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Introduction

Welcome! | hope all students and teachers find this book useful and enjoyable in your journey in Extension
2 Maths. This book and the matching digital textbook are being released chapter by chapter as they are
created during 2019 - 2020, and will be continually changed and updated over time - the two digital books
work best together. For free downloads of the latest versions please visit howardmathematics.com.

The first 500 questions in Section | are arranged topic by topic matching the chapters from the textbook to
help students study and revise as the course progresses and before assessment tasks. The second 500
questions are from mixed topics to help students prepare for their Trials and the HSC.

If you find any mistakes, or have any ideas that would make either the textbook or the revision questions
better, please contact me via email below.

Cheers
Steve Howard
steve@howardmathematics.com

With thanks to the following for their feedback:
Luke S, Sean S, Chris C (heaps), Matt D, Declan Z, Jonathan T, Oscar E, Sophie C, Cassandra P, Aiheak T, Glenn M (heaps),
Brendan D, Montana M, Logan, Yuki (heaps and heaps!), Nicky M, Susie H, Matthew E, Thomas G, Ambrose L.

There are also others who have helped, before | started this list, so thanks to them too!
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REVISION EXERCISE 1 - THE NATURE OF PROOF

BASIC

1 If m and n are odd, m > n, prove:
am+niseven bm —niseven ¢ mn is odd
dm?isodd em?3isodd fm3 +n3iseven

2 ProvethatV/3 ++7 < 2V5
3 Prove that there are no integers a and b such that 4a + 8b = 34

4 Two sides of a triangle are 3 cm and 8 cm. What are the possible values for the third
side?

Prove a? + % > 2

6 Prove that if the product of any two integers is even, then both of them cannot be odd.
7 Prove that if n is an even integer that n? — 4n + 3 is odd.

8 True or False: A triangle could have side lengths 4 cm, 5 cm and 10 cm.

9 Prove x2 + y? > 2xy

10  Prove that the sum of two consecutive even positive powers of 2 is always a multiple of
20.

11  Prove thatif 3a® — 4a + 5 is even, then a is odd.

12  Give a counterexample to prove each of the following statements is false.

i For real values of x, cos(90 — |x|)° = sin x°.
ii3x+2|<11= x| <3

13 Prove forreal x, that [x? — x| + |x — 1] = [(x + 1)(x — 1)

14  The product of any two even positive numbers is divisible by 4.

15  Prove by contradiction that if a is even then a is even.
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MEDIUM

Prove that the sum of any two consecutive numbers equals the difference of their
squares.
Prove x? + x + 1 is odd for all integral x

Prove for integral x, x? is divisible by 4 if and only if x is even

In the diagram, AB = 5,BC = 6,CD =7 A

and AD = 12. Find the possible lengths of AC. 12

Prove that a triangle can have no more than one right angle
Prove that if a? — 6a is odd for integral a, then a is odd

4k
Given a* — b* = (a—b)(a*"' + a*~2b + a*3p%...+b*1) prove that — aways has a

remainder of 1.
Prove by contradiction that there are infinite number of even integers.
Prove by contradiction that there are no integers m, n which satisfy 3n + 21m = 137

Prove the sum of three consecutive numbers is divisible by 3
ProvevI+x <1 +§forx >1
Prove that there is no positive integer n that satisfies 3n < n? < 4n

Givena+b =1, fora,b >0, prove thata? + b = b?> + a

Prove that the product of two rational numbers is rational.
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Ifa=b+cfora,b,c >0, prove a®> > b? + ¢?

In AABC, AB = 10,BC = 16 and AD = 3. 16
What are the possible values for DC?

» T

10

Prove that a? — 4b — 2 = 0 has no integral solutions

Prove xy + yz + zx > x\[yz + y\Jzx + z\/xy

For m,n positive integers, m > n, show that 2m(m? + 3n?) can be written as the sum of
two cubes.

Prove that there are no rational solutions to x3 + 3x + 3 = 0 using contradiction

Two sides of an isosceles triangle are 4 cm and 8 cm. Why is the third side 8 cm and not
4 cm?

Prove that if a? + b? = ¢? for a, b, ¢ integral, then a or b is even.

Prove that for integral a, b that a® — b3 is even if and only if a — b is even

Prove 2(x? +y2) = (x + ¥)?

Prove every odd number can be written as the difference of two squares

Given a, b and c are integers, if bc is not divisible by a then c is not divisible by a.
Prove that /5 is irrational by contradiction

Prove that cos 8 + sin@ < v2

Prove that the product of any five consecutive integers is divisible by 5!

Prove that a number is divisible by 8 if and only if the last three digits form a number
divisible by 8
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CHALLENGING

Prove that there are infinitely many prime numbers
Prove that |a — b| = ||a] — |b]|

Show that x* + y* + 22+ 1 > 2x(xy? —x+z+ 1)

3 3 3
Ifa,b,c >0 provethat%+b7+%2ab+bc+ca.

You may assume that a® + b3 + ¢ — 3abc = (a + b + ¢)(a? + b? + ¢? — ab — bc — ca)
If a,b,c > 0 then prove a® + b°> + ¢®> > a®bc + b3ca + c3ab

Prove by contradiction that the square root of the irrational number m is also irrational.

Given a, b, c are positive real numbers with a > b and c? > ab, prove by contradiction that
a+c b+c

— >
vaz +c2  \b% 42

The perimeter of a triangle with integral sides a, b, ¢ is 10 cm. What is the maximum length
of the longest side ¢?

Let a,b,c > 0. Prove that
a®+ b3+ c3 + ab? + bc? + ca? = 2(a?b + b%c + c%a)

Ifa,b,c>0and (1+a)(1+b)(1+c¢)=8,thenabc <1
Without using induction, prove that a3 + 2a is divisible by 3 when a is a positive integer.
Prove that there are no integers which satisfy a> — 8b = 7

The sides of an isosceles triangle with integer side lengths are 2x + 1,7 —x and 3x + 3.
Find x.

Leta,b > 0 and ab = 1, prove that
1 1 2

+ >
a’?+1 b%2+1 ab+1

Assuming = +§ > 2 prove (L) (L) (

1-a 1-b

c

1_6)28ifa+b+c=2, 0<abc<l1
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REVISION EXERCISE 1 - SOLUTIONS

1 Letm =2k + 1,n = 2j + 1 forintegral k, j

a
m+n=2k+1+2j+1
=2(k+j+1)
= 2p for integral p since k, j are integral
~ Ifmand n are oddthenm + nis even O
b
m-n=2k+1-2j-1
=2(k - )
= 2p for integral p since k, j are integral
~ If m and n are odd thenm —n is even O
c

mn = 2k +1)(2j +1)

=4kj+2k+2j+1

=2Q2kj+j+k)+1

= 2p + 1 for integral p since k, j are integral
~ If m and n are odd then mn is even O

d
m? = (2k + 1)?
= 4k* + 4k + 1
=2(2k* + 2k) + 1
=2p+1 where p is integral since & is integral
~ If mis odd thenm? is odd O
e
m3 = 2k +1)3
= 8k3 + 12k* + 6k + 1
= 2(4k®+ 6k? +3k) + 1
=2p+1 where p is integral since % is integral
~ If mis odd thenm3is odd O
f

m3+n3=0Qk+1)3+@2j+1)3
=8k3+12k?> + 6k +1+8j3+12j2+6j+1
=2(4k® + 6k? + 3k + 4j3 + 6j2 +3j + 1)
=2p where p is integral since &,/ are integral
~Ifmand nare oddthenm? + n3iseven o

2 Suppose by contradiction that v3 + v7 = 25
2 2

- (V3+V7) = (25)
34+2v21+72=20

2v/21 > 10

V21>5
21 > 25 #

Which is a contradiction, so V3 + V7 < 2V5 O
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10

4(a+2b)=34 #
There are no integral solutions, as the LHS would then be a multiple of 4 while the RHS is
not O

Let the third side be x

If x is one of the small sides, thenx+3>8 —» x>5
If x is the largest side, then3+8>x - x <11
~5<x<11 O

12
a——=| =0
a
1
a>—=2+—20
a

) 1
a+—2>2 O
a

Suppose by contradiction that both integers are odd and their product is even  (*).
Let the numbers be 2m + 1 and 2n + 1 where m, n are integral
P=0C2m+1)-2n+1)

=4dmn+2m+2n+1

=22mn+m+n)+1

= 2p +1 forintegral p since m,n integral #
Which contradicts () since the product cannot be odd and even.
- if the product of any two integers is even, then both of them cannot be odd o

Let n = 2k forintegral k
n®>—4n+3=(2k)?-42k)+3

= 4k* — 8k + 3

=2(2k* -4k +1)+1

= 2p + 1 for integral p since k is integral
- if n is an even integer then n? — 4n + 3 is odd O

False,as 4+ 5 <10 O

(x=y)3?=0
x2=2xy+y*=>0
x2+y?>2xy

Let k be a positive even integer.
2k + 2k+2

=2k(1+22)

=5.2Fk

= 5 . 22 . 2k_2

=20-2k2

= 20p forintegralpsincek =2 O
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11 Suppose a is even
Leta =2n
~3a%?—4a+5=32n)>-42n) -5
=2(6n*—4n—-3)+1
= 2p + 1 for integral p since nis integral
- if a is even then 3a? — 4a + 5 is odd
~ if 3a%? — 4a + 5 is even then a is odd by contrapositive O

12 ilLetx =—30 . cos(90 — |—30]|)° = cos 60° = sin 30° # sin(—30°)

iiLetx=—4 [3(—4)+2|=]-10| <11 |-4| >3

13 |x2—x|+Ix—1]=|(x?—x) + (x — 1)
> |x2 -1
>|(x+1Dx—-1)] o

14 Let the numbers be 2m and 2n where m, n are integral

P=2m:-2n
=4mn O

15 Suppose a? is even and a is odd (*)
Let a = 2k + 1 forintegral k.
~a® = 2k +1)*
=4k* + 4k + 1
=2(2k* + 2k) + 1
= 2p + 1 forintegral p since k is integral #
Which contradicts (*) since a? cannot be even and odd, - if a? is even then a is even O

16  Let the consecutive numbers be k and k + 1 for integral k

(k +1)? — k?
=k®+2k+1-k?
=2k+1
=k+((k+1) O

17 Letx =2k +j forintegral k and j = 0,1

x2+x+1=Qk+j)?+Qk+j)+1
=4k +2kj+j?+2k+j+ 1
=22k +kj+k)+(*+j)+1
=202k +kj+k)+j+1)+1
= 2p + 2q + 1 for integral p, q since j, k integral and the product of two consecutive
numbers is even
=2(p+q) +1
= 2m + 1 for integral m since p, q are integral

~x2 4+ x + 1 is odd for all integral x

1000 Extension 2 Revision Questions © Steve Howard 11 Howard and Howard Education



18  Prove that if x2 is divisible by 4 then x is even by contrapositive
Suppose x is odd
Let x = 2k + 1 forintegral k
wx? = (2k + 1)?
=4k?+ 4k +1
=4(k*+k)+1
= 4p + 1 for integral p since k is integral
- if x is odd then x? is not divisible by 4

- if x% is divisible by 4 then x is even by contrapositive.

Conversely, if x is even let x = 2j for integral j
x? = (2))?

= 4j°
=~ x2 is divisible by 4.

=~ x2 is divisible by 4 if and only if x is even O

19 |InA4BC
AC+5>6 - AC>1
54+46>AC - AC < 11
~1<AC <11

In AADC

AC+7>12 - AC >5
7+12>AC - AC <19
~5<AC <19

AC must satisfy the triangle inequality in both triangles, so 5 < AC < 11O

20  Suppose a triangle had two right angles
The angle sum of a triangle is 180°, so the third angle would be zero # This is a
contradiction as no angle in a triangle can be 0°.

-~ a triangle can have no more than one right angle o
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21 Suppose a is even
Let a = 2n forintegral n
a? — 6a = (2n)? — 6(2n)
=4n%? - 12n
=2(2n% - 6n)
= 2p for integral p since n is integral
- if a is even then a? — 6a is even

= if a® — 6a is odd then a is odd by contrapositive o

22 4k
=4 -1 +1
=(@-DA T+ 2 x 143 x 12 1) 41
=3(4 T+ 421+ 43 x 1% 41k ) 41
=3p+1 forintegral p since k is integral

4k .
g always has remainder 1 O

23  Suppose there is a finite number of even integers (*)
Let the largest even integer be k
k + 2 is also even, so we have another even integer which contradicts (*)
=~ there are infinite number of even integers o

24 syppose m,n are integers which do satisfy 3n + 21m = 137
%~ 3(n+7m) =137

3p =3 x45+ 2 forintegral p since n,m are integral #

Which is a contradiction since the LHS is a multiple of 3 but the RHS is not, hence there

are no integers m, n which satisfy 3n + 21m = 137

25  Lettheintegers be k, k + 1,k + 2 for integral k
k+k+1+k+2=3k+3
=3(k+1)
= 3p for integral p since k is integral

=~ the sum of three consecutive numbers is divisible by 3 O

26 (M—1)220

1+x—2Vv1+x+1=20
x+2=22Vl+x

X
V1+XS1+E
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27 Suppose there is a positive integer satisfying 3n < n? < 4n (*)
~3<n<4 #
Which contradicts (*) since there is no positive integer satisfying 3 < n < 4, hence there is

no positive integer n that satisfies 3n < n? < 4n O

28 LHS—RHS=a?-b*+b—a
=(a+b)(a—b)—(a—Db)
=(a-b)la+b—-1)
=(a—b)(0) sincea+b=1
=0

~a?=b?+b—a=0
~a’+b=bh*+a O

Alternatively

LHS=a?+b
=1 -b)?+b sincea+b =1
=1-2b+b%+b
=b*+1-b
=b%+a
= RHS O

29 Let the numbers be Z and % where p, g, m,n are integral
p m_pm

q n gn
a

= 3 for integral a, b since p, g, m, n are integral

-~ the product of two rational numbers is rational O

30 a=b+c
a® = b? + 2bc + c?
a®?>b%>+c? since2bc>0 O

31 |f AC is one of the short sides then
AC+10 > 16
DC+3+4+10> 16
DC >3
If AC is the largest side then
10+ 16 > AC
26 >3+ DC
DC < 23
~3<DC<?23 O
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32 Suppose a? — 4b — 2 = 0 has integral solutions
o 4b =a? -2
The LHS is even, so the RHS must be even
=~ a? must be even
~ a must be even
Let a = 2k forintegral k
= (2k)2 =2 =4b
4k? —2 = 4b

Now the RHS is a multiple of 4 but the LHS isn’t, so there are no integral solutions o

33 xy+yz2
% yx
X
2y ()
Similarly
Z + zx
@)
xy + zx
yz > iz (3)
D+ @)+ 3):
Xy +yzZ + zx = x\[yz + y\/zx + z\/xy O

xy?z (AM — GM)

34 Zm(m2 + 3n2)
= 2m3 + 6mn?
=m3+3m’n+3mn®+1+m3-3m?n+3mn? -1

=m+n)d+(m-n)® o

35 Suppose x = g for integral p, q is a solution and p and g have no common factor except 1

(0) ()0

3
3
A
q
p® +3pq*+3q°
5 =
~p3+3pg?+3¢3=0 (q+0)
Now the RHS is even
If p or q is odd then the LHS is odd, so no solution.
If p and g are both even then they have a common factor of 2 which contradicts (*)
= there are no rational solutions to x> +3x +3 =00

0
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37

38

If the sides are 4,8 and 8 then the sides satisfy the triangle inequality in any order: 4 + 8 >
8, 44+8>8 8+8>14

If the sides are 4,4 and 8 then the sides do not satisfy the triangle inequality in any order:
44+4*8 4+4*8 4+8>4

The third side of the isosceles triangle must be 4 cm.

Suppose a, b are odd solutions to a? + b2 = c?  (*)

Leta =2k +1,b =2j + 1 forintegral k, j

a’? +b%=Qk+1)?*+ (2j + 1)
=4k>+4k+1+4/2+4j+1

1
:4<k2+k+j2+j+§>

Now a? + b? is the sum of two odd numbers, so must be even, so c? must be even and so

c is even.

The square of an even number is divisible by 4, but the expression above is not (since % is

not integral), so there is no solution which contradicts (*).

~if a® + b? = c? for a, b, c integral, then a or b is even O

a® — b3 =(a—b)(a®+ab + b?)
If a — b is even then the RHS is even, as an even number times an odd or even number
gives an even product, hence a® — b3 is even

~a3—b3isevenifa—biseven

Suppose a — b is odd, thus a and b have opposite parity

. a? 4+ ab + b? must be odd, as two of the terms would be even and one odd
~a®>—b3isodd as a — b and a® + a + b? are both odd

=~ if a — b is odd then a® — b3 is odd

=~ if a® — b3 is even then a — b is even by contrapositive

~a3—b3isevenifandonlyifa— b is even O
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39

40

41

42

43

LHS — RHS = 2x% 4+ 2y? — x% — 2xy — y?

=x%—-2xy+y?
=(x—y)?
>0

22(x*+y?) = (x+y)?

Let the odd number be 2k + 1
2k +1=k*+2k+ 1 — k?
=(k+1)?%—-k?
=~ every odd number can be written as the difference of two squares o

Suppose that c is divisible by a, so let ¢ = ka for integral k.
~ bc = b(ka)

=kbXa

= p X a for integral p since k, b are integral
-~ if ¢ is divisible by a then bc is divisible by a

=~ if bc is not divisible by a then c is not divisible by a by contrapositive o

Suppose V5 = sfor integral p, q is a solution and p and g have no common factor except 1

(")

2

4
o 5 =?
5q% = p*

Now the LHS is a multiple of 5
-~ p? is a multiple of 5
~ p is a multiple of 5

Let p = 5m for integral m
~ 5q% = 25m?
qZ — 5m2

Now 5m? is a multiple of 5
=~ g% is a multiple of 5
-~ q is a multiple of 5 #

Now p and g have a common factor of 5 which contradicts (*), hence V/5 is irrational o

Suppose that cos 8 + sin6 > /2
~ (cos @ +sin8)? > 2
cos? 0 + 2sinf cosf +sin? 9 > 2
sin? @ + cos? @ +sin26 > 2
1+sin20 > 2
sin26 > 1 #
Which is a contradiction since —1 <sin20 <1,

hence cos6 + sin6 <+2 O
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45

46

The five consecutive numbers must have:
» one multiple of 5
» one or two multiples of 4
* one or two multiples of 3
» one or two multiples of 2 (separate from the multiples of 4)
Let the numbers be 5a,4b, 3¢, 2d, e
P=5ax4bx3cx2dxe
= 5! X abcde
= 5! p for integral p since a, b, ¢, d, e are integral

=~ the product of any five consecutive integers is divisible by 5!

Let the number be 1000a + 100b + 10c + d, where a, b, c,d are integraland 0 < b,c,d <9
Let 1000a + 100b + 10c + d = 8m for integral m
~ 1000a + 100b + 10c +d = 8m
8(125a) + 100b + 10c + d = 8m

100b + 10c + d = 8(m — 125a)

= 8p for integral p since m, a are integral

- if the number is divisible by 8 then the number formed by the last three digits is divisible
by 8

Conversely, if the last three digits are divisible by 8, let 100b + 10c + d = 8n for integral n
~ 1000a + 100b + 10c + d = 8(125a) + 8n

=8(125a + n)

= 8p for integral psince anare integral

-~ if the last three digits form a number divisible by 8 then the number is divisible by 8

~ a number is divisible by 8 if and only if the last three digits form a number divisible by 8

O

Suppose that there is a finite list of prime numbers, py,p,, 03 ... Pn ()

ConsiderQ =p; *py-p3-.opp+1

Dividing Q by any prime number on our list there is a remainder of 1, so Q isn’t divisible by
any prime in the finite list.

But every number has at least one prime factor, so there must be a prime number not on
our list which contradicts (*)

Hence there are infinitely many prime numbers O
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47 Ifa=b
la —b| +|b| = |a— b+ b| triangle inequality
la —b|+ |b] = |a]
~la—=b|= la| —|b|

Ifa<b
|[b—al|+|al = |b—a+a| triangleinequality
|b—al + |a| = |b]

~la—b| = |b| —|al since |a — b| = |b — a

“ la=bl = |lal - Ib]| ©

48 LHS-RHS=x*+y*+z2+1—-2x(xy?—x+z+1)
=x*+y*+2%2+1—2x%y? + 2x% — 2xz — 2x
= (x*—2x2y2 + y*) + (22 — 2xz + x2) + (x? — 2x + 1)
=(xz—yz)z+(z—x)2+(x—1)2
>0+0+0
>0
axttyt+z22+122x(xy?—x+z+1) o

49 3 b3 3

a c
LHS—RHS=——-ca+——ab+——bc
b c a
a®—abc b3 —abc c3—abc
= +
b c a
a® + b3+ c3 —3abc
> forn>=a,b,c
n
>(a+b+c)(a2+b2+cz—ab—bc—ca)
- n
>(a+b+c)(a2—2ab+b2+b2—2bc+cz+cz—20a+a2)
- 2n
>(a+b+c)[(a—b)2+(b—c)2+(c—a)2]
- 2n

> 0 sincea,b,c,n >0

a®> b3 3
“w—+—+—2=ab+bc+ca
b c a
* Improved solution with thanks to Declan Zammit and Matt Dunstan
Alternatively:
a® +b% = (a+ b)(a? — ab + b?)
= (a + b)(a® — 2ab + b% + ab)
=(a+b)((a—b)?+ab)
> (a + b)(ab) since (a — b)2 >0
~a®+b?

