*a + c?a+c?b < 2 (a® + b3 + ¢3)

This is a symmetric homogenous polynomial inequality so the rest of this should be standard technique.
The usual way to deal with three variable inequalities is to find a suitable two variable inequality, substi-
tute variables and add them together.
A good choice would be to guess a3 + b3 > a?b + ab?. This is a two variable inequality in aand band
indeed, summing these inequalities cyclically gives us the answer.
That is, Z ad + b3 > Z a’b + ab?.

cyc cyc

All that is left is to verify a® + b3 > a?b + ab? by considering:

a®+ b3 —a?b — ab? = (a + b)(a? — ab + b?) —ab(a + b)
= (a + b)(a? — 2ab + b?)
= (a + b)(a — b)?
>0
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Question 96 (6 marks) (NSB ’22 Q16b v))

(1)

lal|b] | |c]|d]
2 T
a’+b? c2+4d?

_ 2 2
=t

a® +b* +c* +d?
4

|al|b][clld| =

Hence, the maximum value of abcd is 9 (32).

(ii)
a+b+c+d=0
~sd=—(a+b+c)
~abcd = —abc(a+ b + )

Minimising —abc(a + b + ¢) is the same as maximising abc(a + b + ¢).

a’?+b?+ct+d?=12
a2+ b2+c2+[—(a+b+0)])* =12
a’?+b%+c?+a?+b%+c?+2ab+ 2ac+ 2bc =12
2(a?+b?+c?+ab+ac+bc)=12
(a2 +b*+c?+ab+ac+bc)=6 (1)
(a+b+c)2=a?+b?+c?+2ab+ 2ac + 2bc
=a?+b*+c?+ab+ac+bc+ab+ac+bc

=6+4+ab+ ac+ bc
ab + ac + bc + ab + ac + bc

=6+ :
a?+b%2+c2+ab+ac+bc
<
<6+ >
6
=6+
=9
“(@a+b+c)?<9 )
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[ 1

Question 97 (4 marks) (SGHS ’22 Q15c¢)
(1)
(@+b+c)2=((a+b)+c)
>4(a+b)c

> 4 x 2vabc
= 8cVab (1)

(i1) Cycling from part (i):

(a+Db+c)? = 8aVbc )
(a+ b +c)? = 8bJac 3)

Now, (1) X (2) X (3)

(a+b+c)® = 83abcVa?b2c?
_ 8342p2,2
~(a+b+c)? > 8v8ahc
= 16V2abc

Question 98 (4 marks) (Random Question)
this solution was made by a state ranker Imao

1 N 1 N 1

a2—1 b2—-1 c¢2-1
a? b2 c?

a2—1+b2—1+c2—1_

4
a? b2 c? 1 1 1 a? b2 c?
>
<a2—1+b2—1+cz—1>(a2—1+b2—1+cz—1>_<a2—1+b2—1+c2—1>

(CS)
a? b2 c?
<2
<a2—1+b2—1+cz—1>_
a—1 b—1 c—1 1 1 1
<2
2—1 p-1tz-1 (a2—1+b2—1+c2—1>_
LN S Y
a+1 b+1 c+1 -
1 1 1
+ + <1

a?—1 b2-1 c¢2-1"
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Question 99 (5 marks) (Ruse 20 Q15b)
(1)
(a—b)?2=0
a’?+2ab+b? =0
a? + b? = 2ab
a3+ b3 = (a+ b)(a? — ab + b?)
ab>0
a>>0,b3=0
~a+b3=>0
(a +b)(a? —ab + b?) = (a + b)(2ab — ab)
(a +b)(a? —ab + b?) = (a + b)ab
a3+ b3 = a?b + ab?

(ii) Givena + b + ¢ = 3¥abc and

(a+b+c)3=a3+b3+c3+3(a?b + a?c + b?a + b?c + c?a + ¢?b) + 6abc,

consider left, middle and right.
a+b+c=3Vabc

Lb-l-c S 3"abc

From 3
3
(%b”) > abe (1)
(a+b+c)®<(a®+b3+c3)+3(a?..) + 6abc
< 7(a®+ b3+ c3) + 6abc
but using a + b + ¢ < 3Vabc
a3+ b3 + ¢3 < 3abc
6abc < 2(a® + b3 + ¢?)
Hence, (a 4+ b +¢)® < 9(a3 + b3 + ¢3)
a+b+c\’ _ ad+b3+c3
() = 5= @
Combining (1) and (2),

abc <

<a+b+c)3<a3+b3+c3
3 = 3
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Question 100 (3 marks) (Ruse ’22 AT3 Q9a)

(\/§+\/;V)2 > x4+ 2xy +y
x+y=2x
1 1 1 _(1-a)(1-b)(1-0)
G-1)G-1)E-1)- abc
= b+ c)(aazcc)(a +b) (sincea+b+c=1)
> zmngxzm (since x +y = 2/xy)
_ 8abc
~ abc
=8

= the smallest possible value is 8.

Question 101 (Ruse "20 AT2 Q10d)

A+ B+ C=m (interior angle sum of A)
A>0B>0C>0

% > YABC (given)

A+ B+C>3%¥4BC

1,141
atste ’1 1 1
A B CS3- - = i
> AXBXC (given)
3

3
1,1 1
(A+B+C)<% %+%>233ABC>< 3

VYABC
<l+l+l)>9
Ma"B¢c)=
A1,.1.1.9
“ATETC3x
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[ 1

Question 102 (4 marks) (NSB °21 AT2 Q3 a) 1)

Y ZZZ = ) = in\/nyZ + z4 (1)

Similarly,

2i(Ze2)
2 2 2
Z yz X Z_Z /y2Z2+x4' (1)

X
M +(@):
x> y?  7? o ot L 2.2 4

Question 103 (3 marks) (Knox ’22 Q15d)

(a—b)2=0
a? + b? > 2ab

> 2 (1)

Cycling,

+
v
N

S Qla

)
3)

alstalQ
+
\Y
)

Now, (1)+(2)+(3):

a b a ¢ b c
Tt -—t+-+-—+-+-=6
b a ¢ a ¢ b
+c, b+ +b
a c+ c_l_a >

b a c 6
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Mathematical Induction

Question 104 (3 marks) (God folder)
Base case: n = 1.

E(x) = xp(x)
=%-(1+2+3+4+5+6)

_21
6

~ true forn = 1.

Assume true forn = k, i.e E(x) = % Now forn =k +1:
E(k+1)=E(k) +E(1)
7k 7
2 %2
_ 7(k+1)
==

Hence true forn = k + 1.
Thus, the statement is true for all integer n

Question 105 (3 marks) (SGHS *21 Q13b)
Basecase: n =1
LHS =T, RHS =31-2

=1 =1
~ true forn = 1.
Assume true forn = k, k > 1, i.e
T, = 3k -2
Prove true forn = k + 1, RTP
Tppr = 3K+ =2
LHS =Ty 44
=3(3k-2)+4
=3k+t1 _64+4
— 3k+1 -2
= RHS

= true by induction forn =1, 2, ....

I Explicitly not for commercial use, adaptation or distribution. Made by Aeonium. This version was produced on April 22, 2025. I
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Question 106 (3 marks) (Abbotsleigh *24 Q15c 1)
Prove true forn = 2 :

() =(x—a)(x—ay)
PR(x)=(x—ay)+(x—ay)
BO) _ (x—ay) + (x—ay)
Py (x) (x—a))x—ay)
xX—a, X —a,
(x—a)x—ay) (x—a)x—ay)
1 1
T x—a, x-—a

~ true forn = 1.

Assume true forn = k:
Pex) 1 1 1

P.(x) x—a, x—a; | x—a

Prove true for n = k.
Now,

Pep1(x) = (x —a))(x —az) ... (x — i) (x — Agq1)
= P () (x — ag41)
Py (X)) = Be(k) - 1+ (x — a1 B (x)
B (0) _ Bl + (6 — ap)R()
Pret1(x) Pet1 (%)
_ AW (x — aIP®)
P()(x — agy1) P (x — agyq)
__ 1 _R®
X — Qg P(x)
1 1 1 1
+ coe
X—Qpey X—0a; X—ay X — ay
= RHS

Question 107 (5 marks) (Caringbah *24 Q16d)

(1)
1+ 1142 14— =142
¢ 145 1-¢ 1-5
:3+\/§x1—\/§ :3—\/§x1+\/§
1+vV5 1-4/5 1-v5 1+45
_—2-2\5 _—2+2V5
) )
1++5 1-+5
=——=9¢ =——=1-9

L
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(i) Forn = 0:
fo(l) — 902_(1_(:0)?
-0-9

_9?—1+2¢—¢?
B 29 — 1
_29—1_
=3 =1-

~LHS = RHS

-~ the statement is true forn = 0.
Assume the statement is true for n = k, i.e

k+2 __ (1 _ (,D)k+2
k+1 _ (1 _ (,O)k+1

@
fr@) =
@
Proving true forn = k + 1:

FEH(1) = fo f5(D)

1
k)

(pk+1 _ (1 _ (p)k+1

k2 — (1 — g)k+2

_ §0k+2 _ (1 _ q0)k+2 + (pk+1 _ (1 _ (p)k+1

- (pk+2 _ (1 _ (p)k+2

(,0k+2 (1 + %) _ (1 _ g0)k+2 (1 + ﬁ)
(pk+2 - (1- (p)k+2

_ oM o) - (1 - )21 - ¢)

- pk+2 -(1- (p)k+2

_ ¢k+3 _ (1 _ (p)k+3

- (pk+2 _ (1 _ (p)k+2

=1+

from assumption

from part (i) as required.

(i)
) L (pn+2 _ (1 _ (p)n+2
,ll_{lgo = r}—golo P+l — (1 — @)+l
(pn+2 ) X
= lim % dividing top and bottom by ¢™*1

L
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Question 108 (3 marks) (Ruse 2020 AT3 Qle)

Prove true forn = 3:

A convex polygon with three vertices is a triangle, which has an angle sum of 180° = 180(3 — 2)°.

=~ the statement is true for n = 3.

Assume true forn = k,k € Z,k = 3.

i.e, the sum of a convex polygon with k vertices is 180(k — 2).

RTP: The sum of interior angles of a complex polygon with (k + 1) vertices is 180((k + 1) — 2)°.

Let this sum be S,,, where n is the number of vertices.. Suppose B is the corner of a convex polygon with
k vertices.

If the sides AB and BC are removed and replaced with side AC, the polygon now has (k + 1) vertices.

LHS = Sy = S — £ABC + £TAC + £ACS
=S, — £ABC + (£ABC + £BCA) + £ACS
=S, + 4BCA + £ACS
=S, +180°
= 180(k — 2)° + 180°
=180((k —2)+ 1)°
=180((k+1) —2)°
=RHS

If the statement is true for n = k, it is true forn = k + 1.
Hence the statement is true for n € Z,n > 3, by the principle of mathematical induction.
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Question 109 (4 marks) (Ruse ’24 Q14b)
Base case: n = 2

I
Q
=

a_1

VAN
QN RO

Hence true forn = 2.
Assume the statement is true forn = k, k € Z,k > 1.
SQp_q < ag.

1+a, 1+ap,

LHS:2+ak 2+ak_1
_A+a)@+ag)— A +ag_1)2+a)
C+ a2+ ag_q)
_ (2Hag_qt+2atagag_q) — 2+ ax+2a_ +agag_,)
2+ a)(2+ ag-1)
_ A — Q-1
2+ a )2+ ag_q)
ak — ak .
> by assumption
2+ a2+ a ) (by assumption)
=0
A < Apyq

-~ if the statement is true for n = k, then it is true forn = k + 1.
=~ the statement is true for n > 1,n € Z by the principle of mathematical induction.
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Question 110 (3 marks) (ST °24 Q14b)
Let P(n) represent the proposition. Forn = 1:

LHS = % (xe?*) RHS =2°Q2x +1)e*
_ 2% 4 x.202x Y= (2x+1)e*
= (2x + 1)e?* = LHS

k
~ True for n = 1. Assume P(n) is true forn = k, i.e %(xezx) = 2k=1(2x + k)e?*. Show true for
x

n=101+1,i¢c
dk+1

(xe?*) = 2k+1-1(2x + k + 1)e?*
=2FQ2x + k + 1)e?*

k+1

d
LHS = W(xezx)

_a(d
~dx \ dxk
- diic (271 @2x + k)e™) (using assumption)

= 2k"1 x [(2x + k) x 2e%* + 2 x %]
=2k 1x2x 2x+k+1)xe?*
=2k="1+12x + k + 1)e?*

=2kQ2x + k + 1)e?*

=RHS
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Question 111 (3 marks) (SG ’24 Q15d)

Forn = 1: ,
— 12
s = L RHS =1%V1
V2 =1
~ 0.71
12 22 k?
~ Hence true for n = 1. Now, assume true forn = k. i.e, — + — + - + < k2Vk Proving
e AR
true forn = k +1i.e RTP = + 2= 4 . + +*FD® e 1eVEF T

NN = N =

12 22 K2 (k+1)? )
LHS — RHS = — + 2 4 .. 4 + — (k+ 1Dk + 1
NZARYE] VE+1 Vk+2

v+ EEDE s T

Vk+2
i+ EED® L e
< o~ (e DR

=k2k+ G+ DVE+1 - (k+ DWWk +1
<kAWk+1+(k+DVE+1-(k+ DAk +1
=(k2+k+1-k?=2k—1DVk+1

= —kvk+1

<0

~ LHS <RHS - true forn = k + 1, - true for all integers n > 1. Marker comments:

e This was a challenging question for many students. Students should carefully examine what is
needed to be proven for the inductive step to gain insight on what steps are required to complete
the proof.

Students should read the above solutions and incorporate the techniques into their toolbox of prob-
lem solving strategies.

1 for correctly showing base case is true

1 for correct and substantial progress in the inductive step

1 for correctly completing the induction
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Question 112 (4 marks) (BBHS 24 Q16 ¢)
Forn = 2:

Since x; + x, > /x1x, and Inx is an increasing function,
In(x; + x3) > In(y/x1x3)
In(xq + x5) > %ln(xlxz)
In(xq +x5) > %(lnx1 +Inx,)
LHS > RHS

- this is true for n = 2.
Now assuming true forn = k, k € Z%, i.e

1
In(xq + x5 + -+ x3) > F(lnx1 +Inx, + -+ Inxy)

Proving true forn =k + 1

LHS =In((xq + x5 + -+ + x3) + Xp41)

1
In((xq + x5 + - +x5) + X 41) > 5 (In(Qx; + x5+ +x5) +Inxgyq)

1/ 1
In ((xl + Xy + -+ xk) + xk+1) > E (F(lnxl + lnxz + -+ lnxk) + lnxk+1)
(from assumption)
In(xq + x5 + -+ xp + Xp4q) > Z—Ik(lnx1 +Inx, + -+ Inxg) + %lnxk+1

Since % > % and Inx;,; > 0, then:

1 1 1 1
ﬁ(lnxl + lnxz + -+ lnxk) + z lnxk+1 > ﬁ(lnxl + lnx2 + -+ lnxk) + ﬁ 1nxk+1

1 1 1

ﬁ(lnxl + lnxz + -+ lnxk) + E lnxk+1 > ﬁ(lnxl + lnx2 + -+ lnxk + lnxk+1)
1

~In(xy + x5 + o+ X+ Xy 1) > ﬁ(lnx1 +Inx, +--+1Inx, +Inxp,q)

Hence true by mathematical induction for all integers n > 2.
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Question 113 (4 marks) (Ruse ’24 Q13 d)
. 1 sin (
Consider 5

forn=2,ne?Z,0 # 2kn, k € 7.

+ cos@ + cos 20 + --- + cos(n —1)0 =

sin(6 + 9)

4
2

RHS .
2 sin

2n—

2 sin

.

30
2
0

2

1 )
0 1 sin
2 =+ cosfl =

. Consider S, : 5

9 .
5 2 sin

sin 6 cos % + cos 6 sing

-0
ZSIHE

. 29
_;snf%’cos =

co
+

seg'n/g

_ 2
2511 5

2

1 , 0
E(Zcos 5~

1 1
E(cos@+1)+§c

1
§+c0s9

LHS

=S, is true

sin

Consider S, : 5

+cos @ +cos 20 + - +cos(k —1)0 =

sin(2k2+1)9
[}

2

cos 26 + ...+ cos(k —1)08 + coskf = .
2sin

LHS=1

E+cos€+...+cos(k—

2 sin

2sisd

1+1)+

cos 6
2

os@

(2k2—1 0
[%

2

1
=+ cosfO +

Consider also Sj44 : 5

1) 6 + cos kb

sin(kf — g) + 2 cos k6 sing

-0
ZSIHE
. 0 -0
sin k@ cos 5 — COS kO sin 5

+ 2cosh @ sing

o
2
sin k@ cos g + cos kO sin

2 sin
0

2

-6

2sin 5
: 2

sin(k6 + 3)

%

2

2k+1
2

2 sin

)6

sin (

0

ZSIHE

RHS

~Sk41 18 true if S is true. Since S, is true, S, = S3 is true, S3,; = S, is true and so on for all S,, by

the principle of mathematical induction.

L
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Question 114 (4 marks) (Manly *24 Q16d)

e

2r(2n)!

- 2N
d = —
JO SiIn - xax 4n+1(1!)2

For S(1)

e

LHS = f sin? xdx
0

1(2
== f (1 —cos 2x)dx
2o

2

1 1 .
= Z[x - Estx]

0
1 1. 1
_E[E_fsmﬂ]_i(o_o)
1«
=3lz 9]
-
~ 2
= RHS

Therefore S(1) is true. Assume S(k) is true.