>a(a+b)
a3
?+b2 >a’+ab (1)
Similarly: b—: +c2>b%+bc (2), % +a?>c?+ca (3)
Adding (1), (2) and (3):
3

a 2 b° 2 c? 2 2 2 2
?-Fb +7+C +Z+a >a“+ab+ b+ bc+c“+ca
a® b 3
.-.F+?+;2ab+bc+ca

* fgnother improved solution with thanks to Luke Yan
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5 5 5 5 5
a>+a>+a>+b>+c
50 3 > 5\/ al5p5cs
3a® + b° +¢° s
o—  >a3bc
5
Similarly
3b° +a® +c®

z > b3ac
3¢ +a’ + b°

5
Summing the above gives

a’>+b5+c®>abc+b3ca+ccab O

> c3ab

51 Suppose that y/m is rational.

aym = Swhere p, q are integers with no common factor except 1

mq- =p #

Now the RHS is an integer but the LHS is not since m is irrational which is a contradiction,

hence the square root of the irrational number m is also irrational.

atc b+c <0
Nrorr N o
o a+c < b+c
VaZ+c? Vb + 2
(a+c)yb?2+c?2 < (b+c)Ja? + c?
(a+c)?(b?+c?) < (b +c)?*(a? + c?) sincea,b,c >0
(a? + 2ac + c?)(b? + c?) < (b2 + 2bc + c?)(a? + c?)
2ab?c + 2ac® < 2a®bc + 2bc?
ab? + ac? < a?b + bc?
ab? —a?b+ac?—bc?> <0
ab(b—a)+c?(a—b) <0
c?(a—b)—ab(a—b) <0
(c2—ab)(a—b) <0 #
This is a contradiction since ¢2 > ab and a > b, so (c? —ab)(a — b) > 0
a+c b+c >0 O

vaZ+c?2  VbZ+c?

53 a+b+c=10
~a+b=10—c (1)
a+b>c (2)
~10—-c>c
2c <10
c<5
The longest integral side length is 4 cm O

52  Suppose

Hence

54 LHS—RHS

a®+ b3+ c3 + ab? + bc? + ca? — 2(a®b + b%c + c%a)

(a® + ab? — 2a?b) + (b3 + bc? — 2b%c) + (3 + ca? — 2c%a)
= a(a? — 2ab + b?) + b(b? — 2bc + c?) + c(c? — 2ca + a?)
=a(a—b)?+b(b —c)?+ c(c — a)?
>04+0+0
=0

~a®+b3+c3+ab?+bc? + ca? = 2(a’b + b%c +c%a) O
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55

56

57

58

14a>2Ja  (AM—GM)

Similarly

1+b=2Vb

14+ c¢=2c

~(1+a)(1+b)1+c)=8Vabc
8 = 8Vabc

abc <1
a® + 2a
=a(a® +2)

=a(a® +3a+2-3a)

= a((a +D(a+2)— 3a)

=a(a+1)(a+ 2) — 3a?

= 6k — 3a? where kis integral since the product of 3 consecutive numbers is divisible by 6
=3(2k—a?) O

7 is odd
-~ a® — 8b must be odd
=~ a? must be odd
~ a must be odd
Let a = 2k + 1 forintegral k

~Rk+1)?-8b=7
4k?> +4k+1-8b=7

4k*>+4k—-8b=6 #

This is a contradiction since the LHS is a multiple of 4 but the RHS isn’t, hence there are
no integers which satisfy a? —8b =7 O

2x+1+7—-—x>3x+3
x+8>3x+3
5> 2x

1
<2z 1
x<2sz (D

2x+1+3x+3>7—x

S5x+4>7—x
6x >3

>1 @
*77

From (1) and (2) x = 1 or 2 since all side lengths are integers.
Check side lengths: 2(1) +1=3,7-(1) =6,3(1) +3=6 or
22)+1=57-(2)=5,3(12)+3=9O
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59 HS—RHS=—— 4+ __*

a’+1 b?+1 ab+1

(b2 +1)(ab+1) + (a®* +1)(ab+ 1) — 2(a® + 1)(b* + 1)
- (@ +1D)(b2+1)(ab + 1)
_ab*+b*+ab+1+a’b+a®+ab+1~—2a°bh?—2a% - 2b* -2
- (a2 +1)(b2+ 1)(ab + 1)
_ (a®b —2a?b? + ab?) — (a* — 2ab + b?)
- (a2 +1)(b2+1)(ab + 1)

ab(a? — 2ab + b?) — (a — b)?
T T @+ D02+ D(ab+ 1)

ab(a — b)? — (a — b)?
T (a2 + D2+ 1)(ab+ 1)
(ab —1)(a — b)?
T @+ D02+ Dab+ 1)
> 0 since ab = 1 and all other terms positive
1 1 2

+ >
a?+1 b2+1 ab+1

]

2—b—c 2—a—-c 2—a-b»b
X X
1—a 1-b 1-c¢

60 LHS=

1-b+1—-—¢c 1—-c+1—-a 1—a+1-b
= X X
1—a 1-b 1-c¢

_ 1-b+1-c y 1—-c+1—-a 9 l1—a+1-0b
Ja-na-o Ja-ol-a JA-a)(1-b)

_(Yizb Vi-c\(Vi-c Vi-a)(Vi-a Vi-b
“\WVi=-¢ Vvi-b/\Wi-a Vvi—-¢/\WVi-b Vi—-a

=>2X2x2 sincea,b,c < 1using given result

=8

Alternatively:

2—b—c 2—a—-c 2—a-b»b
X X
1—a 1-b 1-c¢

LHS =

_1—b+1—cxl—c+1—axl—a+1—b
B 1-—a 1-b 1-c¢

_2J(-h(-0) 2/A-0)(1-a) 2/A—-a)d-Db)
- 1—a % 1-b % 1-c

>2X2X2

=8

AM-GM,0<a,b,c <1

* Another improved solution with thanks to Luke Yan
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REVISION EXERCISE 2 - COMPLEX NUMBERS

BASIC

1 A particular complex number z is represented by the point
on the following Argand diagram.

All axes below have the same scale as those in the diagram above. The complex number
iz is best represented by

A B C D

2 On an Argand diagram, sketch the locus of the points z such that |z — 1| = |z + i|

3 What is —V/3 + i expressed in modulus-argument form?

A VZ(cosz +isinZ) B 2(cosz +isin)
cos =+ isine cos =+ isine
C V3 57T+__5T[ D 2 57T+__5T[

cos—+ isin— cos—+isin—

4 Let z = 3 —i. What is the value of iz?
A —1-3i B -1+3i C 1-3i D1+3i

5 Givenz=1+4+2iandw = -2 + i, find:

5
A |z| B zw Ci_
w

6 Which of the following inequalities is represented by the Argand diagram?

Alz—1]<2 Blz—i| <2 fm
Clz+1] <2 Diz+i| <2 /'\
Wae
N
7 270 _
—2—i
A 3+4' B-1 C 1+4' D >
575 3! 3

8 Given that z = 6i — 8, find the square roots of z in the form a + ib.

9 Given e = cos@ + isin6, prove e +1 =0

1000 Extension 2 Revision Questions © Steve Howard 23 Howard and Howard Education



10 Consider the Argand diagram at right.

Which inequality could define the shaded area?

31T 3
Alz-il<2and0 <argz-1) < , Nz /)
I 0 L
3 _>\f 2
B |z+i|<2and0<arg(z—1) <— —'/

4
T
C |Z—i|SZand0Sarg(z—1)SZ

/s
D |Z+i|SZand0Sarg(Z—1)SZ

11 Given that z = V2 — v2i and w = —/2, find, in the form x + iy:
i wz? ii argz iii _Z_ iv |z| v z10
Z+w
12  Find the values of real numbers a and b such that (a + ib)? = 5 — 12i

13 Draw Argand diagrams to represent the following regions:
T

T
al<|z+4-3i|<3 ngargZS§
14 - _ 12-6i
Realising the denominator of Y gives:
Al12+424i B30+60' C30 o0, D12—-24i
. Al 7 7 l 7 7 l . Al

15 Factorise x* — 3x%2 — 10 over:
i the rational field ii the real field iii the complex field

16  Find the square roots of 1 + iv3

17 iExpressz = ? +é in the form r(cos 6 + i sin 6).

ii Hence or otherwise find z'° in the form x + iy.

18 Letz=3 —iandw = 2 +i. Find the following in the form x + iy.
Z

w

izw ii

19 .
Simplify —2i (e‘?)

20 Thelocus of a point P on the complex plane is defined by |z — (1 + 2i)| = 3.
i Sketch the locus of P.
ii Find the maximum value of |z|.

21 Ifz=1++3i,thenz*=
A8+8/3i B8-8/3i C—-8+8V3i D —8-8V3i

22  Convert 1 ++/3i into exponential form.
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23

24

25

26

27

28

29

30

31

32
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Letz =3 +4iandw =1 — 2i. Find in the form x + iy,
iRe(z) — I(w) iii /z

Sketch, on the same Argand diagram, the locus specified by,
ilz—9|=|z+1]

) Z
1 —
w

T
ii arg(z — 2i) = y
iii Hence write down all values of z which simultaneously satisfy |z — 9| = |z + 1| and
arg(z — 2i) = %

What is the value of arg Z given the complex number z = 1 — iv/3?
A Vs B T c -21 b 27
3 3 3 3
Consider the Argand diagram at right.
2
Which inequality could define the shaded area?
Alzl<land|z—-(1-D|=1

B [zl<land|z—-(1+1i)]| =1 —1/-“,

I
Clzl<land|z—-(1-0)| <1 \J 2

D|zl<land|z—- (14| <1 -1

If A =3+ 4i and B =5 — 13i write the following in the form x + iy
iAB iii v—A

A
11 B
On the Argand diagram, shade the region where both |z —1 —i| < 2and 0 < argz <%

Consider the Argand diagram at right.

Which inequality best describes the shaded area?
A)0<|z| <2 B) 1<zl <2
C)o<|z—-1]1<2 D) 1<|z—-1]1<2

Factorise x* + x2 — 12 completely over the field of:

i Rational numbers. ii Real numbers. iii Complex numbers.

The complex numbers z;, z,, z; and z, are represented in the complex plane by the points
A, B, C and D respectively. If z; + z; = z, + z, prove ABCD is a parallelogram.

The complex number z satisfies the inequations |z + 2i| = |z + 2| and Im(z) + Re(z) = 2
Which of these shows the shaded region in the Argand diagram that satisfies these

inequations?
A i B i C , D ,

3 3 3

2 2 2 2
1,1 (L1 11 (1)
0 2 0 2 0 2 0 2
+X +x +X +><
2 .L\ J/\ J»\
\9 \9 \9 \9
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33

34

35

36

37

38

39

40

41

The complex numbers z; and z, respectively. M is the

midpoint of the interval AB and QM is drawn perpendicular
to AB. QM = AM = BM. If Q corresponds to the complex Q(w)
number w, then w =?

A(z1)

M
0
(%1 22 [Z1t+ 23
Al( 2 ) Bl( 2 ) B(z)
zZ1+ z, [z + 2z, zZ1+ 2z, ,(zl—zz)
C > +l< > ) D > +i >
MEDIUM

If w is an imaginary cube root of unity, then (1 + o — w2)” is equal to
A128 w

B — 128w
C 128w?
D — 128w?

If z = x + iy, the locus of points that lie on a circle of radius 2 centred at the origin on the
Argand diagram can be represented by the equation

A zz=2

B(z+2)?-(z-2)?%=16

C Re(z?) +Im(z?) =4

D {Re(2)}?+{Im(2)}* = 16

Letz=1+iV3
i Write z in modulus-argument form. ii Hence evaluate z° + 16z.

Given that z = x + iy, find the value of x and the value of y such that z + 3iz = -1 + 13i

Qw)
In the Argand diagram, OPQ is an equilateral triangle. P represents
the complex number z and Q represents the complex number w.
Show that w3 +z3 =0 P@)

0
Find (cos +isi )
cos< +isin
(A) -1 (B) 1 (C) 0 (D) 2
i Show that (1 — 3i)?2 = —8 — 6i
ii Hence solve the equation 2z%2 — 8z + (12 + 3i) = 0
OABC is arhombus in the Argand diagram, where O is the origin and
point B is in the second quadrant. The point 4 is (1,3) and the B
angle AOB is %
A(1,3)

Find the complex numbers represented by the points B and € c -
in the form a + ib. 5
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42

43

44

45

46

47

48

49

50

The roots of z3 — 1 = 0 are 1,Q and Q, where Q is one of the complex roots
i Explainwhy 1+ Q + Q% =0
ii Show that O = 02

Solve 1 + i = e@+bi,

. 3+i
Given z = 3
1+

l
i Find the modulus and argument of z.
ii Find the smallest positive integer such that z" is real.

The complex number z moves such that Im [Z,i_l] = 2. Show that the locus of z is a circle.

Sketch the region in the complex number plane where the inequalities |z + 1 — i| < 2 and

—r<arg(z+1-1i) < %” hold simultaneously.

1+i
Find the three different values of z for which z3 = =

V2

. . z 35 121
Find the two complex numbers that satisfy zz = 37 and 3 = 37 + 3

Ifw=(-1+ i\/§)2012, find argw.

Points A, B and C represent the complex numbers «a, f and y in the Argand diagram
respectively.

B(B)

n

C) -
24

A(a)

0

AOAB is right isosceles at A, ACOB is isosceles with OB = 0C and £0BC = Z—:.
i Find zA0C.

ii Explain why y = \/E(cos%n + isinz?n) a

iii Hence find the value of 2a? + y2 + ayV?2.
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51

52

53

54

55

56

57

58

Find the modulus and argument of eI 2(1+0)

What is the locus in the Argand diagram of the point z such that zz — 2(z+ 2) =5

Find the value of z'° in Cartesian form, given that z = V2 — V/2i

In the following Argand diagram, P represents the point 6 + ai, and O is the origin.

Im P(6 + ai)

B

Find the complex number represented by the point B, given 2POB = 90° and
2|0B| = 3|0P|.

Which if the following is NOT a valid algebraic description of Imz
the line shown at right?
A Re(z) =2 B|z| = |z — 4|

Carg(z—4)+argz=n Dz+7=4

Rez

i Write 2 + 2v/3i in modulus-argument form.
ii Hence express (2 + 2v3i)’ in the form x + iy

iii Find all unique solutions to the equation z* = 2 + 2+/3i, giving answers in modulus-
argument form.

Given z is a complex number, sketch on a number plane the locus of a point P
representing z such that argz = arg[z — (1 + i)].

In the Argand diagram below the points R and S represent the
complex numbers w and z, respectively where 2SOR = 90°.

The distance 0S is 2a units, and distance OR is a units. fm
Which of the following is correct? R S
A w=2iz B w=iw a 29
c iz D Z
w=—— wW=——
2 20 0 Re
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60

61

62

63

64

65

66

67

68

Use a binomial expansion and de Moivre’s theorem to show that
cos 560 = 16 cos®> @ — 20 cos® 0 + 5cos f.

Imz

D

The diagram above shows parallelogram ABCD drawn in the first
quadrant of the complex plane. The points A4, B and C represent the
complex numbers z,, z, and zz respectively. The vector DB A
represents the complex number:
Az 423 -2z Bz, —2z, — 2z B
C 2z, — 24 — 23 D2z, —z; + 73
The complex number w is a root of the equation z3 + 1 = 0. Which of the following is
FALSE?

1
A @ is also a root Bw?+1-w=0 Czisalsoaroot D(w-1)3=-1

i Find the two square roots of 16 — 30i.
ii Hence solve z2 — 2z — (15 -30i) = 0

0, ,—if 0 _ ,—i0
Show that (psg = ﬁ,sing . Z'e
l

i On an Argand diagram, draw and shade the region R given by |z — 2 — 2i| < 2

ii Pisthe pointin R where |z| is at its maximum value. What is the modulus of OP?

iii The tangent to the curve at P cuts the x-axis at the point T. By using the nature of
AOPT, or otherwise, find the exact area of AOPT

On an Argand diagram, the points A and B represent the complex numbers z; = —2i and
z, = 1 —+/3i. Which of the following statements is true?

5n
A arg(zy +z3) = —— Blz; —z,|=2+V3

12
z s T

C arg <é> =z Darg(z,z,) = ~3
Itis given that z = cos @ + isinf, where 0 < argz < g
i Showthatz +1 =2 cos%(cosg + ising) and express z — 1 in polar form.

ii Hence show that Re (%) 0

Which of the following complex numbers equals (V3 + i)4?

2 8
A —2+—i B -8+—i C —2+2V3i D —8+8V3i
V3 V3

On the Argand diagram, let O be the origin and A be the point representing the complex

— L4 (L i - is(®
number a = 7 +i (ﬁ) Point B represents the complex number g, where f = a X cis (3)

i Express g in polar form.
ii Hence find the area of AOAB
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69

70

7

72

73

74

75

76

7

78

79

The complex number Z moves such that Im (%) = 1. Show that the locus of Z is a circle
and find its centre and radius.

Show that the complex number z = 1=-*2

values of t.

lies on a unit circle centre the origin for all

Find the complex number z = a + bi, where a and b are real, such that 2z — iz = 1 + 4i

Show that z = cos— + lsm is a root of the equation z® —z3 + 1 =10

In an Argand diagram, ABCD is a quadrilateral such that the vectors 04, OF, 0C, 0D
represent the complex numbers a, b, ¢, d respectively. P,Q, R and S are the midpoints of
AB,BC,CD and DA respectively. M and N are the midpoints of PR and QS respectively.

i Show that the vectors OM and ON both represent the complex number % (a+b+c+ad)
ii Hence explain what type of quadrilateral PQRS is.

Find the fourth roots of 2 + 2v/3i.

The complex number z = x + iy satisfies the relation (z — 2)? + 18(z + z) = 36. Show that
the locus of z on the Argand plane is a parabola.

If z=a(cos O + isinf) when a and 0 are real, show that > is equivalent to .
Suppose w? = 1,w # 1 and k is a positive integer.

What are the two values of 1 + w* + w?¥?

A 3,0 B3,1 C 10 D None of the above

b
Given that a and b are real numbers and : + Troi= 1 find the values of a and b.

The complex numbers z,, z,, z; and z, are represented in the complex plane by the points
A, B, C and D respectively. z represents a complex number such that z®> =1, where z # 1.

1.1
iDeducethatzZ+z+1+—+—2=O
zZ VA

ii By substituting x = z + 3 reduce the equation in (a) to a quadratic in x.

41 1

iii Hence deduce that cos?cos? =-3
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80 The points A and D in a complex plane represent the ¢

complex numbers a and S respectively. The triangles

AOB,ABC and OCD are right angled isosceles triangles D B
as shown.

i Show that B represents the complex number (\/E cis (%)) a A
ii Hence show that 8 = 2v/2 cis (%) X ia 0

iii Show that 64a* + * = 0

81 Sketch the following on separate Argand diagrams.
iz?—(2)?=16i

B z—1\ @
iiarg| — =7

82 Suppose z is any non-zero complex number.
i Explain whyg has modulus 1 and argument twice the argument of z.

ii Find all complex numbers z so thatg = i. Give your answers in the form a + ib, where a
and b are real.

CHALLENGING

83 i Show that e™ + e~"% = 2 cosnf
ii Show that (eie + e‘“’)3 = (636i + e‘36i) + 3(ei9 + e‘ie)

iii Hence prove that cos3 8 = %cos 30 + %cos 0

84 Letw= 3?” and z = 5+1;2i, so that |w| = |z| = 1.
i Find wz in the form x + iy.
ii Hence, or otherwise, find two distinct ways of writing 652 as the sum of a? + b2, where a

and b are integersand 0 < a < b.

85 Given |z| < % show that |(1 + )23 + iz| < Z.

86 The locus of the complex number Z, moving in the complex plane y 7
such that arg(Z — 2v3) — arg(Z - 2i) = 3, is part of circle.

The angle between the lines from 2i to Z and then from 2v3 to Z is a,
as shown in the diagram below.

i Show thata ==

3
ii Find the centre and radius of the circle.

87 iSolve z°> + 1 = 0 by de Moivre’s theorem, leaving your solutions in modulus-argument
form.
ii Prove that the solutions of z* — z3 + z2 — z + 1 = 0 are the non-real solutions of z°> + 1 =
0.
iii Show thatif z* —z3 +z%2 —z+ 1 = 0 where z = cis 8 then 4 cos?6 — 2cos6 — 1 = 0.
Hint:

2t —723+722—z2+1=0> 22 —z4+1--+==0
z  z?

. . 3
iv Hence find the exact value of sec ?”
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88

89

90

91

92

93

94

95

i Use de Moivre’s theorem to express tan 56 in terms of powers of tan 6.
ii Hence show that x* — 10x2 + 5 = 0 has roots + tan% and =+ tan 2?”

2 3 4
iii Deduce that tan%.tan?n.tan?n.tan?n =5

i Find the roots of the equation z° — 1 = 0, leaving answers in polar form.

. . 2 4
ii Hence find the exact value of cos?” + cos ?”

Letz =cos@ + isin@.

zn—

z " zN+z™ M
> and cosnf =

i Show that sinn@ = >
ii Hence, or otherwise, prove the identity 32 sin* 8 cos? 8 = cos 68 — 2 cos 460 + 2

The roots of the equation z° + 1 = 0 are —1, w4, w4, W3, w, in cyclic order, anti-clockwise
around the Argand diagram.

i Show that w; = w,

i Find the values of a,b and ¢ so that (z + 1)(z* + az® + bz? + cz+ 1) = z° + 1 and
hence show that if w is a root of z° + 1 = 0, not equal to —1, then w* + w? +1 = w3 + w
iii Show that w3 = w;.

(For the rest of this question you may assume : w,> = w;, w,>= w, and w3> = w,)

iv Deduce that w3 + w,® + w3® + w,3 = 1.

v By using the sum of the roots of z®> + 1 = 0 in pairs, or otherwise, prove that

4 21 1

cos?+ cos? =75

The fixed complex number « is such that 0 < arga < % In an Argand diagram « is

represented by the point A while i« is represented by the point B. z is a variable complex
number which is represented by the point P.

i Draw a diagram showing A, B and the locus of P if |z — a| = |z — ia]

ii Draw a diagram showing A, B and the locus of P if arg(z — ) = arg(ia)

iii Find, in terms of @ the complex number represented by the point of intersection of the
two loci in (i) and (ii)

The number c is real and non-zero. It is also known that (1 + ic)® is real.
i Use binomial theorem to expand (1 + ic)®.
ii Show that c* —10c2+5=0

iii Hence show that ¢ = V5 — 2v/5, —/5 — 2v/5,/5 + 2v/5, =5 + 2V/5
ivLet 1+ ic = rcis 6. Use de Moivre’s theorem to show that the smallest positive value of
g is <.