7 ok 21 (2k)!
xdx = ————
J;) Sin 4k+1(k!)2
RTP S(k + 1):
i
z 2(k+1) 2r[2(k + D!
sin x dx =
fo 42k + 112
H 3
LHS = J sin?**% x2dyx = J sin®* x sin® x2dx
0 0
z
= J sin?® x(1 — cos? x)dx
0% H
= J sin®* xdx —f sin®* x cos? xdx
0 0
Using IBP for
z z
f sin®* x cos? xdx = J cos x.[cosxsin2k x]dx
0 0
Let:
u=cosx dv = cosx(sinx)?*
du=—sinx sin?**1 x
VT 2k +1
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n i 2k+1 . 2k+1 _ .
1?2k 2 _ X COS X Sin xXsinx
“fo sin“" x cos® xdx = [ TS| l f T dx
2k+2
Z gin X
__[O_O]-I_fo AT 1 dx
z sin?**2 x
= J dx
o 2k+1
z z z 2k+1
f sin?*+ D x2qx = f sin?® xdx — f S1 dx
0 0 o 2k+1

1 i 2k+2 _ . 2k
[1+m] fo sin xdx = . sin”" xdx

2k+2 (% . gkez . _ 21(2K)! _
2k +1 fo st xdx = 4k+—1(k!)2 (from assumption)
T gk 2m(2k + 1)(2k)!
dx =
fo S YO G 2k 1 2) (k)2
z !
JZ sin2**2 ydx = 2n(2k + 22).
0 4k+1 2k 4+ 2)° (k!)?
z [
fz Gin2k*2 gy = 2[2(k + D! 2
0 AR ([2(k + D] (kD)
z u
? in2**2 ydx 2n[2(k + D!

fo T B[k + DK

2k+2 2rn[2(k + 1)]!
fo S XX = SRRkt DI

E]

Therefore S(k) = S(k + 1) therefore the statement is true by induction.
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Question 115 (4 marks) (SBHS ’24 Q13b)

(1)

[l = I

l |

N

> N
[=Y
+
[N

N R Y]

Hence true for n = 1. Induction Hypothesis: Assume true forn = k

9 1
uk:—_—

_ 2—k+1
4 k 2

Inductive Step: Prove true forn = k + 1, i.e. prove that

9 1 _

Uy = Z _ k—+1 -2 (k+1)+1
_9 1 —k
T4 k+1 2

Using the given expression for u,,; and the expression for =* from the induction hypothesis

1

U1 = Ug + m + Z_k
B S S S
STk Y TRy TP
9 1 1 _ _
=2~ (k7o) —(@x2H-29)
9 k+1-1 —k
T4 (k(k4—1)> 27 -1
_9 1 -k
=T kr1 l
Hence, by the principle of mathematical induction:
un:%_%_z—rwl
Marker note: generally answered well
(i1) From part (1)
un:%_%_z—rwl
— 9 _ 1 -n+1
=3 (n+2 )
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. 1
Recognise that s 2771 > Oforn € Zt, so:

Common errors:

o N 1 . .
e Not mentioning the direction that - + 27"+1 > ( is approaching 0 from.

Question 116 (3 marks) (NSG ’24 Q16a)
Base case:

14 =8+2(3)

Assume true for $n, where n > 14. Prove true for $(n + 1):

Case 1: There is at least one $8 coin.
Replace one $ coin by three $3 coins.
$8 has become $9, so $n has become $n + 1.

Case 2: There are no $8 coins.

As n is at least 14, there are at least five $3 coins.

Replace five $3 coins by 2 $8 coins.

$15 has become $16 so $n has become $(n + 1)

=~ true for n + 1 when true for n. As true for n = 14, and true for n + 1 when true for n, - by MI, every
whole dollar amount of $14 or more can be achieved by taking a mix of $3 and $8 coins.
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Question 117 (5 marks) (SGGHS 24 Q15a)

(i)
_ _ 2tk +1)(k +2) = 2k(k + 3)
RHS = LHS = (k+3)(k+2)
_ 2(k? + 3k +2) — 2k? — 6k
B (k+3)(k+2)
2K+ 6K+ 4 — 267 — 6K
B (k+3)(k+2)
_ 4
S (k+3)(k+2)
>0
2k+2 2k >0
“2k+3 k+2
. 2k <2k+2
“k+2 " k+3
(i) Forn =1:
1 _ 21 1
LS =5 RHS=7175 (1+2)!
_1 _2_1_1
6 T3 3172
1 1.
Now g < 5> 1. LHS < RHS, - true forn = 1.
Assume the statement is true forn = k, k € Z*,k > 1., 1.e
1.2 3 ., kK _ 2k 1
31 " 4! 5l k+2) " k+2 (k+2)!
Prove true forn = k + 1,i.e prove
l+£+i+~~-+ k + k+1 2(k+1) 1
31 " 41 5l (k+2)  (k+3)! k+3 (k+3)!
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LHS=1+£+E+---+ k + ket 1
31 41" 5 (k+2)! " (k+3)!
< 2k - 1 + ket 1 by + te
k+2 (k+2)! " (k+3)
2k 1 k+2-1
VAT CED]
2k 1 k42 1
Skt2 k+ ) T E3)  k¥3)
_ 2% _ k+3 k+2  k+2 1
k+2 (k+2)k+3 (k+3) (k+3)!
2k k+3 k+2 1
“k+2 (k+3) (k+3) (k+3)
_k+2 k+3 k+2 1
_Zk_QhHﬂ_@+®J_m+w
2k k+3-k-2 1
T k+2 " (k+3)!  (k+3)!
2k 2
T k+2 (k+3)!
2k 1
< —
k+2 (k+3)!
2(k + 1) 1

<

k+3  (k+3)!

=~ true for n = k+1 when true for n = k. By the principle of mathematical induction, the statement

is true for all integers n > 1.

L
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Question 118 (4 marks) (SGGHS 24 Q16a)
Base case: n =0

T, = 2005(2:;1)
Ty =200s(%)
=2cos(%
=2x0

=0

-~ true forn = 0.
Assume true forn = k, i.e

T
Tk = 2¢0S (W)
Prove true forn =k + 1, i.e
T
Tk+1 = 2cos (216?

~LHS = RHS, - true forn = k + 1 if true for n = k. Hence by mathematical induction, it is true for all
integer n > 0.
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Question 119 (6 marks) (Baulko "23 Q16¢)

(1) Forn =1:
RHS = ——B, RHS =\/b,
75
= Lbl
NN
= \/b—1
Hence true forn = 1
Assume true forn = k, i.e

Forn = k + 1 we wish to prove
s <__L>Bk+< ! _L)BR_1+...+<L_L>31
Vbjess Vb Vb Vb Vb NCR—
= /by + /by + -+ + /by

s =+ (- Yo (- H(fb’%)

k+1

1

o (e (e e (- 1))

k+1
k
1
= (bk+1) + z \/b_r
vV bk+1 r=1

k
= \brs1 + Z\/b_r
r=1

k+1
- z Jb,
r=1

Hence true by mathematical induction.

r=1
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(ii1) Since all a,, > 0,b,. > 0 for 0 < r < n, from (ii),

1( a
\/ar<§<—r+\/br 0<r<n
b

T

Summing over n terms,

1
1 n
+ \/b_r> (rearranging the sum)
(27) 723

1
n n
% Z \/b_r> + (Z \/b—r> (using the result from Q8(c)(i1))
r=1 r=1
n
= Z \/b—r as required

r=1

2
1
2

IA

Question 120 (3 marks) (Killara *24 Q13b)
Base case, letn = 0:

—y0 =0
which is divisible by (x +y). n = 2:
x?2 —y2=(x—y)(x +y)-true forn = 2
Assume true forn = k:
xk —yk =M(x,y)(x +y) (where M(x, y) is a polynomial)
Forn =k + 2:

LHS = xk+2 _ yk+2
= x2xk — y2yk
= x2xk — x2yk 4 x2yk — 29k
= x2 (xK — y¥) + yk (x2 — y?)
= x2(x + Y)M(x,y) + y*(x + y)(x — ¥)
= (x +y) [x*M(x,y) + y¥]
n=k > n=k+2

Asn =0,n=2,n=kandn = k + 2 are all true, the statement is true for alln = 0 (n = 2) by the
principal of Mathematical Induction.
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Question 121 (5 marks) (Girraween 24 Q14a)
(1)

k2 —k—2=(k—2)(k+1)
wk=2-1

(i) Base case: n = 2
LHS = 32 RHS =2x2%2-3

=9 =5
~LHS > RHS is true forn = 2.