5

T

v Hence evaluate tan (5)

i Given that z = cos 6 + i sin 8 prove that z" + zin = 2cosnf

ii Express x° — 1 as the product of three factors each containing real coefficients.

iii Prove that (1 — cos 2?”) (1 - cos%”) =3

The complex number v has modulus 1 and argument % and the complex number w has

2
modulus 2 and argument — ==

i Express wv and iv in the modulus-argument form where each argument is between —r
and .

ii Show that v is a solution of the equation Z* = iZ. Hence, or otherwise, state the other
two non-zero roots of this equation. You may leave your answers in modulus-argument
form.

iii Mark on an Argand diagram, the points P, Q, R and S representing v, w, wv and iv
respectively.

iv Hence, or otherwise, show that PS is parallel to RQ.

v Hence, or otherwise, find a real number u such that iv — v = u(w — wv)
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2 cosné

96 jShowthat(1+itan6)"+ (1 —itanf)" = where cos 8 # 0 and n is a positive

cosg
integer.
ii Hence show that if z is a purely imaginary number, the roots of (1 + 2)* + (1—2)* =0
are

. T . 3
zZ= iltang, iltan?.

97 Letw= cos%"+ isin%n.
i Show that w™ is a root of z° — 1 = 0, n an integer.
ii Show that w + w® = 2 cos%7r
i Show that (w3 + we)(w?2 + w”) = w + w8 + w* + w5
iv Hence show that cos%n + cos%ﬂ = cosg. You may assume that cosz?n =-—=

98 Given that w is a root of z3 + iz? + ikz + 2i = 0, where k is real, and (1 — i)w is real, find
the possible value of k.

99 Letz=cosO +isind
i Show that z"* + z™" = 2 cosnf and find a similar expression for z" — z7".
ii Hence prove that 2° sin* 0 cos? 6 = cos 68 — 2 cos 46 — cos 20 + 2

1+cos@+isinf
1-cos 0—isin @
z—-1

ii Hence solve (m) =-1

100 show that i cot?
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REVISION EXERCISE 2 - SOLUTIONS

1 Z is a reflection of z in 4 2
the real axis, Z x i is an Z
anticlockwise rotation
of 90° >
ANSWER C iz 1
z
_1 [
y=-x
3 ] [ 2 4 iz=1i(3—1)
1 5t =1+3i
arg(—V3+1) =m —tan™" (ﬁ) =% niz=1-3i
S S ANSWER C
—V3+i=2 (cos— + isin—>
6 6
ANSWER D
5 il =y®?+(@2)?=vs5
fizw=(0+2)(-2+0)=-2+4i—4i—-2=—-4—-3i
G55 1420 54100 42
M T2+ T1+2 D2+ Q)2 '
6 The region is on and in the circle centred at 7 2—i y —2+1 —4+2i+2i+1
(1,0) with radius 2. Its equation is —2—i" =2+4i 441
Iz — (1+00)] <2 __3.4
alz—1]<2 55
ANSWER A ANSWER A
8 Let (a + ib)? = —8 + 6i 9 letf =m
.'-az—b2=—8 2ab =6 i Qi
= +
by inspectiona=1,b=3 ora=—-1,b=-3 ein cost ) LI
the roots are +(1 + 3i) e = —1+i(0)
Alternatively: ~em4+1=0
+Re —8)2 + (6)2 -8
a:i/mz(z):ij()z() .
- 41 The shaded area, when measured from
N (1,0), has an argument between 0 and %"
b = sgn(6) + Izl ~ Re(z) inclusive (since the x and y intercepts are
2 both 1 the gradient of the left hand ray is -1,
82+ (6)2+8 so an angle of %”. So0<arg(z—-1) < %n.
== > =13 The shaded area is on or inside the circle of
) radius 2 centred at (0,1),s0 |z —i| <2
the roots are +(1 + 3i) ANSWER A
2
M —V2(V2-V2i) = —V2(2 - 4i - 2) = 42
(Y2
argz = —tan —|=—
g NG 2
z V2 —+2i ﬁ—ﬁixﬁi 2+ 2i -
- = —= = i
z+w V2-V2i-v2  —2i  V2i 2

=2

= ()" + (2
z10 = (2 cis (—%)) =
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12

14

16

Let (a +ib)?> =5 —12i

~a?—b?>=5 2ab=-12

by inspectiona =3,b=-2 ora=-3,b =2
the roots are +(3 — 2i)

Alternatively:

_ +\/J(S)Z +(-12)2+5 43
=+ > =+

b =sgn(—12i) + ’m

=(—)ij (5)2+(2—12)2—5=_

the roots are +(3 — 2i)

+
[\

12 -6 4—3i_ 48— 36i—24i—18
4+30 4-30 42 1 32

_ 30 80 oo

=257 250" !

ANSWER D

(a +ib)? = 1 + iv/3 by inspection
a2 —b%2=1 2ab =+/3 too hard - use
another method:

s
1+iV3 = 2cis§
The square roots of 1 + iv/3 are +\/_c1sE

e)-s(52)

Alternatively:

f|z|+Re(z) 1/(1)2+(\/—) +1

+
_ _ 48
Re
b= sn(v3) & IR
(1)2+(\/— = 1 2
RSk i Sk Y

the square roots are + (‘/— +—=i

Alternatively: let (¢ + id)? = 2 + 2+/3i
c2—d?=2  2cd=2V3

c=\/§,d=1 or c=—\/§,d=—1

The square roots of 2 + 2v3i are +(V/3 + i)
so the square roots of 1 4+ /3i are

L(¥3, & _+(ﬁ+£-)
“\V2Tvz) T\ T
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13

15

17

18

The region between the circles of radius 1
and 3 centred at (—4, 3).

16
@—3
——t—

-7 -4 -1

The sector between the rays from the origin
at arguments of% and %

V-

i(x2-5)(x?+2)
ii (x+\/§)(x—\/§)(x2+2)

iii (x +5) (x = V5) (x + Vi) (x - V2i)

V3 i T T

7+E: cos€+ ising
15 151T+ 157 Tl’+ T
iiz"®> = cos—— +isin— =cos—+isin—
6 6 2 2

=i

izw=zxw=0B+12-1)
=6—-3i+2i+1=7-1

z|_ld YB3+ (D2 VIO
whowl J@z+@m2 V5

Howard and Howard Education



19 _2i(e2) = —2i(-p) = 2i2 = -2

20 i

—2E N
»

21 1 4V3i=2cis (g) 22

(1 + \/§i)4 = 2%cis (43_71)

~ 16 4-7r+, _A4Am
= cos 3 isin 3

ANSWER D

23 iRe(@—-Imw)=3-(-2)=5 24
.z 34+4i 3440 2—i
n— = < = — X ;
iw i(1-2) 2+i 2-i
6 —3i+8i+ 4 _
=Ty At
iii (a +ib)2 =3+ 4i
a’?—b* =3 2ab=4
a=2b=1 ora=-2,b=-1by
inspection
The square roots of 3 + 4i are +(2 + i)
Alternative:

’Izl + Re(2) V32 +42+43
2 2
—Re
b= spncey ¢ [FL=RE0)
V32 +42-3
=z f=il

25 argz=arg(1+1V3) =tan'V3 = % 26
ANSWER B
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ii The sector between the rays from (1,1) at

arguments of 0 and g

ii The maximum modulus occurs on the
opposite side of the circle, on a line through
the centre, and its distance si the distance
from the centre plus the radius

1Zzlmax = V()2 + (2)24+3=3++5

|1+\/§i| = /12+(\/§)2 =2

arg(1 + V3i) = tan~? <?> = %

TT.
21 +/3i = 2e3"

|z —9]| = |z + 1] is the perpendicular bisector
of the points (9,0) and (—1,0), so x = 4.
arg(z —2) = % is the ray form (0,2) with an

Vs
argument on.

e

ol |*

Substituting x = 4 into y = x + 2, the point
(4,6) is the point of intersection, so 4 + 6i is
the only value of z that satisfies both
equations.

The shaded are is on and inside a circle
centre the origin, radius 1, so |z| < 1 and
also on or inside a circle centred at 1 + i with
radius 1,so |z— (1 +i)| <1

ANSWER D
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27

31

33

35

37

38

iAB = (3 + 4i)(5 — 130)
=15—139i + 20i + 52 = 67 — 19i
A 3+4i 5+13i

N B T5-13 " 5+13i
15+ 39i + 20i — 52 37 59
- 52 + 132 = T194 " 194"
iii (a + ib)? = —3 — 4i
a?—b?>=-3 2ab=-4
by inspectiona =1,b=—-2o0ora=-2,b=1
the square roots of A are +(1 — 2i)
Alternatively:

A 2

1

b =sgn(—4) + ’m
(—3)2+(—4)%+3

=(—)ij >

Q
+

(=3)*+(-49?*-3
2

-+

= iz
Let M be the midpoint of AC, . OM = 222
Let N be the midpoint of BD, . ON = 227”4
Ifz, +2z3 =2, +2 20M = 20N .~ ON =

ON
-~ the diagonals bisect so ABCD is a
parallelogram.

M is the midpoint of AB, so % The vector

MQ is half the vector AB rotated anti-
clockwise 90 degrees, so % i.

_ Z1+2Zy Z1—Z3 .
Sow = - + 5

ANSWER D

(z+2)?-(z—-2)?=16
(2x)? — (iy)®> =16
4x? +4y? =16
x2+y?=4

ANSWER B

z+3iz=-1+13i
x+iy+3i(x —iy) =—-1+13i
x+iy+3ix+3y=—-1+13i
x+3y=—-1 (1) 3x+y=13 (2)
3x(1)—(2) 8y=-16 = y=-2
subin(1) x+3(-2)=-1>=> x=5

/[
4P0Q = 3 (angle in an equilateral triangle)
. — 1 n
S W = ZCIS 3

m\3 3
swd 423 = (z cis§) +2z3 = Z3CiS?+ z3

=z23(-1)+2z3=0
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28

29

30

32

36

39

The distance from the origin is between 1
and2,s01<|z| <2
ANSWER B

i(x2+4)(x%2-3)
ii (% + 4)(x = v3)(x +V3)
iii (x — 20) (x + 20)(x = V3)(x +V3)

|z + 2i] = |z + 2| means that the region
includes points that are closer to (—2,0) than
(0,—2), so above the line y = x (the
perpendicular bisector), so C or D possible.
Im (z) + Re (z) = 2 is equivalentto x + y >
2,soonorabove thelinex +y=2,s0C
ANSWER C

If w is an imaginary cube root of unity, then
l+w+w?=0

(1+w—w2)7 = (1+a)+w2—2a)2)7

= (—2w?) = —12801* = —1280w'2w?

= —128w?

ANSWER D

i|1+:v3] = 1z+(\/§)z=ﬁ=2
arg(1+i\/§)=tan‘1<?>=g

T T
1+i\/§=2<cos§+isin§>
ii z° + 16z
=25 5n+" o +32< 7T+"ﬂ)
= cos3 Lsm3 cos3 Lsm3
—32< T isi n>+32< 7T+' i n)
= cos3 lsm3 cos3 Lsm3
—64cosE
3
=32

9
(cis§> =cis3m=cismt=—-1

ANSWER A
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1 _\/§+_3 3V3
T T

1-3vV3 V343
2 i

40 i(1-3i)%?=1-6i—9=-8-6i 41 -
0C=0A><cis<2(—>>
N 8+ /64 —4(2)(12 + 3i) 6
iiz =
2(2 T T
@) = (1+ 3i) <cos§+isin§)
8++V—32-—24i
= 1 3
4 :(1+3i)<§+i7 =
_4iv—8—6i_4i(1—3i)
- 2 - 2 1-3vV3 V343
= +1
_ 5—3i 3+3i 2 2
o2 2 S
OB=0A+0C=1+3i+
42 . 3 2
i?—-1=0-(Q-D(Q*+0+1)=0 3
Q#1 ~0°+0+1=0 =3 23\/§+i\/§2+9
_—1+12-4(1)(1)  —1++3i
B 2(1) B 2
1-2v3i—-3 —-1-+3i _
ii 0% = V3i = \/_l=ﬂ
4 2
43 1+l=ea+bl
.
V2ed' =@ . bt
1
.'.ea=\/§ d a=lnx/§=zln2
b_n
T4
44 2
VE+i] VE+i] OB @2 7
1 - = - = = —=
1+ [1+i] [DZ+ D)2 V2
V3+i
arg( — | = arg(v3 + i) —arg(1 + i)
1+
1 1
=tan"!|{—)—tan~?! (—)
(@)=
T
6 4
-_
7 12
3+ i3 . 3
A () ()
\/§+i) i3 . T "
(557 - () rsm(53)
= 25 (cos(- ) + tsin (- 3))
= cos 12 isin 1
. nmw\ _
Let sin (— E) =0
'—Ezkn k integral
oo 12 g
n=-12k
~ n = 12 is the smallest positive such that z" is purely real.
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45 1 __ 1 46
Z—1 x—iy—1i
1 x+i(y+1)

X
x—ily+1) x+ily+1)
x+ily+1)

x2 4+ (y + 1)2
y+1

1
|m = =
(Z—i> x2 4+ (y+1)2
Sy +1=2x2+2y2 +4y+2
1

3
x2+y2+§y=—

g 2
2y 3y 1,9 1
YT3) TT2716 16

which is a circle

47 48
1+ ‘/—C'S(4)_Cis(n>
V2 vz o4
~(rcis9)® = cis =
4
b4
~r3=1 39=2kn+z k=-1,0,1
_ T ™ 9w
12’1212
= Cis n cs(n) cis 3m
2=\ T2 \12) ¢\
49
V3 21
- i — o tan—1| 2 ) = 22
arg( 1+l\/§)—n tan (1 =3
. 4024n 2m
argw=2012arg(—1+l\/§)= 3 -3

50 i<AOB —%

2COB =1 — 2(24)
w57 27r
1T12T3
0C OB
ll]/— O_BXO_AXOA

V2|al
lal

_\/—CIS< >|a|0|s(arga)

2n 2n
= f(cos?+ Lsm?> a

iii 2a% + Y2 + ayV2

£LAO0C =

+TL'+5TL'
cis|arga T

=|1x

X ||| x cis(arg(a))cis (2?7-[)

(angle in a right angled isosceles triangle)

\ 1D

oV

zZ = 37
L+ iy)(x—iy) =37
~xt+y?2=37 (1)

z_35+12i

7 37 37

27 7% x%*—y?+ 2xyi
"z 7 37 37

~ x2—y2=35 (2) Xy =6 3
by inspectionx =6,y=10orx=—-6,y = —
~z=1(6+1)

(apex angle isosceles triangle)

2
2n 2n 2n 2n
=2a%+ (\/E(cos?+ isin?> a) + a(x/f(cos—+ lSln—) a)\/i

3

4 2 2
=2a?(1+cos—+ isin? + cos?+ isin?
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51  (n2)(1+i) — gIn2+iln2 52 zz—2(z+2)=5
In2, ,iln2 x2+y2_4‘x=5
(x—2)2%+y%2=9
A circle centred at (2,0) with radius 3.

=e
— Ze(ln 2)i

The modulus is 2 and the argument is In 2.

53 V2 —+2i = 2 cis (_ E) 55 The vertical line is of the form Re(z) = 2
4 1 A is correct
A 10 ) T Bis |z — (0 + 0i)| = [z — (4 + 00)], the
(\/E - \/El) - (2 cs <_ Z)) perpendicular bisector of (0,0) and (4,0), which
51 is correct.
= 2%0cis (‘ 7) C would be an arc with ends (0,0) and (4,0).
T This is incorrect.
= 1024 cis <—§> = —1024i Dz+z=(x+iy)+(x—iy) =2x = 2x =
4 = Re(z) = 2 thus correct

_, 3 . 3 3a ANSWER C

54 OB=5Xi3X0P=—Ei(6+ai)=—9i+7

3a .
-~ B represents -~ 9i

56 i|2+2w/§i|= /(2)2+(2x/§)2=4

arg(Z + 2\/§i) =tan~! (?) =

T T
W 24+ 2V3i = 4(cos§ + ising)

3 3 3T
ii (2 n 2@) =43 (cos? + isin?) — —64

s
3

74 =2+ 2V3i

Vs
~ r*cis 40 = 4 cis (§+ ZkT[) k=-2,-1,0,1
Crt o4 49— 11t S5m mw 7m

Vs mT T V3
r=V2 0=- i nn

) 11m ) 5t (T - (7r
z = 2cis (_E)\ECIS (—§> ,V2cis (E),\/Eas (ﬁ)

57 The vectors z — 0 and z — (1 + i) have the same
argument, which occurs on the line through (0,0) and
(1,1) outside the two points.

Im

1+

Re
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1 i
o8 OR=3i0S = w=s5z

Since this is not one of the options, multiply
the RHS top and bottom by i

3 i2z oz
WESI T T
ANSWER D

60 — 9 - .
OD = 0A+AD = 04 + BC =z, + (23 — 2,)

ﬁ:ZZ —(Zl+(Z3 —Zz)) = ZZZ —Z1 — Z3
ANSWER C

. T 1
61 Roots are w = cisZ,w =~
A true: complex roots of unity occur in
conjugate pairs

Btrue:w2+1—w=cis%”+1—cis§

—1+\/§'+1 . \/§._1

—27 ! 2 2 '7
cwt+1l—-w#0
Ctrue:whenlzlzlz'zl,solzw

z w

3
. 3 _ Ty icin®—
D false: (w — 1) —(cos3+lsm3 1)

T m\3 2 2w 3
—(—cos§+151n§) —(COS?+lSIH?>
=cis2n=1
ANSWER D

63 e =cos@+ising (1)

59

= cis% and —1 62

e™% = cos(—0) + isin(—0) = cosf —isinf  (2)

. . el +e
(D + @) e®+e7® =2cos@ — cosO =—
. . 0 _ ¢
(1) = (2): e® —e7® =2isinf - sinf = 5
64 i Inside the circle centred at (2,2) with radius 2.

li The maximum modulus occurs on the far side of the circle

on a line through the centre.

|ﬁ| =J2)2+2)2+2=2V2+2

iii AOPT is right angled isosceles, so
1 1 1 2
—— —_ — 2 —_—— =
Area = > X OP x PT > (op) > (2\/2 + 2)

—-i6

Letc = cos8,s = siné.

(cos@ + isin @)% = cos 560 + isin 56, and
also

= % 4+ 5c*si + 10¢352i2 + 10c?s3i3 + 5cs*i*
+ s°i5

= ¢5 + 5c¢*si — 10c3s% — 10c?s3i + 5cs*

+ 55§

~ cos 50

= cos® 6 — 10 cos3 6 sin? O + 5cos O sin* @

= cos® 6 — 10 cos® 6 (1 — cos? 6)

+ 5cos @ (1 — cos? 9)2

= c0s®60 — 10cos3 6 + 10 cos®> 6 + 5 cos b
—10cos30 + 5cos5 6

= 16cos® 0 — 20 cos3 @ + 5cos O

iLet (a + ib)? = 16 — 30i

~a’—b?=16 2ab=-30

by inspectiona = 5,b = -3 ora=—-5b=3
the roots are +(5 — 3i)

Alternatively:

- |z| + Re(2)
2

a
16)%2 + (=30)2 + 16
_, VAT B0 16
2
Im —-30
2a 2(+5)

the roots are +(5 — 3i)
2 ++/(=2)2 + 4(1)(15 — 30i)

2(1)
2++vV64 —120i
=%= 1++v16 —30¢

=1+ (5-3i)=6—3i,—4+3i

iiz =

(2.2)

%(8+8\/§+4)=6+4\/§

65 Ararg(z; +2,) = arg(l - (2 + \/§)1) = tan™! (—(2 + \/§)) = —1.309

_i_;r = —1.309 .. true
ANSWER A
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66

67

69

71
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(7] 0 0
iz+1=(cosf+1)+isinf = <2coszz—1+1)+i (ZSinEcos—>

2
= oeos (cos? 4 isin®
= COS2 COS2 lSan

z—1=(cos@ —1)+isinb

=|1-2si 29 1)+1i|2si ? coso
= sin” i | 2sinzcosy
= 2sin? (sinf — i cos?
= —2sinz|sin —icos>
. 0.0 . 0
Z_l_—Zsmj(sm?—Lcos?) cosg—ising

ii =
z+1

2 0 9+. .0 g .. 906
Cos7 | cosx + isinz cos —isiny

in? (sin2cos? — sin? i — cos?gi — sin& cos?
Sll’lz SanCOSZ Sin Zl Ccos l SII’IZCOSZ

0( ,0._ .0
COSj(COS 7+51n 7)

sing(—i) 0
=——=s = itanz
cos5

"R z—1 —0
- Re z+1)

4 4
\/§+i=2cis% (\/§+i) =(2cis%) 68 ii+i<i>=cisE

V2 V2 4
- 16 ci 2 T T T 7n
= oS B = a cis= = cis— X cis= = cis—
3 4 3 12
1 V3 . . 1 .
=16 —§+7l = -84 8V3i 11Area=§x|a|><|ﬁ|><sm4AOB
ANSWER D L ixixsn Y3
=5 sing =-—-u
1m<_1,)=1m( ! .xx+l:(3’+1)> 70 yg Lot o 1t
zZ—1 x—iy—i x+ily+1) Xty =—"11p2 =11
x+ily+1)
x2+ (y+1)2 =——
1+¢
y+1
- o X%+ y?
x% 4+ (y + 1)2
_y+t (1-1t2)° + (2t)2
x2+(}’+1)2 = (1+t2)2
x2+y2+2y+1=y+1
x2+y2+y+1=1 1267+ tt + 42
24 4 - (1+t2)2
2 1 1 2
“r\rtz) Ta _(a+e)
2)2
The locus is a circle centres at (0, —%) with (1+1¢2)
.1 =1
radius -.
2 =~ z lies on the unit circle
2z —iz = 2(a — bi) —i(a + bi) 72 [etz= cisg
=2a—2bi—ai+b
m\°6 m\3
=Qa+b)—i(2b+a) 26—z3+1=<cis§) —<cis§) +1
“2a+b=1 (1) 2b+a=-4 (2 - -
2x(1)-@2) 3a=6 = a=2=> b=-3 =CiS?—CiS§+1
nz=2-3i B r[+'.r[ T ,.T[+1
= —cosp+ising —coso —ising