Assume true forn = k, i.e
3k > 2k? -3,k >2

Prove true forn = k + 1, i.e prove
3k+1 > 2k +1% -3

or
3k > 2k2 + 4k — 1,k = 2

LHS = 3k+1 =3 x 3k
> 3[2k? — 3] (by assumption)
=6k*—-9
6k2 — 9 — (2k2 + 4k — 1) = 4k? — 4k — 8
42—k —2)>0 k>2
6k* —9 > 2k? + 4k — 1
3k*1 > 6k2 —9 > 2k2 + 4k — 1
3k+1 > 2k2 + 4k — 1

Hence true forn = k + 1. -~ if true for n = k, it will be true for n = k + 1, and the statement is
true for all integers n = 2 by the principle of mathematical induction.
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Question 122 (4 marks) (NSB ’24 Q13a)
(1)
(k—1)(k+1) < k?
(k—Dk(k+1) <k3

1 1
= —Dk(k+1D) i

(i) Let f(k) = —m

1 1
fO=fk =1 = 50—k ~ 2kk+ D)
Ck+ D+ (k-1
- 2(k—Dk(k+1)

1
T k—-Dk(k+1)
1 1
B S kk—Dk+1D)
= o <[l —f=T)
= o <[B)—f@)
= < LW —fG)
o <L)

L
W<W
1
oo <S=b—f=D
— <f() - fn—T1)
Adding all,
Sp<f(m)—f(n-1)
B 1 1
- 2nZn+1) 2-2(3)

1
2n(Z2n+1)

1
2

U=y

1

<12

_
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Question 123 (4 marks) (Normo ’21 AT2 Q2c¢)

(1)

(ii)

1+a)P—-1-aP = <g> + (?)a + <§>a2 +..+ <p f 1>ap‘1 + <g)ap —1—aP

(2o (B e (7

(14 a)P —1 — aP is divisible by p.

Let P(a) be the proposition
a? — ais divisiblebyp Va € Z*

. Base case: P(1):
1P —1 =0, whichis divisible by p

Hence P(1) is true.
Inductive step: assume P (k) is true, k € Z7, i.e

kP —k = pM, where M is a polynomial in terms of k
Test P(k+1):

RTP:

(k+1)? — (k+1) is divisible by p

From (1),

(1+k)P—-1—-kP=pN, NeZ*
k+1D)P—-(k+1)=pN+1+kP.— k-1

=pN +pM ..by assumption

=p(N + M) where N + M is a polynomial,

Hence P(k + 1) is true.
By mathematical induction, P(a) is true Yn € Z.

L
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Question 124 (3 marks) (Normo ’22 Q16a)

(1)
1\?
<\/a + —> >0
a
a—2+ 1 >0
a
a+ 1 > 2
a
(i1) Let the proposition be P(n).
Base case: P(1)
LHS =a+ -
a

a+—-=2 (from (1))

~LHS > RHS and P(1) is true.
Inductive step: Assume P (k) is true, k € Z7, i.e

Prove: Examine P(k + 1)

(ak + %) - (ak—l -+ a"1—1> >0 from inductive step
LH52<a’<+lk)+0
a

~LHS = RHS, and P(k + 1) is true if P(k) is true.
Hence by mathematical induction, P(n) is true for all positive integers n > 1.

L

Explicitly not for commercial use, adaptation or distribution. Made by Aeonium. This version was produced on April 22, 2025.

_



=

Question 125 (5 marks) (NSG ’20 Q15a)

(1) Forn = 6:
. RHS =
LHS = =<
- L = 0.00247 ..
720 ~LHS < RHS
= 0.0013...
~ true forn = 6.
Assume true forn = k,k € Z*,k > 6, i.e
1 1
kS ek
Prove true forn = k + 1, i.e
1 1
RIP G D1 < o
1
LHS = 151
1 _ 11
Tkt DK k+1 K
c 1 1
k+1 ek
1.1
e ek
1
T oktl RHS

LHS < RHS-. true for n = k + 1 when true for n = k, hence the statement is true by mathematical

induction.

(i)

N N

LRI -
N

L
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Adding, we get:

11,1
st gt <

Question 126 (3 marks) (Knox ’22 Q16a)

Forn = 1:
LHS=3' RHS=1+3-1
(2)
As LHS > RHS, the statement is true forn = 1.
Assume the statement is true for n = k.i.e
3k >k?+3k—1
3t > (k+1)2+3(k+1)—1
Prove true forn =k 4+ 1,1.e 3%k*1 > k2 + 2k +1 + 3k + 3 — 1 Now,
3k*+1 > k2 + 5k + 3
3k > k2 +3k—1 from assumption
3k+1 > 3k2 + 9k — 3
Now consider
y = (3k? + 9k — 3) — (k? + 5k + 3)
=3k*+9k—-3—k?—-5k—3
=2k*+4k—6
=2(k+3)(k—-1)
which is a parabola with a root at k = 1, and is positive fork >1 = y >0 forany k > 1, i.e:
(3k?+9k —3)— (k*+5k+3)=0 k>1 (3)
3k’ +9k —3>k*+5k+3 4)

From (1) and (2), it can be deduced that
3k+1 >3k2 +9k —3 > k*+5k+3

. Hence if the statement is true for n = k, it is also true for n = k + 1, by the principle of mathematical
induction. Hence it is true for all positive integers n > 1.
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Question 127 (10 marks) (SGHS ’22 Q16¢)

(1)

x2n—1
u= m 'lf = _‘COSX
(Zn _ 1)x2n_2 UV =SIinx
- 2n-1)!
xZn—Z
N (2n = 2)!
x2n 1 2n 2
I, = Zn=Di 1)' —Cos xl f @n=2 2)' —cosxdx
cos 1 x2n-2
——m ( O)+J (2 XCOSde
x2n—2 .
u= m 1f = SIinx
(Zn _ 2)x2n_3 V =COSX
T (2n-2)
x2n—3
- (2n-—3)!
1 x2n-2 x2n—2 x2n-3 '
fo mxcosxdx l(Zn—Z)' XSlnXl f (2n—3)' X sinxdx
x2(n=1)-1

= & —0- X sinxdx

(2n = 2)! 0 2n—-1)-1)!
sin1

= n=zy

[ =_ cos1 +< sin 1 _ )
T @2n-1)! \@2n-2) 1

_ sinl  cosl _
T @2n-2)! (@2n-1! "t

L
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(i1) Prove true forn = 1:

1 x2x1-1
h=) axi—m ¥

1
=f xsinxdx
0

1
= [xx—cosx](l)—f 1 X —cosxdx
0

—cos1— 0+ [sinx]
=—cosl+sinl—0
_1xsinl+(—1)Xxcosl
B 2x1-1)!

a;sinl+ by cos1

2x1-1)!

wherea; =1,b—1= -1
-~ statement is true forn = 1.
Assume true forn = k, i.e

apsinl + by cos1

2k =1)] where a, b,k € Z*

Prove true forn = k + 1, i.e prove

Agyq 501+ by qcosl

l41 = D] where a, b,k € Z*
LHS = Iy,
. sin1 _ cos 1 _
T QRE+1D-2) Qk+1) -1 k1l
. sin1 _ cos1 _
T QRk+2-2)! k+2-1) 'k
_sinl cos1 apsinl + by cos 1
TRk Rk+D! T (R2k-1)!
_ (2k+1)sin1 cos 1 (2k +1) X 2k X (ai sin1 + by cos 1)
T Rk+DEE)! 2k+1)! 2k + 1) x 2k x (2k — 1)!
_ (2k + 1)sinl — cos 1 — 2k(2k + 1)(ay sin1 + by cos 1)
B 2k + 1)!
_ ((2k+1) = 2k(2k + 1)ay)sin1 + (=1 — 2k(2k + 1)by) cos 1
- Q2k+1)—-1)!
_ Qg4q8inl+ byyqcosl
Q2k+1)—-1)!
~LHS = RHS

where:

Qpyy = 2k + 1) — 2k(2k + 1)ay,
bk+1 =-1- 2k(2k + 1)bk
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If true for n = k, then true for n = k + 1. Since proven true for n = 1, statement is proven true
by mathematical induction for every positive integer n.

i e 1 a,sinl+ b, cos1 1 . .
(111) Since 0 < [, < oIk 0< Zn—1)! < ) Multiply through by (2n — 1)!:
0< inl+b,cosl< ! X (2n—1)!
nS nCS LS o x 2n—1)! '
) 1
0<a,sinl+b,cosl< >
. S 1
Divide through by cos 1 and considering cos 1 > 5 > 0:
apsinl  bpcosl 1 1
0< cos 1 + cos 1 <2nxcosl
1 1
0 <antan1+bn < % X m
. 1 1 1 1 1
Since cos 1 > E, m<zandﬁ><m < EXZ
Hence 1 1

1
0<antanl+bn<%><m<ﬁx2.

1
~“0<aptanl+ b, < -

(iv) Assume tan 1 is rational, i.e assume tan 1 = g, where p,q € Z* and HCF(p,q) = 1.

From (iii),
p 1
0< a, X a + bn < E
As this inequality is true for all positive integer values of n, then it will be true for n = g since q
1s a positive integer.

Hence usingn = q :

p 1
O<a,X=+b, <=
17q "1 " q

Multiplying through by g where g > 0
0<ay,Xp+b;xqg<1

Given that ag, bq, p and q are all integers, the value of the expression ag Xp+ bq X g must also
be an integer.

Hence, it cannot have a value between 0 and 1 as stated prior.