=0

. T .
» z = cis satisfies z6—-2341=0



73 74 ] 2
D r . |2+2v3i| = |@2+(2v3) =4
23
Q arg(Z + 2\/§i) = tan~! (i—) I
B . 2 3
S .-.2+2\/§i=4cis§

T
(rcis)* =4 cis§

A T
rt=4 49=(2k7r+§) k
=-2,-1,0,1
P represents aTer, Q represents %, R (6k + D
c+d a+d r=v2 =
represents —, S represents —. 12
2 2 11 57 m 7n
—— 1fa+b c+d = - —,—
& OM == + 12 12 "12°12
1 2\ 2 2 The roots are
. 11w . 51 . s
=Z(a+b+c+d) \/7c1s(—g),\/§c15 (—E),\/fas (E)
— 1(b+c a+d _(7m
N =— V2cis <—>
0 2( 2 2 > 12
1
=3 (a+b+c+d)
Since OM = ON the diagonals bisect each
other, so PQRS is a parallelogram.
75 (z—2)>+18(z+2) =36 76 z
(2iy)? + 18(2x) = 36 z%2 + a2
_43;z +36x = 36 _ a(cos 0 + isin )
4y? = 36x — 36 " [a(cos @ + isin0)]? + a?
y2=9x—9 _ a(cos B +isinf)
which is a concave right parabola. ~ a2(cos? @ — sin2 § + 2isin@ cos ) + a?

a(cos8 + isinf)

- a?(cos?6 —sin?26 + 1 + 2isin6 cosf)
a(cosf +isinf)

- a?(2cos? 6 + 2isinf cos 0)
B a(cos @ +isinf)
"~ 2a2cos 8 (cosB + isind)
1
" 2acos@

77  LetS =1+ ok + w?k
Fork=3n neZ*

S=1+0m+ 0" =1+ (03" + ()" =1+1"+1"=14+14+1=3

Fork=3n+1
S =1+ w3t 4 @o"+2 = 1+(w3)nw+(w3)2nw2 =14+w+w?=0 sincew#1
Fork=3n+2

3)2n+1

S:1+w3”+2+w6n+4=1+(w3)nw2+(w w=14+w?4+w=0

ANSWER A
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78

80

82

a b 79
Tritivz !
A+2Da+@QA+Db=A+D1+20)
a+2ai+b+bi=1+2i+i-2
(a+b)+i(2a+b)=-1+3i
~a+b=-1 2a+b=3
a = 4,b = —5 by inspection

i LAOB = £BOC = £COD =7 (angle ina 81
right-angled isosceles triangle)

:g—g: = Cos% = \/—17 ~ |0B| =2|0A4|

argf = arga + %

B = |0B|cis (arga + %) = \/Ecis%(IOAlcis a)

T
= \/Ecisz a
Similarly 0D = 2 Cis%m’;ﬁ = VZcis™ OB
. T - .
~ 0D = (‘E cis Z) (\/5 cis Z) (\/E cis Z) a

3
=22 cisT a

cism
= —2\/5 T ia

ii 64a* + p*

T \4
= 64a* + (2\/5 CiSZ ia)
= 64a* + 64 cis t(i*)a*

= 64a* — 64a*
=0

zl |z

zl |z|

N

arg (—) =argz—argz =argz— (—argz) = 2argz

N

Z .
—=1

ii -2 2k +n m_3m
oo = — = _-— =

ii argz T > argz R
— v o 3

x—yorargz—4, 4

~z=0+r=r+irforrealr
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iz?=1 = 2z25-1=0
cZ-D(z*+28+224+2z+1)=0
vzt +23422+24+1=0 sincez# 1
dividing by z2:

) 1
z2+z+1+-+—5=0
z z

1 1
c\Z2+2+ =) +H[z+=)-1=0
VA VA

X2 4+x—-1=0

caf =-1

s . 2T . 4m .

ii now cis— and cis— are solutions of z° = 1

. 2T 1 . 4Am 1
~fcis— + —z)(cis— +——=x5)=—-1
< 5 c152?"> < 5  cis 4?”)

5 2n 2 4w —_1
cos? cos? = -

) 21 47'[_ 1
-.cosscoss =3

iz2—(2)? =16i
(x +iy)? — (x — iy)? = 16i
x? + 2xyi —y? — x% + 2xyi + y? = 16i

4xy = 16
xy =4 Im
(2,2)
Re
(_2)_2)
.. z—1l\ @
ii arg —32)=73
Imy
14
2
0 Re

Howard and Howard Education



83

84

85

86

el 4 e~0l = cos(nh) + isin(nb) + cos(—nh) + i sin(—nh)
cos(nB) + isin(nd) + cos(nf) — i sin(nh)
2 cosnf

ii

(ef® + e—i6)3 _ (ei9)3 + 3(ei9)2(e—i9) + 3(ei0)(e—i9)2 + (e—i9)3
= 300 4 3p20ip-i0 | 3,i0,-20i | ,—30i
= (e300 + ¢7300) 4 3(e0 + ¢~10)

iii

(ef® + e—i6)3 = (301 + e73%%) 4 3(e0 + ¢710)

(2cos8)® = (2cos30) + 3(2cosh)
8cos38 = 2cos36 + 6cosh

39 = 20536 + > cos b
cos —4COS 4‘COS
_3+4i 5+12i 15+36i+20i—48 —33 56i

X = = + —
5 13 65 65 65
Since |w| = |z| = 1, |wz|? = |wz|? = |wz|? = |wz]?> = 1. Choosing say the first two:

2 2
33 56
|WZ|=< ) +< ) =1 = =332 +56% = 652

wz

“65) " \65
3+4i 5-12i 15-36i+20i+48 63 16i

wz = X = ———

5 13 65 T 65 65
% 632 4+ 162 = 652

|(1+ )23 +iz| < |1 + D)z®| + |iz| (by the triangle inequality)
<|1+illz]? + |z

1) 1 V2+4 6 3
<x/§§ +-< <= <=

2 8 8 4

i Produce AZ to N, BZ to M, and construct ZP parallel ot the x-axis.
¢NZP = arg(Z — 2i) (corresponding angles to parallel lines)
£MZP = arg(Z — 2+/3) (corresponding angles to parallel lines)
» LMZN = arg(Z — 2+/3) — arg(Z — 2i)
£MZN = £AZB = a (vertically opposite)

T

S ==

3
ii The centre of the circle lies on the perpendicular bisector of AB. Let the centre of the circle be C. The
midpoint of AB is (\/§, 1), and interval AB has gradient —ig,
so equation

y—1=v3(x—-3).

L = —) = — (angle at the centre 1s twice the angle at the circumterence
ACB =2(3) == (angle at th is twice the angle at the circumference)

so the perpendicular bisector has gradient V'3,

~ LACM =g

~ £CAM =% (angle sum AAOM)

~ LCAM = £ABO =%

~ AC||OB - the y-value of C is 2. Sub in the equation:

4
2—1=3(x-3) Lx=
The centre is (\%, 2) and the radius is % (since AC is horizontal it equals the radius).
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87

88

iz?+1=0 = 2z°=1 = (rcisf)’=1
. r5cis50 =cis @

=1 50=Qk+Dn

r=1 50 = —3nm,—m, m, 3m, 5

3n w
H—i?,ig,ﬂ
. 3m\ | T o (/m\ . (3w
z=c1s(—?),as(—g),1,c1s<§),01s(?)
iiz>+1=0
z+1D)(z* -2 +22-2+1)=0
nz=—-1 orz*—2z34+422—-2+1=0
Since z = —1 is real, the non-real solutions of z° + 1 = 0 must be the solutions of z* —z3 +z%2 —z+ 1 =
0.
flizt—2z34+22—-2+1=0

1 1
'.'ZZ_Z+1_—+—2:0

zZ z
224z2-(z+zH+1=0
2c0s20 —2cos8+1=0
2(2cos?6—1)—2cosf+1=0
4c0s?0 —2cosf—1=0
7z = cis (3?”) is solution of z°> + 1 = 0 from (i)
- CoS (3_”) _ 2 (-2)2-4(4)(-1) _ 2425 _ 1-V3

5 2(4') 8 4

<3n> 4 145 4445
S SeC|l— | = X = =
5/ 1-v5 1+v5 1-5

. 3
since cos (?n) <0

-1-V5

ilLetc =cosf@,s =sinb.
(cos@ + isin@)> = cos 56 + i sin 56, and also
=5 4+ 5c*si + 10¢352i2 + 10c2s3i3 + 5cs*i* + s5i°
=¢34 5¢*si —10c3s? — 10c¢?s3i + 5¢s* + s5i
=~ c0s 56 = cos® 0 — 10 cos® 6'sin® 6 + 5cos @ sin* @

sin 560 = 5cos* @ — 10 cos? @ sin3 @ + sin® @
5cos*@sinf — 10 cos? O sin® 6 +sin>6  cos® 6
cos56 — 10 cos30sin26 + 5cosHsin? @ ~ cos> O

S5tan6 — 10tan3 6 + tan® 6
T 1-—10tan?6 + Stan* @

ii tan 560 = 0 occurs when sin56 = 0
50 =k o="T_0+7 42"
sovEkm = b= =ity
also5tand — 10tan® @ + tan°6 = 0
tan @ (5 — 10tan? 6 + tan*9) = 0
Letx = tan#@
~x(x*—10x2+5)=0
sx=0o0r x*—10x>+5=0

~ tan560 =

x = tan 0 is the solution to x = 0, so the other solutions to tan 58 = 0 must be the solutions to x* —

10x2 4+ 5 = 0, so its solutions are x = tan (i %),tan (i 2?”) =4 tan%, + tan

iiinazg
'tnt 21 t2n(tn)_5
X ans.ans. an5 . an5 =7
T 2m 3n 41
tan—.tan—.tan—.tan—=1>5

5 5 5 5
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89 i(rcisf)’=1
rcis 50 = cis 2k

~r=1 50 = 2knm k=-2,-1,0,1,2
G_an_0+2n +47r
5 'T5’"§

The roots of z> — 1 = 0 are cis (i 2?71') ,cis (i 4?”) 1

ii The sum of the roots is zero, so:

equating real parts

2n 4 4 2n
cos—+cos—+ 1+ cos| —— |+ cos| ——

5 5 5 5
27T+ 47T+ 47T+ 27'[_ 1

cos z cos z cos c cos T =
2n 4 4 _ 1

cos z cos T =73

99 iz'—-zT"
= (cosB +isin@)™ — (cosO + isinf)™"
= cosné + i sinnf — cos(—n@) — i sin(—noh)
cosnf + isinnf — cosnb + isinnb

2isinnf
n

—zn

s sinnf = 2—l

z"+ 2z

= (cosB +isin@)™ + (cosO + isinf)™"
= cosnf + isinnf + cos(—n8) + i sin(—nb)
= cosnf + isinnf + cosnf — i sinnfd
= 2cosné

zZ"+z™"

0 =
cosn 2

1000 Extension 2 Revision Questions © Steve Howard

2n

_2n+_4n+1+_ 47‘[+.
cis S cis S cis z cis s

47

ii 32 sin* 6 cos? @
= 32sin* 6 — 32sin® 0

() (Y
B 2i 2i

=2(z*— 422 +6—4z72 + z7*)

1
+E(26 — 6z* + 152% — 20 + 15272
— 627 +27°)
1 1
= 5(26 +278) (2t +z7Y) - E(Zz +272)

+ 22
= cos 60 — 2cos46 — cos 26 + 2

Howard and Howard Education



91 i Roots are separated by %ﬁ

. 3 ) T
w, = Cis (—?),wz =cis <_§)’
LT . (3m
w3 = CIS (g),(,{)4 = CIS <?>

_ 3TI+. . 3m
w4 = COS z isin z
3 3

= coS— — i sin—
5 5

3 o 3
= oS (—?) + isin (— ?)
. 3
= cis (—?)

vot*=w?—-w?+w-—1 (fromii)

iz5+1=0C+D(z*—23+22-z+1)
Sincew # 1, wsolves z* —z3 + 2z —z+ 1=
0

cwt—wditwr-w+1=0
cot+twlt+l=0wd+w

iii wy = | cis —5

- (; 9?”)
= cis (g)

v’ + ol + wd + o)
= w3 + W, + W, + w,
=Ya— (-1
=0—-(-1)

=1

2 2 2

coftoitottol =0 +ol+ol+o) -0 -wi—wi-witot+o,+o;+o,—4

(65 (2)"+ (o5 () + (e 2)

4n

=a)3+a)1+w4+wz—cis<?> —cis(

o[ i 21 + i 41 i
cis z cis z cis

4
+(cis(3?”))

. [(2r . 4m
z —cis = —cis 5 +w +wy+ w3+ w, —4

2
e :2(w1+w2+w3+w4)_4

5

. 41 LY . (2r . 2m\ 1 2
cis (— ?> + cis <?> + cis (?> + cis (—?> =) -

2 47[-+-2 21[_ 1
cos5 cos5 =
41t+ 21[_ 1

(:os5 cos5 =3

92 i The perpendicular bisector of AB

B(ia)

A(a)

1000 Extension 2 Revision Questions © Steve Howard

ii A ray from A parallel to 0B

b
\

Ay
AY

B(ia) AN

v A(@)

The point forms a right angled isosceles triangle
with O and A, so is \/icis%a =1+ da

48 Howard and Howard Education



93

94

i(1+ic)® =1+ 5ic+10i%c? +10i%c® + 5i*c* +i%c5

=1+ 5ic — 10c? — 10c3i + 5¢* + ¢5i

Im ((1 + ic)s) = 0 since (1 + ic)® is real,

~5¢—10c3+c>=0

c(c*—10c2+5)=0

wc*—10c?+5=0 since c #0

_10+/(-1002-4(1)(5) 10+ 4V5 _ :
2(1) 2

e= \/5—2\/5,—\/5—2\/3,\/5 +2\/§,—\/5+2\/§
iil+ic=rcisf

~ (1 +ic)® =ricis 50

since 1 4 ic is real, sin560 = 0

~ 50 =kmr  kintegral

. g = km

~0==

The smallest positive value of 8 is%

c?

+ 25

For the smallest possible value of ¢

4 ic = (cosT + tsn)
C =T1r\|CosS— sin—
l 5 LSl 5

iz"+2z "= (cosf+isinf)™+ (cosf +isinf)™
= cosnf + isinnd + cos(—n0) + i sin(—nb)
= cosnf + isinnf + cosnf — i sinnf
= 2 cosné
e 5 1 _ . 2_7'[ . 4-_TL'
ii The roots of x 1 =0are 1,cis (i 5),c1s (i 5)
Lx® =1
=(x-1) (x - cisz?n) (x —cis (— 2{)) (x - cis%n) (x — cis (— %"))
21 4n
=(x—-1) x2—2005?+1 x2—2005?+1
fiinowx®—1=(x—-D*+x3+x2+x+1)
(x2—2c052§+ 1)(x2—2cos4?n+ 1) =x*4+x34x24x+1
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95 . . 2 2n
1 = — = _—
v CIS6 w cis 3
— 2 T 27 _2.<TL’)_ Y
wv = 2cis c "3 )= cis 5) = i
. rtx LT 2n
Lv—c1s2 01:6—01s 3
ii sub v = cis — into VAR BVA
( . n)4 .. T
0156 = 10156
. 2m . T
= — X —
cis 3 0152 0156
. Zn_ . 2m
cis 3 = cis 3
~ v satisfies Z* = iZ
~Z(Z3-0)=0
. 2km +%
~Z=0 orZ=1i=cis —
e (4k + Dm
=cis 6
L ( r[) m . (57w
=cis > ,0156,015 6
The other two non-zero solutions are cis (— g) =
. . 51
— i and cis (?)
iii Im
S(iv)
P(v)
0 Re
Qw) LR
96 i(1+itanf)"+ (1 —itanf)"

cos@ +isin@\" cos@ —isin@\"
F— + F—
cos@ cos @

cos® +isin@\"
cos @

(cos(—@) + isin(—@))n
_.|_
cos@
_ cosnb +isinnf + cos(—n@) + i sin(—n@)
B cos™f
_ cosnf + isinnf + cosnf — i sinnf

cosg
_ 2 cosné

cos" 0

50

1000 Extension 2 Revision Questions © Steve Howard

iv OQR is isosceles, ZQOR = %,AQRO =

1 b4 51 b4 51 11w

2(1-%) =15 ~argRQ =5+ =

— 3r T

PS=iv—v=(-14i)v=2cis (T) cng
11w

=/2cis | —

V2cis ( v )

~ PS||RQ since argR_Q) = argﬁ =

iv—v=ulw—wv)

_|w—v| SP

" lw—wv| QR

SP=,/0P2+0S52=12+12 =2

12°

11m

12

vu

Vs
RQ=\/0R2+OQZ—2><0R><OQ><Cosg

8v3
g 83
2

T
=\/22+22—2x2x2cos—

6

=/8—4\/§

Lo V2 B+43_ V2/B+4y3
V8—4v3 J8+4y/3 V64—48

_ /16+8\/§_\/4+2\/§_ (1++3)’
h 16 2 B 2

_1+V3
)

ii(l+2*+1-2*=0
Let z = itan 0 since z is purely imaginary
(1+itan@)*+ (1 —itanB)* =0

2cos4¢9_0 ¢ .
ey rom (i)
~cos40 =0
T
40=kn+5 fork = -2,—-1,0,1
2k +1
g Gkt Dm
8
n 3m
=t—-,+t—
8 8
o= an (), an (£
~ Z = tan t3 ,tan t3

Howard and Howard Education



97

98

99
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iwh?-1

=(W9)n—1

_ 27‘[+. .2 " 1

= cos9 lsm9
=cos2m+isin2mr—1

=0

iiw+ w8

_ 2n+. ) 2n+ 167I+_ o 1é6m
—cos9 zsm9 cos 9 isin 9
_ 2n+_.2n+ 2t | 2w
= cos ) isin 9 cos 9 isin 9
- 21

= 0059

Letw =x+iy
s(l-Dw=>0-Dx+iy)=x+y+i(y —x)
~y =x since (1 —i)w is real
cw=x+ix=04+x {= V2cis (%) x}

w? =2ix%; w3 = (2i — 2)x3
2 QRi—2)x3+i(2ix?) + ik(Q+Dx)+2i=0
2 2x3+2x2+kx =0 (1)

2x3+kx+2=0 (2)
D-(@2) 2x?-2=0

~x=1 or x=-1

subin (1) k=-4 k=0

i
Z"+ 2z " =2z"+ 2" since|z| =1
= 2Re(z")
= 2Re(cos(n@) + isin(nh))
= 2 cos(nf)
Similarly z™ — z7™ = 2Im(z") = 2isin(nd)

25sin* 6 cos? @

_ 3 z—z2N\* [z +2z71\*
B 2i 2

_ 3 <z4 — 472 +6— 42772 +z_4> (zz +24272

16i% 4

iii (w2 +w)(w? +w7)
=wd+ w0+ w8+ w3
=wi+w+wd+wt

2km

iv the roots of z° — 1 = 0 are w* =cis (—) k=

9
-4,-3,..4

4
w2 4+w’ = 2cos?,w3 +wb
é6n
= 2cos—,and w* + w®
8m .
=2 Cos? (similarly to (ii))

. 9 67'[><2 4n_2 87T+2 T
s 2cos 9 cos = 2cos 5 cos 5

9
w2 ( n) X 2 Am =-2 T + 2 2m
s 2cos 3 cos g = cos9 cos 5
2 4 — 2 7T+ 2 2n
cos g = cos9 cos 9
) 27r+ 4 _ s
-~ COS 5 cos 5 = cos9

)

1
=E(z6+224+zz—424—822—4+622+12+6z_2—4—82_2—42_4+z_2+22_4+z_6)

= %((z6 +279) -2zt +z27) - (2 +272) + 4)

1
= 5(2 cos 660 — 2(2 cos40) — (2cos20) + 4)
= cos60 —2cos46 —cos20 + 2

51
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100 .1+ cos@+isinf

! 1—cosf —isinf

1—-t% . 2t
M retiTye
1—t2 . 2t

T3y
_1+t2+1—t2+2ti
T14t2—1+4t2 -2t

2+ 2ti

T2t — 2t
T4+t t+i

Tie—0 t+i
t+i+tii—t
BTG
i(1+12)
T+t
l

z—1 8_ 1
z+1)

z—1

P i |
z+1

CQk+ D

=Ccis————

o QRk+Dm

~z—1=zC08——

z(l —cism) = (1 +cisM

8 8

_1+C|s 3

2k + Dm

1
- Rk+Dm
=icot———

1000 Extension 2 Revision Questions © Steve Howard

_ cis 2k 48— Dn

|
—
o
o
[
N
[S=Y
N
~—
~ O
-
a
o
=3
/-
=W =
ol S
v

k=01,...,7
o Qk+ D
cis ————

52
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REVISION EXERCISE 3 - FURTHER MATHEMATICAL INDUCTION

BASIC
Prove the following by mathematical induction unless otherwise stated.
1 7™ — 2™ is divisible by 5 forn > 1
2 2n+1<2™"forn >3
3 n!'>3"forn>7
4 (cos@ +isinf)™ = cosnf +isinnf forn=>1
5 A sequence is defined by letting a, = 3 and a,, = 7a,,_; forn > 2. Prove that
a, =3x7"1forn>1.
6 35"+ 3 x 7"+ 2 x 5™+ 6 is divisible by 12 forn > 0
7 2n4+7<2"3forn=0
8 5" >4n+12forn>2
MEDIUM

9 8™ +2x 7" — 1isdivisible by 7forn > 1

10 The Fibonacci numbers f,, are defined by f; = 1,f, =1and f, = f,_1 + fn_ forn = 3.
n
Prove that f,, < (g) forn = 1. Hint: this is a second order recursive relation so you must
prove two base cases and make two inductive hypotheses.

11 Prove forn>1

- 1 _ n
;(r+1)(r+2)_2(n+2)

12 n(n?—3n+5) is divisible by 3 forn > 1
13  x™ — y™is divisible by x? — y? for even integers, where x, y are integers.
14 11™*t1 + 12271 js divisible by 133 forn > 1

15  x™2 + (x + 1)?"*1 js divisible by x? + x + 1 for n > 0 and integral x.

d
16— (O] = nf O] forn =1
17

n

m(x") =n! forn=1,x=>0

18 Show that the polygon created by joining n consecutive points around the circumference
of a circle, where n > 3, has an interior angle sum of (n — 2) x 180°. You may assume
that the angle sum of a triangle is 180°.

(n-13)

19 A convex n-sided polygon has nT diagonals forn > 3.

20 i Use calculus to show that x > In(1 + x) forall x > 0.
ii Use the inequality in part (i) and the principle of mathematical induction to prove that

%+ % + % +... +% >In(1+n) forall positive integers, n.
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21

22

23

24

25

26

27
28
29

30

31

32

33

34

35

36

37

Zrln(r-l_ 1> = ln<(n:—'1)n> forn > 1.

Given that for k > 0, 2k + 3 > 2,/(k + 1)(k + 2), prove that Z— > 2 (Vn +1-— 1)

for all positive integers n.
i Provethat (1+x)">1+nx forn>1and x > —1.

. 1\ _ 1
ii Hence, deduce that (1 _Z) > > forn > 1.

Given 0 < x1,x5,%3,...,x, < 1
i Prove that 2(1 + x;x,) = (1 + x1)(1 + x,) given (1 — x;)(1 — x,) > 0 (direct proof)
ii Prove that 2" 1(1 4+ x; X x, X...X %) = (1 + %) (1 + x3)... (1 + x,) forn > 1

i Show that for each positive integer n there are positive integers p,, and g,, such that
n

(14V2) =pn+quV2

ii Hence show that p2 — 2¢2 = (—1)"

. 1 1
Sin (n + 7)3( — smjx

cosx + cos2x + cos3x+...+cosnx = forn>1

ZSinix

CHALLENGING
n* — 1 is divisible by 16 for odd integers n > 3

23" + 1 is divisible by 3"** forn > 1

i If X1 >1 and Xy >1 ShOW that X1 + Xy > VX1X2
ii Use the principle of mathematical induction to show that, forn > 2, if x; > 1 where

j=1,23,...,nthen, In(x; + x, + x3+... +x,) > ——(nx; +Inx, + Inx3 +...+1Inx,)

211.1

n® — nis divisible by 2,3 and 5 for n > 2, given the product of n consecutive numbers is
divisible by n!.

1 1
2(\/n+1—1)<1+ﬁ+...+\/—ﬁ<2\/ﬁforn21

LI +i>1+—forn>1
123 2n—1 2n 7

1 3 5
2717%

2n—1 1

< >
on 3n_l_lforn_l

i By considering f'(x) where f(x) = e* — x, show that e* > x for x = 0

X
ii Hence, use Mathematical Induction to show that for x > 0, e* > Tl for all positive
integers n > 1.

Show that n lines in the plane no tho of which are parallel and no three meeting in a
n?+n+
point, divide the plane intoTregions, forn > 1.

sin? nx = %(1 —cos2nx) forn>1

n

n
x+a)" = Z (r) XA o =1

r=0
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38 (Z) is even if n is even and r is odd, forn > 2 and r is an odd constant less than n, k.

2k+1 ~2k+1

39 iprove, forany integer k > 0, that < (Direct proof)
2k+2 2k +3
ii Prove, by induction on n > 0, that the central binomial coefficient (*") satisfies
<2n> - 4"
n) \2n+1
n(n+1?
— if nis even
40 12+2x22+43%24+2x4%+52+2x6%+...=4 ,
n“n+1) .
————, ifnisodd
2
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REVISION EXERCISE 3 - SOLUTIONS

1 Let P(n) represent the proposition.
P(1) is true since 71 — 21 =5
If P(k) is true for some arbitrary k > 1 then 7% — 2% = 5m for integral m
RTP P(k+1) 7k+1 _ 2k+1 = 55 for integral p
LHS = 7(7%) — 2(2%)
=7(7% - 2¥) + 5(2%)
= 7(5m) + 5(2%) from P(k)
=5(7m + 2k)
=5p for integral p since m, k are integral
= RHS
~Pk)y=>Pk+1)

=~ P(n) is true for n = 1 by induction O

2 Let P(n) represent the proposition.
P(3) is true since LHS =2(3) +1=7,RHS =23 =38
If P(k) is true for some arbitrary k > 3 then 2k — 1 < 2%
RTP P(k+1) 2k +1 < 2k+1
LHS =2k—-1+2
<2¥+2 from P(k)
<2k 4+ 2k fork >3
— 2k+1
= RHS
~Pk)=Pk+1)

= P(n) is true for n = 3 by induction O

3 Let P(n) represent the proposition.
P(7) is true since LHS = 7! = 5040, RHS = 37 = 2187
If P(k) is true for some arbitrary k > 7 then k! > 3*
RTP P(k+1) (k + 1)! > 3k+1
LHS = (k + 1)(k)
> (k+1)3%  from P(k)
> 381 fork >7
= RHS
~P(k)=>Pk+1)

~ P(n) is true for n = 7 by induction O
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4 Let P(n) represent the proposition.

P(1) is true since (cosf + isinf)! = cos @ + isinf = cos 16 + i sin 16
If P(k) is true for some arbitrary k > 1 then (cos 8 + isin 8)% = cos k@ + i sin k6
RTP P(k+ 1) (cos @ + isin@)**1 = cos(k + 1)8 + isin(k + 1)6
LHS = (cosf + isinf)¥-cos@ +isinb

= (coskO + isinkf)(cos 6 + isind) from P(k)

= coskbf cos8 + icoskfsinf + isink6f cos 6 — sin k6 sin 6

= (cos kO cos @ — sin k6 sin0) + i (cos kB sin 6 + sin k6 cos B)

= cos(kB + 0) + isin(k6 + 0)

=cos(k + 1)6 + isin(k + 1)0

= RHS
~Pk)=Pk+1)

~ P(n) is true for n = 1 by induction O

5 Let P(n) represent the proposition.
P(1) is true since a; = 3 x 7171 = 3 as given
If P(k) is true for some arbitrary k > 1 then a; = 3 x 7%~1
RTP P(k+ 1) Apep = 3 X 7F
LHS = 7ay
=7(3 x 7%¥71) from P(k)
=3x7k
= RHS
~P(k) = P(k+1)

~ P(n) is true for n = 1 by induction O
6 Let P(n) represent the proposition
P(0) is true since 35° +3x 79+ 2x 5%+ 6 = 12
If P(k) is true for some arbitrary k > 0 35K + 3 x 7% + 2 x 5% + 6 = 12m for integral m
RTP: P(k+1) 35K+1 + 3 x 7K1 4 2 x 5K+1 4 6 = 12p for integral p

LHS = 35(35%) + 7(3 x 7¥) + 5(2 x 5¥) + 6
=35(35k+3x 7k + 2 x 5%+ 6) — 28(3 x 7¥) —30(2 x 5¥) — 34 x 6
= 35(12m) — 84 x 7k — 60 x 5k — 204
= 12(35m — 7k*1 — 5k+1 _ 17)
= 12p for integral p since m, k are integral
= RHS
~P(k)=>Pk+1)
~ P(n) is true for n > 0 by induction O
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Let P(n) represent the proposition
P(0) is true since LHS = 2(0) + 7 = 7;RHS = 2°*3 =8
If P(k) is true for some arbitrary k > 0 2k +7 < 2k+3
RTP: P(k+1) 2k +9 < 2k+4
LHS =2k+7+2
<23 4+ 2 from P(k)
< 2k+3 + 2k+3
< 2(2k+3)
< 2k+4
= RHS
~P(k)>Pk+1)
=~ P(n) is true for n = 0 by induction O

Let P(n) represent the proposition
P(2) is true since LHS = 52 = 32, RHS = 4(2) + 12 = 20
If P(k) is true for some arbitrary k > 2 5% > 4k + 12
RTP: P(k+1) 5k+1 > 4k + 16
LHS = 5(5%)
> 5(4k + 12) from P(k)
> 20k + 60
>4k + 16 sincek =2
= RHS
~Pk)=>Pk+1)
~ P(n) is true for n > 2 by induction O

Let P(n) represent the proposition.

P(1)istruesince 8' +2x 7' —1=21=3x7

If P(k) is true for some arbitrary k > 1 then 8% + 2 x 7 — 1 = 7m for integral m

RTP P(k+ 1) 8k+1 + 2 x 7k*+1 — 1 = 7p for integral p

LHS =8(8%)+7(2x 7% -1
=8(8k+2x7k—1)—2x7k+7
=8(7m) — 2 x 7% + 7 from P (k)
=7(8m—-2x 71 +1)
= 7p for integral p since m,kintegral
= RHS

~Pk)y=>Pk+1)

~ P(n) is true for n = 1 by induction O
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10 Let P(n) represent the proposition

1 2
P(1) is true since 1 < (g) and P(2) is true since 1 < G)

If P(k — 1) and P(k) are true for some arbitrary k > 1

NG
RTP: P(k+1)  fips < (5)
LHS = fi-1 + fx

N N
< (5) + (§> from P(k — 1) and P (k)

3 2 5 k+1 3/5 k+1
<16 <6

9 3 5 k+1
<(z+3)5)

24 (5 k+1
<E(§)

5 k+1
<(5)
= RHS

“Pk)=>Pk+1)
~ P(n) is true for n > 1 by induction O

1 Let P(n) represent the proposition

P(1) is true since LHS = L l,RHS =

1+D+2) 6 2(142) _ 6

fia <@

1

k

If P(k) is true for some arbitrary k > 1 Yk_, =

k+1
k+1
RTP: P(k+1)

LHS = N . .
_;(r+1)(r+2)+(k+2)(k+3)
k

=G+ Tk ks TomPl)

1 k+ 1
T k+2\2 k+3
1 (k*+3k+2
T k+2\ 2(k+3)
3 1 k+1Dk+2)
T 2(k+2) k+3
_ k+1
" 2(k+3)
= RHS
~P(k)=>Pk+1)
~ P(n) is true for n = 1 by induction O
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12

13

14

Let P(n) represent the proposition.

P(1) is true since 1(12 = 3(1) + 5) = 3

If P(k) is true for some arbitrary k > 1 then k(k? — 3k + 5) = 3m for integral m

RTP P(k+1) (k + 1)((k + 1)? = 3(k + 1) + 5) = 3p for integral p

LHS = (k+ 1)(k?+2k+1—3k—3+5)
=(k+1)((k? -3k +5)+2(k-1))
=k(k? =3k +5)+2k(k—1)+ (k* =3k +5) + 2(k — 1)
=3m+2k? -2k +k?—-3k+5+ 2k —2 from P(k)
=3m+3k?—-3k+3
=3(m+k?-k+1)
= 3p for integral p since m, k integral
= RHS
« P(k) = P(k + 1)

~ P(n) is true for n = 1 by induction

Let P(n) represent the proposition.

P(2) is true since x? — y? is divisible by x2 — y?

If P(k) is true for some arbitrary even k > 2 then x* — y* = m(x2 - yz) for integral m

RTP P(k +2) xk+2 — yk+2 = p(x2 — y2) for integral p
LHS = x2(x*) — y2(y*)

= x2(x* =y ) + (2 - y?)(¥")

=x? (m(x2 - yz)) + (x2 = y?)(y*) from P(k)

= (22 —y?)(mx? + y*)

= p(x2 — yz) for integral p since m, x,y, k are integral

= RHS
2 P(k) = P(k + 2)

~ P(n) is true for even n = 2 by induction O

Let P(n) represent the proposition.

P(1) is true since 111+1 4+ 122(0-1 = 133

If P(k) is true for some arbitrary even k > 1 then 11%+1 4+ 122k=1 = 133m for integral m

RTP P(k+1) 11k+2 + 122k+1 = 133p for integral p
LHS = 11(11%+1) 4+ 122(12%+1)

= 11(115+t 4 122k71) 4 (122 — 11)(122k71)

= 11(133m) + 133(122%~1) from P (k)

= 133(11m + 122k-1)

= 133p for integral p since m, k are integral

= RHS
~P(k) > P(k+1)

= P(n) is true for n = 1 by induction O
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15 Let P(n) represent the proposition.
P(0)istruesince x2+ (x + D! =x%+x+1
If P(k) is true for some arbitrary k > 0 then x**2 + (x + 1)2k*1 = m(x? + x + 1) for integral m
RTP P(k+1) x4+ (x + 1)%%*3 = p(x? + x + 1) forintegral p
LHS = x(x¥+2) + (x + 1)?(x + 1%+
= x(xk*2) + (x% 4+ 2x 4+ 1) (x + 1)+
= x(xF2 4+ (x + D) + (22 + x4+ 1) (x + 1)+
=x (m(x2 +x+ 1)) + (x2+x+1)(x + D#** from P(k)
= (x% +x+ 1) (mx + (x + 1)%+1)
= p(x2 +x+ 1) for integral p since m, x, k are integral
= RHS
2 P(k) = P+ 1)

=~ P(n) is true for n = 1 by induction O

16 Let P(n) represent the proposition.
P(1) s true since LHS = = (f(x)) = f"(x), RHS = 1x f'(0)[f(0)]° = /(%)
If P(k) is true for some arbitrary k > 1 then %([f(x)]") =kf' (xX)[f(x)] !

RTP P(k +1) S ([F 1) = (e + DF @I (I
d
LHS = —([f ()] x f(x))

= FG0 % = (IFGOTF) + [FGOT* X ()

= f) X kf' GIF T + [£CI* x f'(x)
= k[f QI x f'() + [f QI x f'(x)
= (k+ Df' If(0I*
= RHS
2 P(k) = P(k +1)

= P(n) is true for n = 1 by induction O
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17 Let P(n) represent the proposition.

P(1) is true since %(x) =1=1!

If P(k) is true for some arbitrary k > 1 then (x") = k!

+1

RTP P(k+1)

(xF+1) = (k + 1)!

dxk+1

LHS =—— ( (kx)>

dk
=W(x kxRt 4 xR 1)

dk
= W(kxk + xk)

k

= W((k + 1)xk)

= (k+ 1) (xk)

=((k+1)-k! fromP(k)
= (k + 1)!
= RHS

2 P(k) = P(k+1)

~ P(n) is true for n = 1 by induction O

18 Let P(n) represent the proposition.
P(3) is true since three points form a triangle with an interior angle sum of 180°, and
(3 —2) x 180° = 180°.
If P(k) is true for some arbitrary k > 3 then the polygon formed from k consecutive points around
the circumference has an interior angle sum of (k — 2) x 180°.
RTP P(k+ 1) The polygon formed from k + 1 consecutive points around the circumference
has an interior angle sum of (k — 1) x 180°.

The polygon formed by k + 1 points comprises the k sided
polygon plus a triangle as shown.

The interior angle sum of the k + 1 sided polygon is
the interior angle sum of the k sided polygon plus the interior
angle sum of the triangle, so:
S = (k—2)x180°+ 180° from P(k)
=(k—1) x180°
= RHS
“Pk)=>Pk+1)
~ P(n) is true for n = 3 by induction O
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19

20
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Let P(n) represent the proposition.
3(3-3)

P(3) is true since a triangle has no diagonals and - = 0

If P(k) is true for some arbitrary k > 1 then a k-sided polygon has k(kT_” diagonals

RTP P(k+ 1) a k-sided polygon has W diagonals

When the k + 1t" vertex is added to a polygon it creates k — 1 new diagonals
The number of diagonals on a k + 1-sided polygon is

k(k -3
MEZD) e |

_k2—3k+2k—2 k+1
a 2 \
2 _J —
Kokoz 2 \
e+ D(k—-2) k
B 2
= RHS 3
~P(k) = P(k+1)
~ P(n) is true for n = 1 by induction O

iLet f(x) =x—In(1+x)
f(0)=0-In1=0

fre=1 1+x
>0 forx >0
~ f(x) is an increasing function for x > 0
s f(x) > 0 for x > 0 since f(0) = 0 and f(x) is an increasing function
sx—In(1+x)>0
x> In(1+ x)

ii Let P(n) be the given proposition.
P(1) is true since LHS = % =1, RHS=In(1+1)=1In2 = 0.693

If P(k) is true for some arbitrary k > 1 % + % + § +...+% > In(1+ k)

1 1 1 1 1
RTP: P(k+1) I+E+§+...+E+m>ln(2+k)
LHS > In(1+ k) + ﬁ from P (k)
>In(1+k)+1In (1 + k—il) from (i)
k+2
> In(1+ k) +ln(k+ 1>
> In(k + 2)
= RHS
“Pk)=>Pk+1)
~ P(n) is true for n > 1 by induction O



21 Let P(n) represent the proposition
1+1

P(1) is true since LHS = 11n"** = In2 ;RHS = In (@) —1In2 - P(1) is true

If P(k) is true for some arbitrary k > 1 Y*_, rin (11) =In ((k;l) )
k+1

r+1 (k + 2)k+1
RTP: P(k+1) Z rin (T) =In (W)

r=1
Kk
r+
LHS = Z rin

1 K+ D1 k+2

4 >+( * )n<k+1)
(k + 1* k+2
ln( )+(k+1)ln<k+1)

_ (k+1)’< K+ 2\
"( )+ n (i)

NS 1)"(k +2)k+t
k! (k + 1)k+1
(k + 2)k+1
=Iln|—F—
(k+1)!

= RHS
“Pk)=>Pk+1)
= P(n) is true for n = 1 by induction O

22 Let P(n) represent the proposition

P(1) is true since LHS = T =1;RHS = 2(\/1 +1-1)~0828 P(1)
If P(k) is true for some arbitrary k > 1 Y¥_ 1\/_ (\/k +1- 1)

k+1
RTP: P(k + 1) z—>2< k+2—1)

k
LHS = Z ! +
r:lﬁ

1
2(VE+1-1)+
(FFT-1)+ =g
>2(k+1—\/k+1)+1
Vk+1
S 2k + 3
Vi+1
2k + Dk +2) 5 . ¢ th d
— 1ven irom e question
k1 8 a
2(Vk+2-1)
= RHS
~P(k)=>Pk+1)
~ P(n) is true for n > 1 by induction O
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23 i Let P(n) represent the proposition
P(1)istruesince LHS=(1+x)! =1+ x;RHS=1+1Xxx=1+x
If P(k) is true for some arbitrary k > 1 (1 +x)* > 1+ kx
RTP: P(k+1) (A+x)1>1+ (k+1x
LHS = (1 + x)k*1
=1 +x)(1+x)*
>A+x)A+kx) fromP(k)
=1+kx+x+ kx?
>1+(k+1)x sincek>0
= RHS
~Pk)y=>Pk+1)
~ P(n) is true for n > 1 by induction O

i Letx:—ifornz 1
2n

24 i
(1-x)(A—x)=0
1—x,—x1+x1x, 20
24 2x1%p = 1+ x1 + x5 +x1%;
2(1 + x9%2) = (T + x)(1 + x3)

i

Let P(n) represent the proposition

P(1) is true since LHS = 2"1(1 + x;) = 1+ x;,RHS = 1 + x;

If P(k) is true for some arbitrary k > 1 2¥71(1 + x; X x, X... X x5) = (1 + x)(1 + x3)... (1 + x1)

RTP: P(k+1)  2¥(1+x; X xp3 Xoo.X xp X Xpp1) = (1 +2) (1 + x3)... (1 + x) (1 + xp41)

LHS = 2k-1 <2 (1 + (%1 X x5 X...X x3) X xk+1>>

> 2711+ xy X x5 XX ) (1 + xp41)  from (i) since 0 < x; X x, X...X x, < 1
>(1+x)A+x)...(1+ x)(1 + x3,41) from P(k)
= RHS

# P(k) = P(k + 1)

~ P(n) is true for n = 1 by induction O
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26
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i Let P(n) represent the proposition
P(1) is true since LHS = (1+v2) = 1+VZ;RHS = p, + quvZ = p1 = L,q; = 1
If P(k) is true for some arbitrary k > 1 (1 + \/E)k = pr + qxV2 where py, qj are integers.
k+1
RTP: P(k+1) (1 + \/7) = Pr+1 + Qr+1V2 where pyiq, G+ are integers.
k+1
LHS = (1 +V2)
k

= (1+v2)(1+v2)

= (1 + \/E)(pk + qk\/E) from P (k)

= (Pk + 2q1) + (Px + G)V2

= Pr+1 + Qrs1V2  since py, qy are integers (%)
= RHS

~Pk)y=>Pk+1)

=~ P(n) is true for n = 1 by induction O

i Let P(n) represent the proposition

P(1) is true since 12 — 2(1)2 = -1 = (-1)!