=~ the assumption that tan 1 is rational must be false. Hence, by contradiction, tan 1 is irrational.
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Question 128 (3 marks) (NSG ’13 Q16¢)

Forn =1, LHS=tan_1% hence true forn = 1.
_ T il
RHS—4 tan 3
1 =« 1
_ — -1-_ = 1=
LHS — RHS = tan 5 4+tan 3
1,1
_+_ T
-1 _2T3
I W )
23
o117 _ T
=tan "1 m
_r_r
T4 4
LHS = RHS
Assume true forn = k, i.e
tan™! ! +tan_1L+tan_1—+ +tan_1;—z—tan_1 1
2 % 12 2 X 22 2x32 7 2x k2 4 2k +1
Prove true forn = k 4+ 1, 1.e RTP
fan! ——— ttan !ttt bt tan e =T gt L
2 % 12 2 X 22 2x32 7 2x (k+1)2 4 2k +3
_ (T 1L —1;_(5_ —1L)
LHS RHS—(4 tan 2k+1)+tan 2(k+1)2 a tan Sk +3
a1 -1 a1
B 2(k+1)2+ 2k +3 tan 2k +1
T 2k +1)% (2k +3
2k+3
:‘[an_llz(k-'-l)1 T— X (k + )2( + )—tan_lzk_l_l
T oty TR 2(k+1)°(2k+3)
2
— tan-1 (2k+3)2+2(k+1) -l L
2(k+1)° @k +3) -1 2k +1
~ a1 2k? + 6k + 5 —tan—lL
B 4k3 + 14k? + 16k + 5 2k +1
— tan-1 2k? + 6k + 5 —tan_lL
B 2k + 1) (2k? + 6k + 5) 2k+1
=tan~ ! # —tan~?!
2k+1 2k+1
=0
LHS = RHS

=~ true forn = k + 1 when true forn = k
~ by Mathematical induction, true for all positive integers n.
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Question 129 (3 marks) (HAHS 24 Q13d)
Basecase: n=1
LHS =x3—1 RHS=(x—1)x%?+x+1)
= LHS
Assume true forn = k, k € Z, i,e

1= -2 +x+1).. (xzxg'k_l + a3 4 1)

Provetrue forn =k + 1, 1i.¢e

k+1
x3

—1= (- DE?+x+1) . (x4 4 1)

RHS=(x—-1Dx%?+x+1).. (x2X3k_1 + 37 4 1) (x2X3k + 23" + 1)
= (x3k - 1) (x2X3k + x5 + 1)

- (x3")3 ~1

k+1
=x3"" -1

Question 130 (3 marks) (SGS 21 Q15a)

Forn = 1:
LHS=(1+x)! RHS=1+1Xx

=1+x =1+x
Hence true forn = 1.

Assume true forn = k,k € Z*, i.e
1+x)" =1+ nx.

Proving true forn =k + 1, i.e
1+ >1+ (k+ 1Dx

LHS = (1 + x)k+1
=(1+x)(1+x)*
> 1 +x)(1+ kx) (from assumption)
=1+ x+ kx + kx?
=1+ (k+ 1)x+ kx?
>1+(k+ 1)x (since x2 > 0,k € Z%)

Hence LHS > RHS, and by the principle of mathematical induction, the inequality is true Yn € Z*
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Question 131 (5 marks) (Ruse 22 AT3 Q10)
Forn = 1:

fiGsin® 6) = 2 (11— sin’ 6)
= %(1 — Vcos? 0)

1
E(l — | cos8])

1 .
f(l —cos 6) (since 0<60<7%)

= %(1 — (1 - 2sin® g))

0
_ 2
—Sll’l2

- the statement is true forn = 1.

Assume the statement is true forn = k,k € Z*,k > 1, i.e

fi(sin? 6) = sin® (%)

Proving true forn = k + 1:

LHS = f,,4(sin” )
= f o fi(sin” 6)
=f (sinz (%)) (By assumption)

31 o ()
|

N| =

N = NP N RN -

=~ If the statement is true for n = k, it is true forn = k + 1.
= The statement is true by the principle of mathematical induction.
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Question 132 (4 marks) (SBHS *21 AT2 Q11d)

1 1
Base case: n = 2, LHS—2+1+2+2+2+3..trueforn—Z.
v
60
<1
< RHS
Assume true forn = k,k € Z*,k > 1, 1.e
LN SR I S
k+1 k+2 k+3 2k + 1

Provetrue forn =k + 1, 1i.¢e

1 1 1 1

A R T o
1 1 1 1 1 1
S = st rsat " T omr1 Tk r2 T2k 53
1 1 1 1 1 1 1
“k+1 k+itkrz ks T st T kv 2 T 2k 73
<1+ ! + t 1 by assumption
k+2 T 2k+3 k+1

1 1 1
Tkt D k+12k+3
2k +3) — 2(2k +3) + 2(k + 1)
20k + D(2k + 3)
1
 Rk+2)(2k+3)

<1 (ask>10<

=1

=1+

=1

1
Ck+2)2k+3) °

1
= RHS

~trueforn=k+1
Hence by mathematical induction, the statement is proven true for n > 1.

L
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Question 133 (3 marks) (NSB *19 Q15b)

0 0]
xo = a®*! (_1+\/§) + (#) =a(l+1)=2a

- . r
~1++5 -1-+5 1 1
— 41+1 — 2= _ )= _;2
R SSRGS
Assume true forn =k —1landn =k, i.c
k k 3
= gk -1++5 N -1-+5
ke 2 2
k-1 k-1
N ~1++5 N -1-+5
k-1 — 2 2
J

Prove true forn =k + 1

> Inductive hypothesis

_ 2
X1 = —AXg + aky_q

k k k-1 k—1
I— (—1+V§> +(—1T—V§> g (—1+V§> +<—1+V§)

k-1 k-1
e (—1;@) (1__1;@>+<_1;@) (1__1;@>

= gk+2 (—1 + \/§>k—1 (3 - \/§> + (‘1 - \/§>k_1 (3 — \/§>
2 2 2 >

(—1+\/§>2:1+5—2\/§:6—2\/§:3—\/§

4 4 2

2
(—1—\/§> _145+2V5_6+2V5 _ 3+45
-4 T4 T2

el 4B T (c1 4B (1B [—1-vB)
fen =T ) T2 ) Tl 2 2

2 2

Hence by mathematical induction, it is true for all n > 0.

I Explicitly not for commercial use, adaptation or distribution. Made by Aeonium. This version was produced on April 22, 2025. I



=

Question 134 (6 marks) (Normo ’22 Q13a)

(1)
e
In=f (1—-Inx)"dx
1
€ _ n-1
L
1 —-X
e
=e(1—1ne)”—1(1—1n1)n+nf (1 = Inx)" dx
1
=0—-1+nl,4
(1) Forn=1:
=-1+1-1, —e—1-1
¢ =e—2
=—-1+| dx
1 = LHS
=—-14+e—-1
= -2

-~ statement is true forn = 1.
Now assume the statement is true forn = k, i.e

k
Ik=k!e—1—szr
r=1
RTP: .
(k + 1)

= lo — — _ N
Lisy = (k + Dle — 1 N er

r=
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LHS = -1+ (k+ 1), from (i)

k
!
=—1+k+1)|kle—1- _ K from inductive step
2 1: Uk —1)!
r=

k
=(k+1)!e—1—(k+1)—ZEiJ_rB:

e 1)
=(k+Dle—-1-(k+1)— =2m

k+1

k + 1)! k+1)!

=(k+1)!e—1—(k+1)_( & (k(+1—)r)! - (k(+1—)1)!)

k+1
=(k+Dle—-1-(k+1) - %4{]{4_1)

r=1

k+1

~ (k + 1)!
_(k+1)!e—1—r=1m

~LHS = RHS and the statement is true for n = k + 1 if it is true for n.
Hence by mathematical induction, the statement is true for all positive integers n > 1.

L
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Question 135 (4 marks) (BoS 24 Q16a)

(i) When n = 1, it is given that w? is divisible by 11 so ay — a; = 11M where m € Z.
uz = ao + 10a1
=11M + a1 + 10(11
=11(M + a,)
=11IN where N=M+a, €Z

Consider

The statement is true for n = 1.

Assume the statement is true for n = k, that is for integer S,
u2k+2 - 115.