If P(k) is true for some arbitrary k > 1 pZ —2qt = (—1)*
RTP: P(k+1) P2y — 2qE,, = (—1DF

LHS = pl%+1 - ZQI%+1
= (e + 2q1)% — 2(py + qi)? from ()
= P + 4P i + 49 — 20§ — 4Prdk — 24k
= 2q; — i
= —(pk - 2q%)
= (-1 (-1)* from P (k)
— (_1)k+1
= RHS
# P(k) = P(k + 1)
~ P(n) is true for n > 1 by induction O

Let P(n) represent the proposition

sin3x—sin 2 cos x sin®
2 2 2

P(1) is true since LHS = cosx,RHS =

2 sing - 2 sing = cosx
. . sin(k+l)x—sinlx
If P(k) is true for some arbitrary k > 1 cosx + cos2x + cos3x +...+ coskx = #
smzx
sin(k+§)x—sin§x
RTP: P(k+1) cosx + cos 2x + cos 3x +...+ coskx + cos(k + 1)x = —2+—2

L1
2 sinzx
2

sin (k +l>x - sinlx

2
LHS = + cos(k + 1)x from P(k)
ZSinix
. 1 1 1
sm(k+§>x—51n§x+251n§xcos(k+1)x
- 1
251n7x
. 1 1 . 1 . 1
sin k+7 X = sinsx + sin (k+1)x+7x — sin (k+1)x—§x
- 1
251n§x
sin(k+%>x—sin%x+sin<<k+%)x)—sin(<k+%>x)
- 1
. ) ZSIDEX
_sin<k+§)x—sin§x
- 1
251n§x
= RHS
~Pk)=>Pk+1)
~ P(n) is true for n > 1 by induction O



27

28

Let P(n) represent the proposition.
P(3)istrue since 3* —1=80=5x 16
If P(k) is true for some arbitrary odd k > 3 then k* — 1 = 16m for integral m
RTP P(k +2) (k +2)*—1 = 16p for integral p
LHS = k* + 8k3 +24k? + 32k + 16— 1
= (k* — 1) + (8k® + 24k? + 32k + 16)
=16m + 8(k® + 3k? + 4k +2) from P (k)

=16m + 8(k?(k + 3) + 2(2k + 1))

= 16m + 8(2q) for integral q since k?(k + 3) is even for k odd or even as is 2(2k + 1)

=16(m+q)
= 16p for integral p since m,q are integral
= RHS

~P(k)>P(k+2)

= P(n) is true for odd n = 1 by induction O

Let P(n) represent the proposition.
P(1) is true since 23" + 1 = 9 = 31+1
If P(k) is true for some arbitrary k > 1 then 23* + 1 = m(3%*?) for integral m
RTP P(k +1) 23" 4 1 = p(3%*2) for integral p
k 3
LHS = (2%) +1
k 3
=(2¥+1-1) +1
= (m(3*1) = 1)’ + 1 from P(k)
= m3(3%+1)° = 3m?(3k+1)” 4 3m(3K+1) — 1+ 1
— 33k+3m3 _ 32k+3m2 + 3k+2m
— 3k+2(32k+1m3 _ 3k+1m2 + m)
= p(3"+2) for integral p since m, k are integral
= RHS

“P(k) = Pk + 1)

~ P(n) is true for n = 1 by induction O
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29 i
WE — V)2 2 0
X1 — 24/X1%5 + %, =20
X1+ Xy = 24/x1x;,
~Xxq + Xy > X%, sincex; >1,x, > 1
ii Let P(n) be the given proposition.
P(2) is true since
LHS = In(x; + x3)
> In+/x1x, from (i)

1
> E(lnxl +Inx;)
> m(lnxl +1Inx,)
> RHS
If P(k) is true for some arbitrary k > 2

1
In(xq + x5 + x3+...4+x) >F(lnx1 +Inx, +Inx; +...+1Inxg)

RTP: P(k+1)

1
In(xq + x + x3+... +x5 + Xp 1) > F(lnxl +Inx, +Inxz+...+Inx, +Inxg,q)

LHS = In(x; + x5 + x3+... X + Xpp1)
=1In((x; + 22 + X3+... +33) + (xg41))
> Iny/(xq + %, + x3+... +x5) (Kes1) from (i)

1
> Eln((xl + x5 + x3+... +xk)(xk+1))
1 1
> Eln(xl +xy + x5+ +x,) + Eln(xkﬂ)

1 1
> Z—k(ln x1 +Inx, +Inxg +...+1nx,) + Eln(xkﬂ) from P (k)

1 k-1 _
> z—k(lnxl +Inx, +Inxs+...+Inx, + Inxpyq) +Tlnkar1
1
>2—k(lnx1 +1Inx, +Inxz +...+Inx, + Inxgyq) since k > 2
= RHS
~Pk)=>Pk+1)
=~ P(n) is true for n > 2 by induction O
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30  If a number is divisible by 2,3 and 5 the it must be divisibly be 2 x 3 x 5 = 30
Let P(n) represent the proposition.
P(2) is true since 2° — 2 = 30
If P(k) is true for some arbitrary k > 1 then k> — k = 30m for integral m
RTP P(k+1) (k +1)% — (k + 1) = 30p for integral p
LHS = (k®+ 5k* + 10k® + 10k? + 5k + 1) — (k + 1) from binomial theorem
= (k5 — k) + (5k* + 10k3 + 10k? + 5k)
=30m + 5k(k® + 2k? + 2k + 1) from P (k)
=30m + 5k((k + 1)° — k% — k)
=30m + 5k ((k + 1) — k(k + 1))
=30m + 5k(k + 1)(k? + k + 1)
=30m + 5k(k + 1)(k? + 4k + 4 — 3k — 3)
=30m + 5k(k + 1) (k + 2)? + 5k(k + 1)(-3(k + 1))

=30m+5(k +2) [k(k + 1)k + 2)] —15(k+ 1) [k(k + 1)]

=30m+ 5(k + 2) [6q] —15(k+1) [Zr]

since the product of n consecutive numbers is divisible by n!

= 30m + 30q(k + 2) — 30r(k + 1)

=30[m+q(k+2)—r(k+1)]

= 30p sincem,q, k,r are integral
= RHS
~Pk)=>Pk+1)

~ P(n) is true for n = 1 by induction O
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31 Let P(n) represent the proposition.

P(1)is true since 2(vV1+1—1) ~ 0.828, 1+ iz ~ 1.707,2V1 =2

%

If P(k) is true for some arbitrary even k > 1 then 2(Vk + 1 - 1) <1 +i2+...+ik < 2vVk

%

7

VENEF T4 (k+ D)

=m_(k+;)

1
=Vk2+k— [k2+k+-

4
<0

1
sV V142 <k+1

1 1 1
RTP P(k + 1) 2(Vk+2-1) <1+ 5+ +z+m <2k +1
2(\/k+1—1)<1+i+...+i<2ﬁ from P (k)
V2 Vi
1 1 1 1
22(VE+1-1)+ <l+—+...+—+ < 2Vk +
( ) VE+1 V2 vk Vk+1 VE+1
2(VE-VEFT+2
2(k+ 1D +1 2<1+1+ +1+ 1 - 2
VEk+1 V2 T Vk k1 k+1
2(k+3
t3 1 1 1 2(k + 1)
— 2 <14 —4..+—+ <
VE+1 V2 VE VE+1 Vk+1
2 9
2 |k +3k+Z 1 1
- T 2<1l4—=+.+—+ <2Wk+1
VE+1 V2 vk Vk+1
2Vk2+3k+2 1 1 1
—_— - 2< 1+ —+. A=t ——< 2Vk + 1
Vk+1 V2 vk Vk+1
2k + D)(k +2) 1 1 1
-2<14+—+...+—+ <2WVk+1
Vk+1 V2 vk Vk+1
2(x/k+2—1)<1+i+...+i+ PPN
V2 vk Vk+1
»P(k) = P(k+1)
~ P(n) is true for n = 1 by induction O
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32 et P(n) represent the proposition.

P(1) is true since % +% =1 +%

h‘P(k)istrueforsomearbitraryk21thenl+l+l+...+i+i21+E
1 2 3 2k—1 2k 2
1.1 1 1 1 1 1 1 k+1
RTP P(k+1) ;+E+§++E+2—k+m++m+WZI+T
LHS = s bogigpo i L b 1
102 3 77 2k—1 2k 2k 1 7T 2kl 1 7 k41
k 1 1 1
=>14+=

2+2k_|_1+...+2k_'_1_1+2k_'_1

1 1 1

k
214+ oot o g

2k+1_2k times

k 2k+1 _ 2k

k 2k -1)
2k+1

+
N N
+

[E=y

= RHS
« P(k) = P(k+1)

~ P(n) is true for n = 1 by induction O
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33

Let P(n) represent the proposition.

1

V3 +1 =

P(1) is true since LHS = %,RHS = %

2k-1

If P(k) is true for some arbitrary k > 1 then % X % X g X.. X——<

2k

RTP P(k+ 1) Ix3x3x, x2d 2l 1
24" 6 2k 2k+2 — V3k+4

I_HS_1X3X5X XZk—1X2k+1
274767 2k 2k + 2

< 1 ><2k+1
“\J3k+1 2k+2

1 8 JQCk+ 1)k + 1)
T VBk+1 2k +2)(2k +2)

JQCk+ 1)k + 1)
~ JBk +1)(2k +2)(2k + 2)

1

V3k+1

Bk + 1)(2k + 2)?

JCk+1DRk+1)
T V12kZ + 28k% + 20k + 4

JQCk+ 1)k + 1)

"~ V12kZ +28k2 + 19k + 4 Bk +1)(2k + 1)?
= Bk +4)(4k? + 4k + 1)
JQk+ 1Dk +1) = 12k? + 28k% + 19k + 4

- JBk+ 42k + 1)k + 1)

1
<
NeTEY
= RHS
# P(k) = P(k + 1)

~ P(n) is true for n = 1 by induction O
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34 l
flx) =e*—x f(O)=e"-0=1>0

f'x)y=e*-1 f'(x) >0 forx > 0sincee* > 1
~ f(x) >0forx =0, since f(0) >0and f'(x) >0
nef—x>0

e* >x

ii
Let P(n) represent the proposition.
P(1) is true since e* > x from (i)
k
If P(k) is true for some arbitrary k > 1 then e* > =

k+1
x X
RTP P(k + 1) ¥ >
k

e* > % from P (k)

e*—1>

(k+1)! 0
xk+1

*k+ 1)
Xk+1

SCEEY]

#P(k) = P(k + 1)

e* >

+1

ex

= P(n) is true for n = 1 by induction O

35 Let P(n) represent the proposition.
124142

P(1) is true since 1 line divides the plane into 2 regions and
k2 +k+2
2

2 2
RTP P(k+ 1) k + 1 lines divide the plane into (k+1) +2(k+1)+2 =k +zk+4 regions

By observation, when the k" line is added it passes through k of the regions, so adding k regions.
The number of regions with k + 1 lines is

k?+k+2
T+ k+1 fromP(k)

kP +k+2+2k+2

N 2

_k?+3k+4

N 2

= RHS

~P(k)=>Pk+1)

~ P(n) is true for n > 1 by induction O

If P(k) is true for some arbitrary k > 1 then k lines divide the plane into

regions
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36

37
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Let P(n) represent the proposition.

P(1) is true since LHS = sin? x,RHS = %(1 —cos2x) = %(1 — (1 - 2sin? x)) = sin? x

If P(k) is true for some arbitrary k > 1 then sin? kx = %(1 — cos 2kx)
RTP P(k+1) sin?(k + Dx = %(1 —cos2(k + 1x)
LHS = sin?(kx + x)

=1 —cos?(kx + x)

= 1 — (cos kx cos x — sin kx sin x)?

=1 — cos? kx cos? x + 2 cos kx cos x sin kx sin x — sin? kx sin® x

=1 — (1 —sin? kx) cos? x + 2 sin kx cos kx sinx cos x — sin? kx sin?

X

2

1
1 — cos? x + sin? kx cos? x + Esin 2kx sin 2x — sin? kx sin? x

1

= sin? x + sin? kx (cos? x — sin? x) + Esin 2x sin 2kx
1 1

=sin?x + > (1 — cos 2kx) cos 2x + > sin2xsin2kx  from P (k)
1 1 1

=sin®x + Ecos 2x — Ecos 2kx cos 2x + Esin 2x sin 2kx

o, 1 - 1 1 ,
= sin” x +§(1 — 2sin? x) — 5 cos 2kx cos2x +§sm2xsm2kx
1
=3 (1 — cos 2kx cos 2x + sin 2kx sin 2x)

1
= 5(1 — cos(2kx + 2x))

1
= 5(1 —cos2(k + 1x)
= RHS
~Pk)=>Pk+1)
= P(n) is true for n = 1 by induction O

Let P(n) represent the proposition.

P(1)istruesince LHS = (x+a)! =x+a,RHS=x'+al =x+a

If P(k) is true for some arbitrary k > 1 then (x + a)* = ¥¥_o(¥)x*Ta"
RTP P(k+1) (x + @)+l = yki () xk-r+1gr

LHS = (x + a)*(x + a)

Il
/N
)X X
N——
s
=
|
<
Q
=
S
X
+
Q
N——

k
Z (k> k-r+1 a” Z ( ) -r r+1
r T
=0
:xk+1+<< ) +<< ) ) k=12 +<< k >+<k>)xk—r+1ar+...+ak+l
r—1 T
= (k * 1> k+l 4 (k - 1> a+ (k r 1) xkta?4+. + (k " 1> kg4 4+ <k 1
0 r k+1
k+1
— Z (k + 1) xk—r+1ar
T
r=0
= RHS

“Pk)=>Pk+1)
~ P(n) is true for n > 1 by induction O



38 Let P(n) represent the proposition.
P(2) is true since () = 2 which is even
If P(k) is true for some arbitrary even k >r > 1 (¥) = 2m for integral m
RTP P(k +2) (**?) = 2p for integral p
o (k+2)!
LHS Trltk—1r+2)!
_ k! (k+ 1Dk +2)
Trlk=r)! T (k—r+1D)(k—1+2)
(K o (k+ 1Dk +2)
\r k—r+1(k—1r+2)
—om x (k+Dk+2) g 'y
T =T+ Dk -1 +2) rom P(k)
2s
=2mx 2% for integral s, t since the product of consecutive numbers is even
= 2p for integral p since m, s, t are integral and (:) is integral
= RHS
~P(k)=>P(k+2)
=~ P(n) is true for n = 2 by induction O
39 <2k + 1)2 : y ) ,
. . 2k + 2 2k +1)(2k+3) 4k“+8k+3 )
= = >
i Consider K F1 2k + 20 4k2+8k+4<1 sincek >0
2k + 3
(Zk + 1)2
\2k+2
To2k+1
2k +3
(FRH1Y _2k+1
“\2k+2 2k + 3
) 2k+1 < V2k +1
" 2k+2 2k +3
ii Let P(n) be the given proposition.
0
P(0) is true since LHS = () = 1; RHS = \/% =1 = P(0) is true
. . 2k 4k
If P(k) is true for some arbitrary k > 0 (57) < =—
RTP P(k+1) (Zk + 2) < 4
k+1)7\2k+3
2k + 2)!
LHS = ———+—7——
(k+ D' (k+ D!
_ @k+2)2k+1)  (2K)!
h (k + 1)2 k!k!
_ RE+2)2k+1) o 2k
h (k+1)2 k
QRk+2)2k+1) 4k
< X from P(k
(k +1)? V2k +1 ()
2k +1) 2><2k+1>< 4k
= k+1 2k+2  \2k+1
2k+1 4l+1
< X
2k+2 2k +1
V2k+1 4k+1 .
< X from (i)
V2k+3 V2k+1
4k+1
<
V2k +3
= RHS
~Pk)=>Pk+1)
=~ P(n) is true for n = 0 by induction O
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40 Let P(n) represent the proposition

Case 1-ifnis odd

2
P(1) is true since 1 = rat g
If P(k) is true for some arbitrary odd k > 1

k2(k+1
12+2><22+32+2x42+52+2x62+...+k2=¥ since k is odd

RTP P(k+1)
k+ 1)k +2)?
12+2x22+32+2x42+52+2x62+...+k2+2><(k+1)2=¢ since k + 1 is even

2
k?(k+1
LHS=¥+2x(k+1)2

=k%1(k2+4k+4)

_(k+ D)k +2)?

2
= RHS

~P(k) =>P(k+1)if kis odd
=~ P(n) is true for odd n > 1 by induction

Case 2 -if nis even
P(2) is true since 1! + 2 x 22 = 9
If P(k) is true for some arbitrary even k > 2

22+1)? _

k(k +1)2
12+2><22+32+2><42+52+2x62+...+2k2=% since k is even

RTP P(k+1)
k+1?(k+2
12+2x22+32+2x42+52+2x62+...+2k2+(k+1)2:¢ since k + 1 is odd

2
2
LHS =@+ (k + 1)?
(k+1)2
2
= RHS
~P(k) = P(k+1)if kis even
~ P(n) is true for even n > 2 by induction

(k+2)

~ P(n) is true for n > 1 by induction O
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REVISION EXERCISE 4 - INTEGRATION

BASIC
1 Find f dx
x2 4+ 6x + 10

. 1
2 Find - -
fxz + 2x + de

e
3 Let 1n=f (ntyrde forn=123,...
1

i Show thatl,, =e —nl,,_; forn=1,2,3,...

ii Hence, or otherwise, find the exact value I5.

4 Find than‘lxdx

5 Find jsinx cos(cos x)dx

6 Which of the following is an expression for f ;dx ?
V7 — 6x — x?

-3 x+3 x—3 x+3
A sin_1<x2 >+c B sin‘l( 5 >+c Cc sin‘1<T>+c D sin‘l( 2 >+c

1 X
7 Using the substitution u = e* + 1 or otherwise, evaluate f e—dx
o (1+e¥)?

8 Findf L

xInx
_ Lcos™1x
9 What is the value of f dx?
0o V1 —x2
A T B ™ c ™ p ™
4 4 8 8

T

3
10 Evaluatej sec3 x tan x dx
0
1

1
11 If n is a non-negative integer, then for what values of n isf xtdx = f (1—x)"dx?
0

0
A no solution B non zeron,only  C n even, only D all values of n

12 f dx _
x—Dx+2)

1
13 Evaluate f xe_xz dx
0

10 a bx +c

14 i Find real numbers a, b and ¢ such that - +
(x+1D(x2+4) x+1 x2+4

ii Hence findJ 10 dx
(x+1D(x%2+4)
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15

16 Findf—x
V6 —x — x2

17  Find fxz log.(3x) dx

18  Find j cosé |
sm46

19 Findf—
V2 —4x — 2x2

T
20 The value Off 5sinx cos* x dx is:
0

A0 B2 C -2 D 20
21 Find fxcosxdx

Fi dfx+1d
22 In x_2 X

23 Which of the following is an expression for

X
—dx
f\/16—x2

1 1
A _2/16-x24¢ B —J16—x2+¢ CE 16 —x2+¢ D_E 16 —x2 +¢

T

24 Usingt = tamf evaluate ji dx
gt=tany. o 1+sinx
25 Use the substitution u = e*, or otherwise, find J eTdx
3 3 '—1 — eZX
26 Find J‘4x — 2x? +1dx
2x—1
27 Find f X
V3 — 4x — 4x2
i3
28  Evaluate f ? cos® x sin® x dx
T
1
29 Evaluate f tan~! x dx
0
Find f dx
30 n x2 —6x+13
1 a b

31 i Find the real numbers a and b such that

. 1 dx
ii Hence evaluate f _—
% x(2x+ 1)

x2x+ D) x 2x+1

X
32 Which of the following is an expression for f xe2dx?

Alei-live 8!
er 46 c Exe

NIR

£ X X X X
——e2+c¢ C 2xe2—2e2+c¢ D 2xe2—4e2+c¢

e

N| -
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T

33 Evaluate f4 cos 0sin® 6 do
0
V3,3
34 Use the substitution u = 1 + x? to evaluate J —dx

3
0 (1+x2)2
: 103
35 Find fx X <x2 + x2> dx
logs 2
36 Evaluate f 3x10832
0

MEDIUM

s

37 Evaluatef6

———— using the substitution t = tan 8.
o 9—8cos?6

38 Which expression is equal t0f3\/§1nx dx

2 2
A Zx\/§<lnx—§>+c B 2x\/§<lnx+§>+c
1 /3 1 /3
C ﬁ<§1nx—1>+c D \/—E<Elnx+1>+c
. e2x
39 Flndf dx
e* +

8 — 2x a bx +c¢

40 i Find real numbers a, b and ¢ such that - +
1+x)(@+x2) 14+x 4+x?

8 —2x

ii Hence evaluate in simplest form dx
o 1+x)(4+x3?)

1
41 The algebraic fraction L where h is a non-zero real number can be written in

5(x +h)?2 "’
partial fraction form, where A and B are real numbers, as
A A + B B A + B c A + B D A N B
XxX+h x+h 5x+h (x+h)? x+h (x+h)? 5(x+h) x+h
1
42 The value of —dx is
e
1 -1
A - B 1 C In(1+e) D 2In(1+e)
. V1 —x2
43 Find f dx
v1—x

1
44 Consider the integral In:f Vx(1=x)"dx, n=0,1,273,...
0
2n
i Showthat I, = | —— =
i Show that I, <2n+3>1"‘1’ n=1273

1
ii Hence evaluate I; = f Vx(1—x)3dx
0

2
45 The value off |[x — 1| dx is
0

A-1 B1 C2 D3
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16 _ax+b c

i Find a, b and ¢ such that =
46 (x%2+4)2—-x) x2+4+2—x

- 16
ii Find f(x2+4)(2—x) dx

1
47 Evaluatef sin~!x dx -
0

48 Evaluate

1 X
fo GrDexr D™

49 Evaluate f4 x sec? x dx
0

AZ L2 B Z+lma cZi2mvz2 D’
4 2" 472" g e 3
50 Find f(tan3 2x + tan 2x) dx
1 1 ,
A Ztan42x+isec22x+c B tan’2x+c
1 1
Cc Ztan22x+c D Etan22x+c
3x% +x a 2x+b

51 i Find the numbers a and b such that

- 3x% +x
ii Find f dx
(x+1D)(x%2+1)
Vs
52 Use the substitution ¢ = tang to evaluatef3 ;_dg
2 o 1—sinf

53 Findf /S‘de
54+ x

= +
(x+Dx2+1) x+1 x2+1

54 i Find the real numbers 4, B and C such that 10 = A + Bx+C
B+x)1+x?) 34+x 1+x?
. o . 10
ii Hence use the substitution t = tan 6 to find f S— [
3+ tanf
1 n
55 Consider the integral [, = f dx, forn = 0.
o V1+x
i Show that I, = 2v/2 — 2
2V2 —2nl,_4

1
ii Given that I, + I,_; = J x"1V1 + x dx, show that I, =
0 2n+1

iii Hence evaluate I, in exact form.

2 dx
Evaluate _
56 fl x(1+ x2)
57 Find J X dx
v1—x

58 Find je‘zx cos x dx
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59

60

61

62

63

64

65

66

67

68

Consider the following two statements:

. fl dx <J‘1 dx o1
")y 14 o 1+xntl (n )

Vs Vs
2 2

II: f \/sinxdx=f \/cos x dx
0 0

Which of these statements is correct?