It is given that wy;, = 11P and wy,,, = 11R for some integers P and R so
2k+1
Wok+2 = Z (_1)]aj

k=0
2k—-1

1R = ) (~1a; + az — aoers
k=0
= 11P + a3 — Agp+1

Az — Azp41 = 11(R — P)

Now consider

N
+

k+1

Upk+2 = 107a;

™

N
&
|

1
= 107a; + 10%*a,, + 102+ 1ay, 4

=11Q + 10%*a,, + 10%%*1q,, ., by assumption
= 11Q + 10%*(ay; + 10ay441)

=110 + 102 (ayps1 + 11(R — P) + 10ay;4+)
=11Q + 11.10**(ay441 + R — P)

= 11[Q + 10%*(azx41 + R — P)]

=11S where S = Q + 10%*(ay,; +R—P)EZ

=
o

Since the statement is true for n = 1, then by induction it is true for all positive integers n

(i1) Ifwu,, is palindromic number then a, = a,,,_1,a; = ayp_3, ..., a,_1 = a. This implies that
Wop = (g — Agnq) + (—ag +a®"2) + (a; — azp_3) + - + (D" tap_; + (-D"ay)
=0

Since w,,, is divisible by 11 then from part (1), u,,, is also divisible by 11. Hence, all palindromic
numbers with an even number of digits is divisible by 11.
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Question 136 (4 marks) (HAHS *17 Q16c¢)
Forn =1,
LHS = F, RHS =F, —2
=22"+1=3 =22 +1-2=3
Hence the statement is true for n = 1.
Now assume the statement is true forn = k,k € Z™*, i.e

F0XF1XF2X...XFk_1:Fk_2
Now forn =k + 1
LHS:F()XFlXFzX...an_l
=FOXF1XF2X...ka
:Foxlesz...ka_lek

=F —-2XF (by assumption)
= (F)* - 2F;

= (22" + 1)2 —2 (22" + 1)

=22x2K L o w 2 11 2%

2k+1

=2 +1-2
=(2™+1)-2
=F -2 (as required)

Hence, by the principle of mathematical induction, the statement is true Yn € Z*.

Question 137 (4 marks) (Normo ’21 AT2 Q2b)
Let P(n) be the proposition:

n gold plates on the first pillar can be moved to the last pillar using 2™ — 1 moves.

Base case: P(1):

P(1) = 21 — 1 = 1. A single plate can be moved to the last pillar with one move.

Hence P(1) is true.

Inductive step: assume P (k) is true, k € Z7:

k plates on the first pillar can be moved to the last pillar using 2¥ — 1 moves.

Test P(k + 1):

RTP: k + 1 gold plates on the first pillar can be moved to the last pillar using — 1 moves. Using
the assumption, the first k plates on the first pillar can be moved to the second pillar using 2¥~1 moves.
Then, move the (k + 1)th plate on the first pillar to the last pillar.

Finally, move the k plates on the second pillar to the last pillar on top of the (k + 1)th plate using 2k — 1
moves.

Thus the total number of moves is 28 — 1+ 1+ 2k —1 =2 x 2k — 1 = 2k+1 — 1,

Hence P(k + 1) is true.

By mathematical induction, P (k) is true Yn € Z7.

2k+1
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Question 138 (5 marks) (Ruse ’23 AT3 Q8a)

(1)
f0+0)=£(0)xf(0)
f(0) = £(0)?
fOA-£(0))=0
f(0O)=0 1-f(0)=0
~f(0)=1
fx+(=x)) =fx) - f(=x)
f0) =f(x) x f(=x)
1= f(0) X (=)
__1
f(_x) - f(x)
(i) Forn = 1:

LHS = f(1xx)  RHS = f(x)?
= f(x) = f(x)

Assume true forn = k,k € Z%,i.e

fkx) = [f ()]

Provetrueforn =k + 1, i.e
F((k + Dx) = [f)]H

Now,

fl(k+Dx) = f(kx+x)
= f(kx) % f(x)
But £ (kx) = [f(x)]~.

Hence, f((k + 1)x) = [f(x)]* X f(x) = [f()]**.
By mathematical induction, f(nx) = [f(x)]" foralln € Z*.
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Question 139 (5 marks) (In howard textbook and Lambertnet trial)

(1) this was a pain to make

(i1)
Ry=2 R,=R,+2
R,=4 R;=R,+3
Ry=7 R,=R;+4
R,=11 Rs=R,+5

RS = 16
Ri=a=2
RTL = Rn—l +TL
b=1c=n
(i1i1)) Method 1:
RTl = Rn—l +n

=n+R, ,+(n—-1)
=n+n—-1)+m—-2)+R,_3, andsoon
=n+(n-1)+Mm—-2)+--+2+R,
=n+n-1D)+n-2)+..+2+1+1

n(n2+ 1) 1
nn+1)+2
2
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Method 2 — Induction
Show true forn = 1:

LHS =R, =2

1

RHS = T +1+2 =2
2

~ true forn = 1.
Assume true forn = k,k € Z™*, i.e

2

R, = k +2k+2

Show true forn =k + 1, 1.e

C(k+ D)2+ (k+1)+2

Rk+1 - 2

LHS = Ry 44
=R+ (k+1)
_k2+k+2+2(k+1)
2 2

_k*+2k+14+ k4142
2

_(k+1D)2P+(k+1)+2
2

~ true for n = k + 1 if true for n = k. Hence true by mathematical induction.

= RHS

L
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Question 140 (8 marks) (Copium 23 Q14a)
(i) Notice i, = F, 1+ F,_,and F,_3 = F,_; — F,_,. Thus

LHS = (Fi_y + Fo2)® + (Fioy — Fop)?
=Fl 4 2R Py + Bl + By — 2K, 4 F p + B
= 2(Fiy + F)
= RHS

e 1 mark Rewriting F,, F,,_; in terms of F,,_4, F;,_, or vice versa.

¢ 1 mark Conclusion.

(i) A 2 X (2n — 2) rectangle remains to be tiled which is T,,_; ways because 2n — 2 = 2(n — 1).

¢ 1 mark Correct explanation.

(i) A 2 X (2n — 4) rectangle remains to be tiled, which is T,,_, ways because 2n — 4 = 2(n — 2).

e 1 mark Correct explanation.

(iv) Fromii. and iii. and the given equation, we add the number of ways to tile the 2 X 2n rectangle based
on all cases of covering the leftmost is covered have that T, = T, _1 +T,,_2 +2(Ty+ T +...+T;,_>).

LHS = T, — 2T,_, — 2Ty + Ty_s
= Z(TO + T]. + -+ TTL—Z) + Tn_z + TTl—l - ZTTL—]. - ZTTL—Z + Tn_3
=2(To+ Ty +Ty3)+ T = Tphog + T3
=2(To + Ty -+ Ty3) + Ty
—QTo+Ty+ -+ Ty3) + T3 + Tz) + Tz ()
=2(To + Ty -+ Ty3) + Ty
—2(To+ T+ +Th3) = T3 =Ty + Tp3
=Th2 = Th3—Th—2 + T3
=0

e 1 mark Expressing Ty, = T,_1 + Ty, + 2(Ty + T; + ... + T, _5).
e 1 mark Substituting and significant progress, up to ().

¢ 1 mark Conclusion.

e Comment: Alternative ways of substituting T,, which prove the statement are also awarded
marks.
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(v) Forn = 0, there is one way to tile a 2 X 0 rectangle.

For n = 1 we can only tile a 2 X 2 rectangle with the 2 X 2 square tetromino. Hence T; = 1 =
12 = F]_.

Forn = 2, itis given that T, = 4 so T, = 4 = 22 = FZ. Thus it is true forn = 0, 1, 2.

Now assume it is true forn = 0,1, 2, ...,k where k € Z and k > 3. Thus

Ty-1 = F¢y
Ty—2 = K,
Ty—3 = F_3

and we are required to prove T, = F2. From iv. we have

Ty = 2Ty + 2Ty — T3

=2F% | +2F> , — F2, (inductive assumption)
=2(Fe + FZp) — B g

=F?+F2,—F, (by part i.)

= FkZ

as needed.
By the principle of mathematical induction, since it is true forn = 0,1, 2 and it is true forn = k
if itis true foralln = 0, 1, ..., k — 1, we conclude that T,, = E? for all positive integers n.

¢ 1 mark Base case for three integers.

e 1 mark Correct inductive step and conclusion.

e Comment: One can also list out the cases for n = 3 and have base cases asn = 1,2,3
instead, this is a bit longer. Correct quoting of the inductive assumption must be done.

L
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Question 141 (3 marks) ("The —C ult Q2a”)

(1)

(i)

Let T'(n) be the total number of triangles.
Base case: n = 1, there is one shaded triangle and no white triangles. Thus T'(1) is true forn = 1.
Assume true forn = k,k € Z*, k > 1, 1.e

3k—1
RTP forn=k+1,1i.e
3k+1 -1
T, = —
Each of the shaded triangles at iteration k generates 3 new triangles in the next iteration.
'.'Tk+1 = Tk + 3k
3k—1 K
=—* 3
_3k—142.3k
B 2
_3k42.3k—1
B 2
3k+1 -1
= —

Hence true by the principle of mathematical induction.

&)

-1

Question 142 (5 marks) (BoS "18 Q15c¢)

(1)

(i)

When m = 1, there are only 2 people playing, and so as the first person removed is P, then P; must
win. Now assume that for m = k for some k > 0, that P, wins when 2¥ people are playing.

Consider the case when m = k + 1 so 2k*1 people are playing. According to the rules of the
game, we remove every person with an even number, so P, P,, ..., P, 1. After removing these
2% people, there will be half as many people left (i.e. another 2k people). The first person to be
removed will be the person clockwise next to P;. However, notice that this is the exact same game
as playing with 2% people (but with relabelling). Hence, by the induction hypothesis, the person
who wins will be P,. Since it is true for m = 1, it is true for all positive integers of m.

The idea will be to remove people until the number of people remaining is a power of 2. As 1024
is the closest power of 2 below 2018, this will require 994 people removed. The 994th person to
be removed will be the 2 X 994 = 1988th person (labelled P, 9gg). After this, with 1024 people, the
next person to be removed will be the 1990th person, and so the 1989th person effectively takes
the role of the 1st person in part (i). Hence, the final person remaining will be the 1989th person.

L
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Calculus Proofs & The Squeeze Theorem

Question 143 (12 marks) (God folder)

(1) Comparing upper rectangles,

k=1 L
=Inn
y i 1 > In
o k n
k=1
(i) Asn —> oo, Inn = oo, As H,, > Inn,H,, > oo.
(i11) Consider:
x>0

x4 x™ > x
x" 11+ x) = x"

n
< xn-1 i >
Trx =% (since x = 0)
(iv)

_ =)t (=)t -1

RHS = 1+x+ Epv— (sum of GP)
_ R = (=0t 4
B 1+x
1
C1+4x

(v) Integrating both sides from 0 to 1:

1 1 1=l
1 _ [ =" 2‘ Nk
Jol_l_xdx—JO 1+xdx+J0 (—x)*dx
k=0

_ (o x)" 1, 1, =DM
(- x)”
f oy Xt A

—In2 - j I
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(vi) Since (—1)" <1,
An

Similarly, (=1)" = —1.

xn
<
SoAn_ln2+f0 T4 %

dx

1 Xn
amZ—J cMSAnsm2+J
0 0

1+ x

Question 144 (2 marks) (BoS 20 Q15b)
Fort >0

0<

t2—-1+1

1 n
X
> —
In L T+x %

n
X
dx

1+x

1
2

2
tr1 ¢

0<

2
tr1 ¢

1

0<t—1+——<t?

t+1

X

X 1 5

o<ma+xy—x+%-<

2 X3

3
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Question 145 (7 marks) (Abbotsleigh *24 Q16a)

(1)
x=>0
—x2<0<x
1—x2<0<1+x

Since x = 0,1+ x > 0, - can divide by 1 + x.

— 2
1—x < 1 <1
1+x 1+x
1
—x < <
1 x_1+x_1
(i1) Integrating part (i),
t t 4 t
— < <
fo(l x)dx_J01+xdx _lex x>0
x2]
lx—7 S[ln|1+x|]8 S[x]g
0
£2
t—— <Infl+¢ <t
t 1
— < Z <
1 2_tln|1+t| <1
1/1 1 1 1
—_ )< — — < = —
1 2<n)_(%)ln1+n‘ <1 (Lett =)

Using dummy variable, we have

2x
(111)
X
l—isln<1+1 <1
2x X
el72% < eln(H%) <e

. 1\*
Hence, J}1_{1010 (1 + ;) = e by the Squeeze theorum.
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Question 146 (5 marks) (BBHS 24 Q16 ¢)

(1)
fy =& J(rn1++x§2ln+1,x >0,n>1
F1x) = m+x)"n+1Dn+1+x)" -+ 1+x)""In(n+x)"?!
[(n+x)"]?
1+ (n+ )" (n+x)(n+ 1) —n(n+1+x))]
(n + x)2n

_(m+1+0)"n?+n+xn+x—n?—n-—nx]
- (n+ x)(Zn—n+1)
_x(n+1+x)"

 (n+x)®D

Sincex > 0,n>1

mM+14+x)">0,(n+x)"! >0
Af'(x) > 0

~f(x) is increasing for x > 0

(i1) Since f(x) is increasing for x > 0, then f(x) > f(0)
m+1+x0)™  (n+1+0)"*!

(n+x)n (n+0)n
(n+ 1+ x)"*?! S (n+ 1)+t
(n+x)" Ok

Sincex > 0,(x +n)">0,(n+ 1" >0
(m+1+x)"t _ (n+x)"

(n + Dn+1 OR
<n+1+x)"+1 <n+x)"
n+1 n

X n+1 X n
A VR G

(i11)) Sub x = 1 into (1):

(n+1+ D™ (n+1)"

(n + 1)+t OR
(n+2)" _ (n+1D"

(n+ 1)+t OR

Since (n+ 1)" > 0,(n+ 1)1 >0
(n+2)"1n" > (n+ 1D)*(n + 1)"*?
(n + 2)n+1nn > (Tl + 1)2n+1
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Question 147 (5 marks) (Ruse ’24 Q14d)
(1)
n
Z(—l)"xk =1-x+x2—x3+-+(-1)™x"
k=0

_1a-(=x0""hH
a 1—-(—x)
_A-(=0"h
- 1+x
. 1 (_x)n+1
T 1+x 14x
1 (_1)n+1xn+1
T 1+x 1+x

(sum of GP)

(i)
xn+ 1

>
1_i_x_Ofoer[O,l]

1 n+1
f al dx =0
0

1+x
LHS proven.
x€[0,1]=1+x€[1,2]

xn+1

"T+x

1 xMHL 1
J dx < J x"ldx
0 1+x 0

§+2 1
:[n+Zl
0

< x™*1 forx € [0, 1]

RHS proven.

1 n+1
20 < f < L
0

(iii)

folkZ:)(—l)kxkdxz J Lo J (- 1)1nrxn+1

n 1 1
( 1)k k+1 1 anst xn+1
L T = [In|1+x|]; — (=1) . 1+xdx
=0 0
n 1
( k N xn+1
kZo TrT =20 s

I Explicitly not for commercial use, adaptation or distribution. Made by Aeonium. This version was produced on April 22, 2025. I



Now,
1 ,n+1 1 )
OSL T+x ™= ut32 (i)
) ) 1 n+1 .
A%OSA% 0 1+xdxsr!1—r>§on+2
) 1 yn+1
- L 1—+xdx =0 (Squeeze theorum)
< 1
k=0
=In2-0
=1In2

L
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Question 148 (5 marks) (Baulko ’22 Q13d)
(1)

Son-1 =

_ 1— (_h)Zn

1— (_h)2n+1

>

"'SZn <

(ii)

X
f Syn_1dh
0

hZ th
lh_7+..._ﬁ
x2 x2n

X

(iii)

0.25

< [In(1+h)]; <
0

2 3 4
025 | (025)° (029",

1—h+h?*—h3+. —h?"!

1= (=h) (sum of GP)
1— h2"

1+h

1

1+h
1—h+h?2—h3+..+h%"

(greater numerator)

T—(=h) (sum of GP)

1+ h2n+1

1+h
1

1+nh ( smaller numerator)

1+h<52”

as required

X 1 X
< L 7dh < fo S,ndh

hZ
h_7+".+27'l—-|—10

LA
A |

p2n+1 x

2n+1

<log,(1+x) <x-—

2 3 4

5 6 2 3
(025° _ (025)° _ |\ oss < g5 0257 | (025
5 6 7 3
0.223136... < In (%) < 0.223145
- In (%) = 02231 todsf

L
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Question 149 (4 marks) (BBHS 24 Q16 b)

(1) |f(x)| is always positive so J |f (x)| dx is a positive value. f(x) can cross the x-axis for a <
b b

x < b, then J f(x) may involve adding negative and positive values. So,| f fx)dx| <
a a

b b b b
J |f (x) dx. If f (x) is positive for the domain, then f f(x)dx| = f f(x)dx. Thus, f f(x)dx

j F GO dx
(i)

A A
27% cos xdx SJ |27% cos x|dx
0 0

%

VA
27* cos xdx| < f 27%dx  (Jcosx| <1,27* > 0)
0

—
3

0

271"
X <
27% cosxdx| < [ n77,

—
3

0

3In3
33n 33X0
0 3In3 3In3

T 33T —1
X
27% cos xdx =3

33x T
27* cos xdx| <
0

—
3

0

27* cos xdx| <

—
3
IA

%

0

L
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Question 150 (5 marks) (NSG ’13 Q16d)

(1)
f(x) =logx—x+1
ooy 1
fra=2-1
_1-x
X
- stationary pointat x = 1
n 1
f(x) = 2 <0 Vx
~ minimum turning point at (1,0)
As domain x > 0 (and continuous for all x in domain)
~f(x) <0 Vx>0
(i)
D tog(p,) < ) (p, — 1)
r=1 r=1
n
= Z np, — Z 1
r=1 r=1
n n
> log(p) < ) np, —n
r=1 r=1

(i1i1)) Continuing from part (ii),

n n
Zlognpr < anr -n
r=1 r=1

=n-1—-n

NgE

lognp, <0

<
Il
[

(iv) Continuing from part (iii)

lognp; + lognp, + ... + lognp,, < 0
log(np; - np, - ... - np,) <0

log(n™ - p1pz ... pn) < 0

n"-pipy ...pp <1

(part (1))

Also, since pq, Py, .., P, and n are all positive, then n™ - p1p, ...p,, > 0. 20 < n"-pip, .., < 1

L
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Question 152 (8 marks) (Ruse "22 AT3 Q8b)

(1)

(i)