A Neither statement B Statement | only
C Statement Il only D Both statements

1

Evaluate f cos txdx
0

1 n

dx

Consider the integral I :f
g " 0 \/1 — X

4
i Show that I, = 3

1
i Show that I,,_; — I, = f x" 11— xdx
0

2n

iii Use integration by parts on the result of part (ii) to show that I, = 2—_|_11n_1
n

X
Use the substitution t = tanf to simplifyfsecx dx

A In|(t+ (- 1] +c B |1 4,
Chnf(l+t)(1—-0t)|+¢ Dlnz+1+c

T

4
Evaluate f x tan® x dx
0

_ cos(vx)
Find | —~2d
j N
1 2
A si + B i C ——+ D ——+
sin(vx) + ¢ 2sin(vx) + ¢ Sin(v%) c Sin(v7) c
i Find real numbers A and B such that: -+ X _2 _ 4 B 1
i Find real numbers 4 an such that: DD x+l x-1 112
ii Hence findj 3x7 + 3x — 2 d
x—Dx+1)2
vioq
Use the substitution x = 2 cos 8 to evaluatef - dx
1 x2V4 — x2
2 _
i Find constants 4, B and C such that x x+1 = B ¢

GrDz Aty ri Ty e

2 _
ii Hence find f ¥ox+l o
(x +1)2
V3
3 3
Show, using integration by parts, that f3 xsec? xdx = % —In2
0
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T
69 Letlnzf x"sinxdx,wheren=0,1,2,...
0

i Use integration by parts to show that I,, = n™ — n(n — 1)I,,_,for n = 2,3,4,...

T
ii Hence evaluateJ x%sinx dx
0

In2 ex In2 -x
70 If1= f s ———dxandj = f —dx , then the exact value of I — ] is:
o €

A in(2 B c D in(2
nz In2 In5 HZ

71 Find f dx
(xn+ D(x?+4)

2 n
72 ilfl, = f sin™ x dx show that I,, = Tln_z
0

T

. 2
ii Hence evaluate J- sin® x dx
0

73 Findfsin3xdx

1 1

A Zsin“‘x B —cosx+§cos3x
+c 1 +c

C —cosx——cos3x D cosx—gcos3x+c
+c

2x°4+x+9 _Ax+B C

74 i Find values of 4, B and C so that = +
x?2+4)(x+1) x2+4 x+1

2x2+x+9
x2+4)(x+1)

2
ii Hence findf C dx giving your answer in exact form.
0
2 5 2 3
75 ShOWthatfx\/x —1dx =§(x - 1)2 +§(x— DZ+c¢

dx using the substitution x = v/2 sin 6.

76 Findf X
V2 —x2
cos3 x + sin®x

77  Which of the following is an expression forj —dx?
cosx + sinx

You are given that a® + b3 = (a + b)(a® — ab + b?).

1 1 1 1
A x+—c052x+c B x—Zc052x+c C x+Esin2x+c D x—zsin2x+c

dx

78 Fin dJsm2x+smx

cos?

79 Find fex sinx dx by the method of integration of parts.

. ) sin2x sinb6x
80 Provefsm 2x sin4dx dx = 12 +c
sin (x + %) + sin (x — %)
81 PFOVG f dx = —lnlcos xl +c

cos (x —%) + cos (x +%)
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82

83

84

85

86

87

88

89

90

91

CHALLENGING

X
f dx =
x+5
2
A2Vx+5+c B 3 (x+5)3+c
2
c 5{\/(x+5)3—10\/x+5}+c D %(x—lo)w/x+5+c

A

2z dx x dx

7
= 1n 2, evaluate f

By using the fact thatf .
o 1+cosx+sinx

o 1+ cosx+sinx

Prove dx 1 (2 N x2—4+
ovz—a 16°%° \x) " Teaz T€
Using the substitution u = 7 — x,
i Show that Jn—x SINY = Jn—(n_x) sin x
o 1+cos?x o 1+cos?x
. T xsinx 2
ii Hence deduce that f T dx =—
o 1+cos?x 4
Y3
2 cos X .
The value off —— dx is equal to:
o SInx + cosx
A0 B o D=
s > Z

Vs s
1 2 2
i Use the substitution u = = — x, to show J4ln(1 +tanx) dx = f4 In{——)dx
4 0 0 1+tanx

Y
ii Hence find the exact value of j4ln(1 + tanx) dx
0
e¥ — e~ %
Find | ——=d
f(ex + e—x)Z X
n
Let I, = J6sin2"95ec9 do, forn > 1.
0

. 1

i Show that I, ~In-1 = ~ sarmr e —75

. 1 n 1

ii Hence, show that I, = ElnB - kglm
. -

4
Given that I,, = L cot"xdx,forn=1,2,...

i Show that I, = ZIn2

=n 1 l(n—l)
||Showthatln_2+1n=m 32 —1),forn=2,3,4,...
iii Find I
Vs
o 0 J‘i do _ 1t 1 (1
Use the substitution t = tani to show that . sinf—2c0s0+6 =3 an 3
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92 Show that ledx = Eln 2, using the substitution x = 1w
o 14+x? g8 1+u
_ 1 5 — 5x2 1 27
93 IShowthatJ; (1+2x)(1+x2)dx=§<n+lnﬁ)

T
cos 2x

ii Hence evaluate f4 dx using the substitution t = tan x.

o 1+ 2sin2x + cos2x

T

7 n
94  ilfl, = f x"cos x dx, show that forn > 1, I, = (g) —n(n—1DI,_,
0

ii Hence find the area of the finite region bounded by the curve y = x* cos x and the
x-axis for 0 < x < %

1 4 2n I
2n(1—2n) 2n-—1"*1

_ L dx
95 Given I, = fo m forn > 1 showthat I, =

1
96 Letr, = f x™/1—x3dx,forn>2
0

. 2n
i Show that [, = I,_; forn>5.

2n+5
ii Hence find Ig
. 1 . 1 .
97 Given that tanx + cotx = —— then a primitive of ———— is:
sinx cos x sinx cosx
A In |sinx B In|sinx cosx C Inftanx D In|cotx
cos? x

98  iShowthat (14¢2)" " 4 2(1462)" = (1+¢2)"

X
i I, =f (1+¢2)"dtforn =1,2,3,...
0

1
Use integration by parts, and part (i) above to show I, = ] (1+x2)"x +

n I
2n+1 "t
1 1
99 Forn=0,1,2,3,...,let I,, = f (1+1log,x)"dx and Jn = j (loge x)(1 + log, x)™ dx
e~ 1 et
i Showthatl, =1—-nl,_;forn=1,2,3,...

ii Showthat], =1—-(n+2)I,forn=0,1,2,3,...

iii Hence find the value of /5 in simplest exact form.

n—1

100 Using the recurrence relation U, = ftann xdx = ta;flx —U,—», then ftan6x dx =7
tan*x tan®x tan®x tan3x
yR— +x+c B =3 +tanx + ¢
C tan6x_tan4x+tan2x+x+c D tan5x_tan3x+tanx_x+c
6 4 2 5 3
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REVISION EXERCISE 4 - SOLUTIONS

1 f dx 2 f 1 d
x?+ 6x+ 10 tzxt+2
dx f 1
= = | —————dx
f(x+3)2+12 (x+1)2+12
=tan"'(x+3)+c =tan"!(x+1)+c
. dv dv
3 i . u=(nt)" a ! 4 fxtan‘lxdx u=tan"'x ax
1n=f (In)*de du n(ng)*? du 1 x?
: @- 1  vet & T 77
x2tan"tx 1f x? d * x
e = ) X
2 2) 1+ x2
_ -1
= [t(lnt)" 1—nf(1nt)" dt x2tan~1x 1J~1+x2_1
= - = X
2 2 1+ x?
— 5 n-1
- nf(lnt) at _ x%tan"'x 1fd +1f 1 p
=e—nl,_, - 2 2] 72) T2
x*tan"'x x 1,
iily=e—3I = —E+Etan x+c
=e—3(e—2I)
=-2e+6(e—1)
e
=4e—6f dt
1
e
=4e—6[t]
1
=4e—6(e—1)
=—-2e+6
5 6 _
fsinxcos(cosx)dx f\/7—6x—x2 ax
1
= ——dx
= —f—sinxcos(cosx)dx 16 — (3 + x)?
__f(x+3
= —sin(cosx) + ¢ =sin 7 )¢
ANSWER (D)
7 1 ex u:exj—l 8 1
f dx du = e* dx f—
o (1+e%)? ; _du xInx
etleox gy e 1/
=f —X— =f—dx
, u* e Inx
e+1
=f u=2du =In|lnx|+c
2
1 e+1
;]
1 e+1
ul,
_ 1 1
e+1 2
_1 1
T2 e+1
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9 LTcos™1x

—dx
0 \/11—362

= _f (— ! ) x (cos™rx)tdx
0 V1 —x?

1 ) 1
=-3 [(cos 1 x)z]

~—1o-6)

2

0

T
8

ANSWER (C)

1 The identity is true for all values of n since
a a
f fla=—x)dx = f f(x)dx
0 0
ANSWER (D)

13 1 )
f xe ™" dx
0

1 1
= _Ef (—2x)e™** dx

15

=ln|t|—_—2+c

1
=ln|t|+ﬁ+c

16

19 dx
fm
:J' dx
V2(l-2x—x7)
1 x
‘ﬁfm

1 . _1<x+1>+
=—sin"!{—]+c¢
V2 V2

1000 Extension 2 Revision Questions © Steve Howard

10

12

14

17

18

20

86

n
3 an3
sec® xtanx dx
0

T

3
= f secx tan x (secx ) dx
0

f(x—l)(x+2)

_1f 1 1,
T3 \x—1 x+2)*

1
:§(ln|x—1|—ln|x+2|)+c
SR ks I
3nx+2 ¢
R R
S E

equating coefficients of x2:

a+b=0 = b=-2
equating coefficients of x:

b+c=0 = c=2

f 2 -2+2)
" x+1 x2t4 )Y

_f 2 w2\,
B x+1 x2+4 x21+4)Y

x
= 2In|x + 1| — In|x? + 4| +tan’15+ c

fxz log.(3x) dx

x3l 3 1 2 du 3 1 x3
=— —-= —=—== V==
5 108 3x 3fx x 3

x3 3

x
=?loge3x—?+c

f cos 6 40

sin* 6

= fcos 0(sin8)~*do
in )3

UL

-3
1

————tc
3sin3 0

m
f 5sinx cos* x dx
0

=-5 fn(— sin x)(cos x)* dx
0

_ s [cos5 x]n
5 1,

=1(-1-1)
=2
ANSWER (B)
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21
fx cosx dx

=xsinx—fsinxdx dx

=xsinx +cosx +c

23 fix dx
V16 — x2
1 1
:—Ef(—Zx)(16—x2) 2dx
1 .
:—Ex2(16—x )Y +c

16 —x%2+c¢
ANSWER (B)

25 e*dx
N

X
du = e*dx
L R
lvi—2 e

1
= | ——uau
f\/l—u2
=sin"'u+c
=sin"te* +¢

27 f dx
V3 — 4x — 4x?
dx

J-(4xZ+4x+1-4)
dx

f 2dx
22 — (2x + 1)

_ 1. 2x+1 +
—Zsm > c

29

u=tan tx

du_ 1
* T 14«2

1
f tan~! x dx
o

V=X

1 1
= |xtan™? - ——d dx
[x an xL J;1+x2 x
1

l[ln|1 +x2|]

0

5 =
I =
N
O
i

NIHN|

-M:l-hl:l -x>|=|
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22

24

26

28

30

fx+1d
x—2 x

_fx—2+3d
- x—2 x

()

=x+3In|x -2|+c¢

f dx
o 1+sinx
_fl 1 2dt
- 2t 1+t2
0
1+1+t2

! 1
=2 ————dt
fo 14+t242t
1

=2f (t+1)72%dt

[,
:2(5‘1>

f4x3—2x2+1
—_—ax

2x—1

_foz(Zx—1)+1d
= 2x—1 x

=f 2x% + ! dx
2x—1

“Zel [2x — 1] +
—3x 2l’l)C Cc

4 5

cos™ x sin
which is odd.

t = tan
—z’:lI’l2
e 2t
Tire

x is the product of an even and an odd function

f_aa f(x) dx = 0 for odd functions
T

2 4, 5
- | jcos*xsin xdx=0

IN]

f dx
x2—6x+13
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34

37

i =1
YT+ 1
p=t o
-—=-

2
a=1b=-2

1

1

= [lnlxl —In|2x + ll]

= (0—ln3)—<ln%—ln2>

=—In3+In2+1n2
N u=1+x?
f —dx du = 2x dx
0 2)3 du
(1+x2)? dx = —
4x3  du Gl
[
12 <X
1 3
=—f (u—1Du2du
21
1% 1 3
=§f1 (u 2—u'2|du
i1
==|2uz+2u 2
2
1
1
ZE((4+1)_(2+2))
_1
)
T
f% de
o 9—8cos?0
1
:fﬁ 1 x dt t=tan6
0 9_L2 L E—sec29
sec? 6 0"
s =1+t
_J'\/E 1 « dt &0 dt
o 9g__8 1+4¢t? T 142
1+t2
= 1
V3
= ———dt
J; 9+9t2-8
= 1
N
_J; Troad
1(5 3
== ———dt
3]0 1+ (3t)2
1
1 3
=§[tan_13t]
0
-3G-9)
T 3\3
m
9
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32

33

35

36

38

X
xez dx

X x
=2x62—2_erdx du

x x
= 2xe2 —4ez +c¢

ANSWER (D)

L E]

fcos@sin39d9
0 iy
_[sin49]4
41,
1 4
_ 1

16

103
f xx <x7 + x7> dx

= J-(x2 +x%) dx

x3+x4+
==+=—+c
3 4

1
V2

logs 2
3xlog3 2 dx

logsz 2
X
= f 31083 2% gx
0

logsz 2
= f 2% dx
0

1 :|log3 2
x

S

=an
_ 1

logz 2 _
an(2 8 1)

f 3vxInxdx dv
1 dx

3
:2x71nx—f2x7dx %

3 — == v=

3 2x2
= 2x21nx—T+c

2

3 2
= 2x2 lnx—§ +c

ANSWER (A)
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39 er
f o 1™ u=e*
u? du du = e*dx
= f x— du
u+1

u
=J.u+1du
u+1 1
=J.<u+1_u+1>du
1
=J.<1 +1>du

=u—-In(u+1)+c
=e*—Inle* + 1| +c¢

41 The 5 can be absorbed into the values of A and B, so is not
needed in either denominator as a factor. The easiest way to
get the required denominator of (x + h)? is to have a
constant over (x + h)? and another constant over x + h.
ANSWER (C)

43
1—x2

Nierh
J‘\/(1+x)(1—x

=f\/1+xdx

1
:f(x+1)7dx

2 3
=§(x+1)2+c

2./ (x+1)3
:%“

2
flx—lldx
45 0
1 2
:J-(l—x)dx+f(x—1)dx
0 1

—1x1x1+1x1x1
T2 2

=1
ANSWER (B)

area of a triangle

1000 Extension 2 Revision Questions © Steve Howard

40 ,,_8-20D
4+ (—1)2
equating coefficients of x?: a + b = 0
equating constants: 4a+c=8 =
~a=2,b=-2,c=0

> b=-2
c=0

4 8 —2x
o (L+x)(4+x?)

_f4 2 2x d
L \U+x aex2 *

4
= [2 In(1+4x)—In(4+ xz)]

=(2In5-1n20) - (2In1
=In25—-In20+1n4
25x4

20

dx

0
—1n4)

=1In

=1In5

42 fi 1 e"d
-
1l1+e™* e* *

1 eX

= f_lex—-l—ldx
1

= [ln(ex + 1)]

=In(e+1)

=In(e+1)— ln(

—In (i)

a+ e)/e
=Ine

=1
ANSWER (B)

1+1)

1+e
e

-1
—In(e™

u=(1-x)" —=

du
= —n(1—x)"1

=

44

1
i In=f Vx(1—x)"dx
0

<

Il
wiN

=

2[ 3 Yoontos
=—|x2(1—-x)" — (1 — x)1
3[x (1-x) ]0+ 3];))((1 x)"dx
2 1
=0+?nf\/9_c-x(1—x)”_1dx
0
2 1
=—?nf Vx(l—x— 1)1 —x)"tdx
0
2 1 2 1
=—?nf \/J_c(l—x)”dx+?nf Vx(1—x)"tdx
0 0

8 2(D) :
“21\2()+3)°
16 (1
:ﬁf \/de
1
16 x2

~ 105 3/

315
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46 . _ 16 _
e=gryg =t
equating coefficients of x>: —a+c=0 = a
equating constants: 2b+4c=16 = b=4

a=2b=4c=2

. 16
i f(x2+4)(2—x)dx
2x+ 4 2
=J.<x2+4+2—x>dx
2x 4 2
:f(x2+4+x2+4+2—x>dx
X

=In|x? + 4| + 2tan™! (E) —2In|]2—x|+¢

48 ! x
[—S—
o (x+1D(2x+1)
1

_f 1 L,
)y 1T+ 1)

1 1
= [lnlx +1| - Elanx + 1|]
0

=|In2 113 In1 111
=(In 2n n 2n
2

=ln—

V3

50 f(tan3 2x + tan 2x) dx
= J.tan 2x (tan? 2x + 1) dx

1
= EIZ sec? 2x (tan 2x)! dx
_tan®2x
T o2x2
= A—}tam2 2x+c
ANSWER (C)

1000 Extension 2 Revision Questions © Steve Howard
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47

49

51

1
fsin_lxdx — dv
0 u=sin"tx =1
dx
du 1
—=— v=x
1 1, dx  \1—x2
= xsin_lx] —f dx
[ o Jo V1—x?
i 1t 1
=——0+—f (—2x)(1—=x?) Zdx
2 ),
m 1 17
= — 4 — — x2)2
2+2x2k1 x)]
0
.
T2
i d
4
fxseczxdx u=x & sec?x
0 dx
T T du
4 7z —=1 v =tanx
=[xtanx] —f tanx dx dx
0

0

s
T %
= —0+[ln|cosx|]
4 0

+1In

4

T 1

ok

%+ln1—ln\/7
T 1

= Z—Ean

ANSWER (A)

(=124 (-1)

To(-D2+1
equating constants: a + b = 0
a=1b=-1

= b=-1

. 3x% +x d
" a+rnaz+

_J‘ 1 +2x—1 d
- x+1 x2+1)*

_J‘ 1 + 2x 1 d
- x+1 x2+1 x2+1)

=Inlx+ 1| +In[x?+ 1| —tan"1x + ¢
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0
52 T t=tan- 53
fide 2d2t f STX,
1—sin@ _ X
0 dt =
1122 54+x
1
N 1 2dt
=J-\/§—>< 5—x 5—x
0o 12t 14t =f X dx
1+ ¢2 5+x 5—x
1
= 5—x
_, (V3 1 = | ————dx
_Zfo vz V25 — x2
1 5 1 1
51 =J.—dx+—f(—2x) 25 —x?) 2dx
=2f‘/§(t_1)zdt V25 —«? 2 ( )
' —5sin~1 (2 +1X2(25—x2)%+c
1 h 5/ 2
_ 2[ 1 V3 x
=-2|— o1 (X —
t 10 5sin (5)+ 25—x%+c¢
=2 i_1+1
V3
V3 1-43
= =2 +
1-v3 1-43
( 1 ) 1++3
=-2 x
1-v3) 1++3
_ 2(1+V3)
- 1-3
=v3+1
54 10 55 11
A= =1 il =f ——dx
1.+(—3)2_‘ o) Vitx
equating coefficientsof x> A+B=0 = B= 1 1
-1 =f (1+x)2dx
0

equating constants: A+ 3C =10 = (=3 1

1
A=1B=-1,C=3 la+wz
10 t=tan6 - 1/2
iifide dt 0
3+ tang do = —— =2(v2-1)
10 de 1+t
T3 Ty =2V2-2 u=x" E: !
+t10+t dx 1+ x
R — Lo PR
Grod+o) iun=f—dx =(1+x
v du 1
_ 1 t—3 d o VI+x —=mx"1  v=2(1+x)2
=G 1) dx

(e
T)\B3+t 142 14¢2 1

1
1 =2|x"(1+x)2
:ln|3+t|—Eln|1+t2|+3tan‘1t+c [ ( ) ]

1 1
- 2nf X1+ x)2dx
0 0

1
=2\/§—0—2nf VW1 + xdx
0

=2v2 - 2n(l, + I,_,) given
o @2n4+ DI, = 2V2 - 2nl,_,
2V2 - 2nl,_,
" 2n+1

1
=1n|3 + tan 4| —Eln|1 +tan? 6| + 3tan"(tan8) + ¢

1
=In|tan@ + 3| —Eln|sec20| +30+¢c

232 - 2(D)I,
2() +1
_2v2-2(2v2-2)

3
_4-22

jii [, =

3
_22-2)L
27 20 +1

_2vz-a(t7)

5
_6V2-16+8V2
- 15
_14/2-16
- 15
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56