1-2 1-¢2

2(t2 -1

(-1 2
1—t2 1—t2
=-2+

1—t2
IR
1—t 1+t
1 1

W< —— 4+ — < 4¢2
OsteetT—e=*

(iii)

< [ - - < 2
fOOdt_fO<1+t+1_t 2)dt_f04t dt

. _ [4e2]"
0<[In|l+¢]—In|1—t|-2t], < =
0

4x3
— < —
) 2x < 3

=
+
=

o
A\
=)
N
[E
|
=

—2x 4x3
<es3

Rk
+
8

4x3
e—ZxSe 3

4x3
)e—ZxSe 3

Q

o

A

— mb—‘
= =}
—~
[

£ Ik
RIR
~— ~—

U=y
INA
Q)
i
|
b

—_
IA
—
—_
+

=

Uy
I
=
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Question 153 (7 marks) (Baulko "20 Q16a)

(1)
2n dX [2\/_]

: =2\/ﬁ—2\/ﬁ
=2vn(V2-1)

(i1) Area of the lower rectangles < Area under the curve

1 1 1 n dx
+

=<

Vn+1 \/n+2+ vnoJn

S, < 2\/5(\/_ - 1)

Area under the curve < Area of the upper rectangles

Mmax 1 1 1
+ +
n VX Vn Vn+1 Vn+2

1 1 1
2vn(v2 -1 —+< +
vl )< n \Vn+1 +Vn+2

2@(&—1)—%+%<5
V2

2WAWZ = 1) + 1= <S,
Vn(V2 = 1) + —— \/_

2n
-2

2n

2%(&—1)+ <S, <2yn(¥2-1)

(iii) Letn = 1000 000:

2v/1000000(v2 — 1) + 1-v2 < S1000000 < 2V/1000000(V2 — 1)

V2000000

1

828.4268 < S1000000 < 828.4271

+—
Vv2n—1
1 1 ) 1
+ + —
v2n—1 +«2n V2n

L
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Question 154 (6 marks) (Ruse ’20 Q13a)

(1)

(i)

Comparing areas,

m+1 m X m

So

1
1_I_m<1n(m+1)—1n‘m<ﬁ

Let m successively take on the values 1, 2, ..., k — 1 and form the sum fromm =1tom =k — 1:

=y k=1 =1y
Z < Z(ln(m+1)—lnm)< Z y
m=1 m=1 m=1
1 1 1 1 1
§+§+---+E<lnk—ln1<1+§+-~-+m
. 1 1 1
That is, for S} = 5 + 3 + -+ T
Sk_ 1<Ilnk <Sk—1
From the left inequality,
Sk —1<Ink
)
S, <1+Ink (1)
From the right inequality:
Ink < Sk—l
Replace k with k + 1, then
In(k +1) < S (2)

Hence by (1) and (2):
Ink+1)< S, <1+Ink

L
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Question 155 (8 marks) (Normo ’23 AT3 Q2)

@ ()

x* < x < x°
Vx2 < x < Vx3
1 1

<

(ii)

\/_
2(Vt—-1
( Slnts3(3ﬁ—1)
Vt
(i11)) Multiplying by L
Vt
2 2 e _3 3
i TV %
lim z_z =0
t—oo \/E t
lim i—i =0
t—oo W \/E
Ast—>00,OS1n—tS0.
\ 1
lim L = o
t—>oo t
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b @)
P |
J'e = 14 x2
" _ 2x
/769 1+ xz)2

Since (1 + x2)2 < 0forx >0,

~f"(x) >0 forx >0

(i1) From part (i), f(x) is concave down and increasing for x > 0. Let P(m, n) be the midpoint
of the secant.

f( +by
a |
f(a%’ *************** i
f@a=—b)t------- ‘ P(m,n)
0 alb él a-i-b X
n < f(a)
tan"'(a —b) +tan"(a+b) _ tan~1(a)

2
tan"1(a — b) + tan"1(a + b) < 2tan"1(a)
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Question 156 (10 marks) (HGHS *24 Q16b)

(1)

tan™ x (sec? x — 1) dx

tan™ x sec? x — tan™ x dx

Vi
-tann'l'lx 4
— ITL

ez = |51 |

[tan™" (3) _ tan™(0)
| n+1 n+1
[ n+1

_[® '”l

[ n+1

1
n+1

Lyyo + 1, =

by g, =

(ii)

— 1 _
2 +1
I, = 1 —1
ORI

I
Io:f tanoxdxzf xdx
0 0

Ly I

Bt

= [x]g

_r

4

n 44—
h=l-3="3
1 4-—nm

h=3-73

_4-3@-m

- 12

_3mr—8 n_2

~ 712z Y173
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(1i1)
Jo = (D",
Jn-1= (D g
Jn=Jn-1= (D" = (D" gy (forn>1)
= (D" [(-Dlzp — 1))
= (D" (=D [y + IZ(n—l)]
= (D" [Izn + Lyn-1)]
1 1 .
Iniz + In = == lany+2 T lan) = @+ (from 1)
1
Ion) + 1on)-2 = Gn=+1
1
'.']TL __]n—]_ = (_1)7’1 (27’1——1) forn = 1
(iv)

1
]n _]n—l = (_1)’!7. (271 _ 1)
=Um —Jm-1) + Un-1 = Jm-2) + Un-—2 —Jm-3) + -+ U1 —Jo) + o
=Jo+ Un —Jm-1) + Un-1 = Jm-2) + Um—2 —Jm-3) + -+ U1 —Jo)
=Jo+ Un—Jm-1) + Umn-1 = Jm-2) + Um—2 = Jm-3)

“ho+ D' (7a=1)+ 0 (z=1) * OV (z=1) -+ 0" (5

=D

= (-1) 12<o>+2( 0" (3)

- (="
'm_4 2n—1
(v) .
I
Inzf tan™ x dx u =tanx
0
1 @=seczx=tan2x+1
_ um du dx
)y 1+u? dx _ 1
1 du tan’x+1
ZJ T2 =1 g
0 x_u2+1 v
—E—>u—1
x=g =

x=0->u=20

1
m-—1

L
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1

(vi) From (1), I, +n1n+2 =1

L]

i
Since I,, = f tanxdx > 0and I,,, = f tan"*2 x dx > 0
0 0

1 1
Then I,, < +1arid1n2< Tl
HenceO<] <ﬁ

: 1 . . .
As T%l_l;%lo pran t 0, 1%1_1)130 I, = 0 and T}l_r)lgo I, =0, and 7%1_r)10101n = 7}1_{%10(—1)"12,1.

~limJ,=0

n—)OO

Iy i - 1)“

= i =

2
n=1
Question 157 (4 marks) (NSG ’22 Q16b ii)
(1)
y=Inx
=1
Y =%

x=1m=1
y—Inl=1(x—-1)
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(i)
In(b¥b% ... b&") = In (b%) + In (b%2) + ... + In (b2")
=a;Inb; +a,Inb, + ..+ a,Inb,
<a;(by—1)+a,(b,—1)+..+a,(b,—1)
1-1
=0
bi'bhy? ..byt < e’ =1
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Appendix

1. Several questions have been removed because I forgot where I got them from :D
2. Some questions were excluded (2021 MFIS MCQ) on purpose
3. Question 53 (NSB 24 Ql4c): Apparently, nearly no one (if anyone) answered this question correctly.

4. Question 58 (Baulko *21 Q14c): The file this is sourced from is called “Revision 1”. The formatting of the paper and solutions
mirrors the way Baulkham formats their own trial papers, hence why it is named as such.

5. Question 73 (Baulko ’22 Q16¢): NSB Q5b) (i)

6. Question 75 (Sydney Tech ’22 Q16c¢): the last part is baulko ql6c, so it wasn’t added in this section., (iii) was in some 10
paper

7. Question 85 (Ruse *24 Q12d): (ii) is identical to Killara *24 Q12 a) ii)
8. Question 89 (Baulko ’23 Q14b): Normo 24 question dupe

9. Question 96 (NSB ’22 Q16b v)): Note that this question assumes AM/GM for n variables, with part b being particularly
difficult and not the best use of time in the lead up to the HSC.

10. Question 106 (Abbotsleigh *24 Q15c i): By the way, the solutions to this paper aren’t on THSC for some reason but you can
find them on Studocu.

11. Question 118 (SGGHS 24 Q16a): Ruse 16 Q13a, Ruse 2020 AT3 Q4d

12. Question 119 (Baulko ’23 Q16¢): Same as Ruse "06 Q8¢

13. Question 122 (NSB 24 Q13a): Identical to Ruse "04 8 b) (i), except for mark allocations; (b) is worth 2 less marks here.
14. Question 128 (NSG *13 Q16c¢): Just a slightly scaffolded version of SGHS’s Q16¢ that same year.

15. Question 134 (Normo ’22 Q13a): Caringbah Q16¢

16. Question 137 (Normo 21 AT2 Q2b): I did not include the diagram for this question.

17. Question 140 (Copium ’23 Q14a): from AMO

18. Question 153 (Baulko "20 Q16a): tikz makes me want to curl up and die, anyways this question was used somewhere else too
lol
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