58

59

61

2 dx 57 f\/lL—dx u2: 1—x
- —x
flx(1+x2) (1—u2) 2udu = —dx
) = f—)(_zu du) dx = —-2udu
1 X u
[ sl
1 \X 1+x zzf(uz—l)du
2u’
[ x| =< er Py
= |In|x| =zIn|1 +x 2./(1 = x)3
2 . _Ha-x? 2 ) -2V1-x+c
=(In2 1l 5 In1 11 2
=(In Zin n Zin
—31 2 1l 5
“2neTgn
2 U= cosx E=e 2x
I=|e **cosxdx dx
du_ ) I
e sinx v= 23
1 1
I:——e_z"cosx——fe_z"sinxdx . v
2 2 u=sinx —=e
1 —2x 1 1 —2x i 1 —2x du ax 1
=_Ee cosx—E —Ee smx+§fe cosx dx a:msx U:_Ee—u
———e‘z"cosx+‘—le_2"sinx—11+c
EI=—le‘z"cosx+le‘2"sinx+c
4 2 4
I_e_zx(sinx—Zcosx)
- 5
for0<x<1 x">x"? 60 S
1 ) fcos x dx _ 1 dv_
W<W -~ statement I is true 0 u=cos “x E—l
. . T du 1
sin x and cos x are symmetrical about v 1 1y T - v=x
n n = x| + d dx 1-x2
) foz sinxdx = fOZ cos x dx .- statement I is true [x cos x]o o V1 —x2 x
ANSWER (D 1t 1
® :0—0—§f (—2x)(1—x?) 2dx
] fl x d 21 1 0 171
14 = X u-=1-—x =_—_x2|(1-x? 2
of 57 <o
=f x (—2u du) dx = —2udu =—(0-1)
1 u =1
1
=2f (1-u?)du
o 62 ~ x
=2lu-% fsecxdx t=tany
3 0 5 di = 2dt
1 :J'1+t 2dt X=1
=2({1-3 1—t2\1+ t2
1
4 [
_§ 1—t2
—J. 1 + ! dt
il —1I, I AVE A
1 x =In|1+¢t|—Inj1—t¢t|+c
=| ——dx— | ——dx 1+t
0o VI—x o VI—x =Ilnf——/I|+c
1xn—1(1_x)d 1-t
=| ——dx
b Vi—=x ANSWER (B)
1
=f x" W1 —xdx
0
iiil,_, — I —f x™ 1 —xdx u=vi—x ?=x"‘1dx
x
du 1 1 n
nJ1 = — ——=—_—Z(1=-x)"2 -
[1x]+fm -4 vy
Loy — Iy = ann T 2Vi—x
2nly,_q —2nl, =1,
@2n+ DI, =2nl,_4
I, = n L
T on41 Mt
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63 i 2 u=x g—tanzx
f x tan® x dx dx
0 =sec?x—1
du
—=1 v=tanx —x
dx

2
= [x(tanx — x)] - J- (tanx — x) dx
o Jo

= (%(1 - %)) —0- [—lnlcosxl —’;L

2

:E(l—%)—<<1—ln%—;[—z>—(0—0)>

]

65 o 3 +3() -2
- 1+ 12 B
equating coefficients of x?2: A+B=3 = A=2
A=2,B=1

. J‘ 3x2+3x—2
ii dx

(x—D(x+1)2
2 1

1
=f(x+1+x—1+(x+1)2>dx

1
=2In|x+1|+In|x — 1| ———+¢
x+1

(x+1)2(x—1)‘——+c

=m x+1

cxP—x+1  1(x*+2x+1)=3(x+1)+3

67 i =
xZ+2x+1 3 x2+233c+1
= 1-—_ 4>
x+1+(x+1)2
A=1B=-3,C=3
__sz—x+1d
ii GTi? x
B T T T ¥
- x+1 (x+1)2 x
3
=x—-3lnlx+1|-——+¢
x+1
u=x" U—sinx
69 n - dx
iln:f x™sinx dx du dx
0 == nx™t v=—cosx

T T
=—[x"cosx] +nf x" cosxdx
0

0
T

=—(—n"-0)+ nf x" Lcosxdx
0

u=x"1 £V cosx
d dx
u
—=Mm-1x"2% v=sinx
dx
m
=1+ n[ xn1 sinx] -(n-1) fx"‘z sinx dx}
0

L=n"+n{0—(n—1I,_,
=n"—nn—-1I,_,

m

iif x*sinx dx
0

=1

m* — 43I,
nt —12(n? — 2(DIp)

=n*—-12n?% + 24f sinx dx
0 T

=n*—-12n%+ 24[—cosx]
0

E—— 2
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64

66

68

cos(v/x)
NE

1 1
Zf(zx 2 | cos+/x dx

2siny/x + ¢

dx

ANSWER (B)

(—2sin6 do)
cos20V4 —4cos26

X sin 6 d@

d

de
dx

x = 2cos@

= —2sinf
= —2sin6do

u=x
xsec? x dx

n 4

[ ]3 3 dx
xtanx —f tanx dx

0 0

3
/3

o1
3 T
V3

= —n2

b
/3 3
—— + |In|cos x|

0

I-j

J-lnzex_e—xd
— - ax
o e¥te™*
In2

[lnle" + e"‘l]

0

1
In 2+§>—1n(1+1)

l —
"\2

ANSWER (D)
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71 1 __a +bx+c 72
(x+1Dx%24+4) x+1 x2+4
1 1

= CDa TS

equating coefficients of x2: a+b=0 = b=—=

5
. 1
equating constants: 4a+c=1 = c¢c= 3

1,11
@=5P="5¢%5
f dx
(x+1D%2+4)

11 x-1
_gf(x+1_x2+4>dx

1 1 x 1
=§f<x+1_xz+4+x2+4>dx

= U 10— Sine? 4 4]+ —tan g
—Snx 1Onx 1Oan 2 c

73 fsin3xdx
= fsinz xsinx dx
= J.(l — cos?x) sinx dx

= J.sinxdx— fsinxcoszxdx

s3 x

= —cosx + +c

ANSWER (B)

74 . 212+ (-1 +9 75
iC= W =2
equating coefficientsof x>: A+C =2 = A=0
equating constants: B+4C =9 = B=1
A=0,B=1C=2

HJ'Z 2x?2+x+9 4
" erroa+n™

_J‘Z 1 N 2 p
o \x2+4  x+1 *
8

2

N =

x
tan_1§+ 2In|x + ll]
0

X

N~
N

+21n3>—(0+0)

T
—=+4+2In3

x =+2sin6 77
dx =2 cos6 db

76 f X i
V2 — x2
_ \2sin6
V2 —2sin%28
_ VZsin@
V2 xV1—sin?2 6
sin @
=\/§f—xcosed9
cos 8

=\/§fsin0d0

= —V2cosf +c¢
= —/2{/1—sin26 +¢

xz
=2 x 1—7+c

=—yJ2—-x%+c

x V2 cos 8 do

X V2cosBdb
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NI

v .
x — =sinx
dx

V= —C0sx

u = sin®!
du

— =(n—1)sin®?xcosx
dx

il, =f sin™ x dx
0

= s
2 2
= —|sin*txcosx| +(n—1) f sin™ 2 x cos? x dx
o 0

T
2

=0+ (n— 1)[ sin® 2 x (1 — sin? x) dx
0

m b
2 2

=n- 1)f sin® Z2xdx — (n — 1)_[ sin™ x dx
0 0

=M =D, — (=D,
nly=m—Dl,
n—1
I = n Iy

[E]

- 2 . 5
ii sin® x dx

— u?=x-1
fx x = 1dx 2udu = dx
=J-(u2+1)u><2udu

= Zf(u‘l +u?)du

_2u5+2u3+

5 T3 "¢

2 5 2 3
=§(x—1)2+§(x—1)2+c

cos® x +sin® x
cosx + sinx
. 2 . . o
(cosx + sinx) (cos cos x sin x + sin x) i
= x

cosx + sinx

= f(l — cosx sinx) dx

1
= f(l —Esin 2x> dx

=x+ 1 cos2x +c
ANSWER (A)
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78 f sin 2x + sinx
———dx

cos?x
2sinxcosx sinx
= — 5 dx
cos?x cos? x

= J.(Z tanx + sinx (cos x)~2) dx

1
= —2In|cosx| +——+¢
cosx

= —2In|cosx| +secx + ¢

80 fsin 2x sin4x dx

= %f [cos(Zx —4x)

1

= ff [cos(—Zx) — cos Gx] dx
1

= ff [cos 2x — coséx] dx

1 1 1
== —sm2x—gsm6x

2|2 ¢
_sm2x sin 6x
~ T2 1z ¢
2 _ 5
82 f x dx , (1; _x+
Jx+5 udu =dx
u?-5
:f X 2u du
u
:2f(u2—5)du
_2 outc
= 3 u
24/(x+5)
(f 10vx+5+¢
2(x+5)Vx+5
A R T,
2
=§\/x+5(x+5—15)+c
2
=§(x—10)\/x+5+c
ANSWER (D)
x = 2sech

84 f dx
x3Vx?2 -4

dx = 2secOtanf db

X 2secftan6 df

1
_f85ec39\/4sec29—4
_J‘ 2secfHtané

8sec392tand
—1-[ 29de
=g cos

= %fe(l +C0529)>d9

—19+1 20 +
6 32sm c
_1 1 +1X\/x2—4><2
16Sec 16 X X
2
x

+c

=
N
|

S

+

=—cos 1= +c

16 8x2
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79

81

83

85

dv
fexsinxdx u=sinx =X
dx
du
— =cosx v=e
X o J'x dx
=e*sinx — [ e*cosxdx
v
U =Cosx d—=ex
x
=e"sinx—{e"cosx+fe"sinxdx} du
— = —sinx v=e*
dx

Zfe"sinxdx =e*sinx —e*cosx

e*(sinx — cosx)

X ginx dx =
fe sSinx ax 2

dx

sin(x+%)+sin(x—%)
fcos(x—z)+cos(x+%)
3 Zsinxcos%
_J-Zcosxcos%

sinx
= dx
cosx

= —In|cosx| + ¢

dx

T
2 x dx

1+ cosx +sinx J; 1+ cosx +sinx
_ZJ‘ x dx _
")y 1+cosx+sinx

s
2"

x dx m

J;) 1+cosx+smx_11

. ) U=T—X
X sinx - _

if L du = —dx

o 1+ cos?x dx = —du

_ J‘O (m — u) sin(mr — u) (—dw

. 1+ cos?(m—u)
B ™ (r —u)(sinu)
_J; 1+ (—cosu)? v
:J'”(n—x)sinx

0

g 7 dx since u is adummy variable
cos?x

B J‘” x sinx d f” msinx x sinx d
ii -~ —_—dx = — u
o 1+ cos?x o \1+cos?2x 14 cos?x

2[” xsinx d j‘” sinx d
————dx=n| ————dx
o 1+cos?x o 1+4cos?x

v=
T sinx i
=nf0 1+coszxdx dx

dx

Cosx

= —sinx
dv
“sinx

J‘” xsinx d 2
——dx =—
o 1+cos?x 4
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86 n 87
2 cosx

S I
fo sinx + cosx

Nl

cos(%—x) i
0 sin(%—x)+cos(%—x) ¥

z :
p sinx

=] ———————dx
o Cosx +sinx

us

Z  cosx
2 ., . _ax
o Sinx +cosx

T .
sSinXx

T
2 cosx 2

= ——dx + ————_ax
o Sinx + cosx o Sinx + cosx

m

2sinx + cos x
= dx

0

sinx + cos x

fodx
[

2 cosx T
| e —dx =
o Sinx + cosx 4

ANSWER (D) 89

e

Sl

88 -
————dx
(e* +e7¥)2
= J.(e" —e ™) (e* +e ) 2dx
! +
=———+c
eX +eX
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n T
7 7
i = f In(1+tanx)dx = f
0
n

il,—
m

k]

In(1 + tanx) dx u 4
0 dx

fo In (1 + tan (% - u)) (—duw)

z
1 + tan tanu

T

J‘Z

0
1—tanu

f In{l14+——|du

o 1+ tanu

[+
<
J‘ ln<1 +tanu+1 —tanu) du
(i
(=

tan— —tanu
du

k]

k]

o
B

1+tanu
J. In
0

T
4

1+ tan u)

1 bl
J; " TTan x) swapping variables

<ln2 —In(1 + tan x)) dx

0
T

2f4ln(1 +tanx) dx = f4ln 2dx
0 0

T n
2 1 4
J.ln(1+tanx)dx:—ln2 x]
0 2 0
_1] ) b8
—-E nzx Z
mln2
T8

In—y

6
= J. (sin?" 0 sec 6 — sin2™ D sec ) db
0

T
6

f sin?""2 @secf (sin’> @ — 1) d@
0

o]

sin?™~2 @ sec (—cos?9) df
0 T
6

cos 6sin>*~26 df

S—

0

T

sin?"~197¢

l2n-1 ]
1 2n-1

2)

2n—1
1

-0

T T i(zn— 1)

(L

I

n

Z(l’f ~hen) = Z 22k- 1(2k— 1)

k=
- 10) + -+ (13 D)+ +(, — In 1)

1
E 2k—1 _
k=12 (2k—-1)
n
I Z ; -
0 2k-1
k:12 k-1)
n
I 1
Y E 2k—1
k:12 2k -1)

s

—fg 6do Zn: !
=), sec 2 P E=TeTy)

n n

6 1
= lnlsec9+tan6|] —ZT
[ . kzlzn k-1
vt -3 e
- 2k—1 _
k=12 k-1)

n
1
N -
N E 22612 — 1)
kﬁl

1 1
=-In3- z S S—
2 pe] 22k=1(2k — 1Howard and Howard Education
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90 i 91 .
il; = | cotxdx z do P
; [ e _
6 T o 4sinf —2cosf + 6 t—tanz
! 2dt
= |In|sin x| 1 1 2dt | d0= 5
x =f . x 1+t
H 0 2t )_ (1—t) 1+ t2
I —Ins 4(1+t2 2\T7e2) *
V2 \/g ) .
=Inl-Inv2—-In1+1n2 —
’ 1 ’ R Zfo Bi—2t2 16462
=0—-=In2-0+1In2
1 2 1 1
=2| ——F——dt
=-In2 fo 8t2+8t+4
2
. B 1 1 it
Hhpth _fo 42+ 4t +2
T
=J;T(cot"_2x+cot"x) dx 1t 9
r A (2t+1)2+12dt
T
=J;T cot™ 2x(1 + cot?x) dx L 1
6 == [tan‘l(Zt + 1)]
I 2
Z 0

1
= E(tan‘1 3—tan"11)

tn 1 4 1
=- [ﬁ]z = Etan_l(tan(tan_1 3—tan"'1))
6
___1 (1_(\@)"—1> =ltan‘1 tan(tan~! 3) — tan(tan~1 1)
n—-1 2 1 + tan(tan~! 3)tan(tan~1 1)
(V3 -1
= 1 ( 3—-1 )
n—1
__1 3%(,1_1)_1 —2" 1+ 3@
n—1 41
BRI
1
— >(5-1)
I.=—(32 -1)-1
iii I5 5_1(3 ) 3
1 1
_ >(3-1)
=2—|—(32 —-1|-1
(a(r 1))
—1+1l 2
= En
1 1-u 2
92 In(1 + x) x = 93 . 5—5x a bx +c¢
sz 1ra2 & 1hu "0 120 1+2x 1142
o 1tz dr _(A+w)(=1) -1 -w1) "
du (1+u)? 5—5(—7)
=-2(1+u)? a=———5=3
2du 1+ _1
A ;
u equating coefficientsof x?: a+2b=-5 = b=—4
1-u equating constants: a+c=5 = c¢=2
_J-oln<1+1+ ) 2du quating
A (1-w? (1+u)? P55
taTw? " , A+200+x0) ™
1 ln(—) T3 4x-2
zzf 1+u du :J. ( — z)dx
o 1+2u+u?+1-2u+u? o \1+2x 1+x
ln( 2) fl 3 4x N 2 J
1 E = -
:f T+u) o \I+2x 1+ 1422)%F
o ur+1 3 1
1/ mm2 In(1+uw) :[Eln|1+2x|—21n|1+x2|+2tan‘1x]
_J;) uz+1 u2+1 “ 3 3 °
1 =(Zm3-2m2+2)-(Zm1-2m1+0
anJ- 2 2 2
o u? 1
=E(ln33—ln24+n)
2l=1In2 [t ] 1 ol 27
_In2m ) “2\" " "6
T2 \4
nln2
8
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93 ™ 94
. J‘I cos 2x d
i o 1+ 2sin2x + cos2x x
1-¢? t =tanx
_fl Ty ac
h 4t 1—t271+1¢2 —-=secx
0
Hiretire dr
1 1-—t? dt d _seczdx
= X
J;1+t2+4t+1—t2 1+ ¢t2 = t
1+ tan?x
_J.l 1_t2 dt = ¢
)20+ 200+19) 1+1¢2
1t 5 — 5¢2
=— | —————<dt
10), (1 +26)(1+t?)
= 1
10X2("+n16>
_ 1 +1 27
20\" " "16
_ dv
1 dx u=(1+x2)n —=1
95 I = N dx
o (1+x2) du_ (1+ 2)—11—1(2) _
Fiala x x) v=x
S P S
T lavyaor, T "fo a+xpmt
1 1 xZ
=2—n—0+2nj; de
—1+2 11+x2—1d
“on n R (1+x2)n+1 x
e [ e[
I A = Ll N GNP e T
1
In:ﬁ+2nln—2nlwrl
1
(1—2n)1n=2—n—2n1n+1
L= 1 + 2n I
"Ton(1-2n) 2n—1"1
1 97
96 iln:fx" 1—x3dx
0
dv
u=x""2 E=x2\/1—x3
du 2 3
R _ n-3 — _ +3)\2
ix (n—2)x v 9(1 x)
2 3t 2 1 3
= ——|x"2(1—x3)2 +—(n—2)f x"3(1—x%)2dx
9 .9 )
2 1
=0+§(n—2)f x"3(1—x%)Y1—x3dx
0
98

= g(n -2) fol (x"‘3\/1 —x3 —x™/ —x3) dx

2n—4 2n—4
hh=—"—Ih3— In
2n+5 2n—4
g =g s
_2n—41
nTn45 3
O
Me=2@+55
_4(25) -4\,
“7\2(5)+5) 2

8 1
=—f x2y1—x3dx
35,
8 fo 2%y x 2udu
T35 3x2

— 16f1 Zd
“105), " M

16

u3

1
~1 sl?]v .
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: . W
i1n=f x™cos x dx u=x dx  cosx
0 du
z u Frie nx™1  y=sinx
:[x"sinx] —nf x™ Lsinx dx
o 0
m\" z u=x"1 —v:sinx
:(E) —nf x™ Lsinx dx dx
0 du
—=Mm-1Dx"? v=-—cosx
dx
z s
_(m"_ _.n-1 z _ 2 n-2
=13 n x"lcosx| +(n—1)| x™“cosxdx
0 0
T n
In=<§) —n{0+ (n— D5}
T n
In=(—) —nn—Dl,_,
2
m
2
iiA:J. x*cosx dx
0
=1,
4
= E) —4x3X1I,
“T o 1(Z) —2xaxy
16 2 0
oo
=——-31“+24 | cosxdx
16 ,
T
m* H
=— —3n% +24|sinx
16
0
S IPY
16 "
1
[
sin x cos x
= f(tanx+cotx) dx
= —In|cosx| + In|sinx| + C
sin x
=1In
cos x
= In|tanx| + C
ANSWER (C)
. A1 N
i(1+63)  +2(1+1¢2)
_ 21 2 dv
=(1+t?) (1+1¢t?) u=(1+¢2)" w_y
=(1+er)"" dt
d—u—n(1+t2)”_1 2t v=t
dx : -

x
i I, =f (1+¢2)"de
0

= [t(l + tz)"]x -2n ftz(l +2)" dt
=x(1+x2)" - an ((1 +¢2)" = (1+ tz)"_l) dt

w1y = x(1+x2)" = 2nl, + 2n 1,
@n+ DI, = x(1+x2)" +2nl,_,
_x(1+ xz)n 2n

n - In—l

2Zn+1 2Zn+1
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1
99 il,= f (1+1logex)™dx
-1

e

dv
u=(1+Inx)" =1
d 1 dx
u
—=n(1+nx)"1x=- v=x
dx x
_1 1
= [x(l + Inx)™ —nf (1 +Inx)"tdx
le—1 et
=1-0—nl,4
=1-nl,_4

1
ii J, = f (loge x)(1 + log, x)™ dx
e—1
1
= f (1 +1logex — 1)(1 +log, x)™dx
e—1

1 1
= f (1+logex)"*1dx — f (1+log, x)"dx
e-1 -1

=y — I
=1-(n+VI,— I,
=1-(m+2),
ilij;=1-CB+2)
=1-5(1-31)
=—4+15(1-2I)
=11-30(1-1Ip)

1
=-19+ 30J. dx
e—l

1
=—19+30[x]
271

1
=—19+30(1——>
e

=11-=
e
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99

100

ftanﬁx dx = Ug

+tanx — U
+tanx—fdx
+tanx —x+C

tan® x
===,
_ tanx [tan3x U
~ 5 3 z
_ tanx tandx
T 5
_ tanx tandx
T 5
_ tanx tandx
T 5 3
ANSWER (D)
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REVISION EXERCISE 5 - VECTORS

BASIC

1 Ifa=(241)andb = (-464) finda—3b

2 2 1
Sketch r = <3>+/1< 2 )
- 4 -1

3 What type of triangle is formed by the points A(1,2,3), B(1,5,7) and €(13,5,7)7?
Simplify i - <i +j>
5 Rewrite y = 2x — 1 as a vector equation.

6 If |E| = 5 where A(0,1,2) and B(1,3, z), find the possible values of z.
7 Sketch the interval r = (;) +2 (_33) for—-2<1<2
8 Find the equation of a sphere with centre (1,2,3) and radius 2 units.

o=+ candla| = |

10 2 5
Consider the points A (3) and B (3)

4 2
a) Find a vector equation of the line through 4 and B.

b) Find a vector equation for the interval from A to B.

c

only occur when the vectors

11 Show that the points A(0,2,—1), B(3,1,3) and C(—6,4,—9) are collinear.

12 Find the vector equation of the line through A(%) parallel to BC with B(%) and C( ")

13  Two sides of a parallelogram are formed by the vectors (1,2,3) and (2, —1,3), Find vectors
representing the diagonals of the parallelogram.

14 1 . -1 2
Find the vector equation of the line through A (1) parallel to BC with B ( 3 ) and C (4)
2 2 1

15 Given A(6,0,0),B(0,8,0) and C(x, 3,0) are such that triangle ABC is right angled at 4,
find x.

16  Which vector is not parallel to the others?

RHNERONG

17 Find a vector equation for the line through (3) with gradient m = 4
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18

19

20

21

22

23

24

25

26

27

28

29

30

31

32

33

34

35

36

Find a if the following pair of vectors is orthogonal: u = ai + j + k and v = 2i — j + 3k

Prove the following lines are parallel:
4 4 -1 -1
r= (1)+A<—8)andq =( 3 )+/1< 2 )
2 12 - -2 -3
Sketch x = cost,y =sint,z=0

If u = (4,24,22) and |u| = 6 find A.

Prove the lines r = (£) +4(3) and q = (}) + A(3") are perpendicular

A rectangular prism has a vertex at the origin and its diagonally opposite vertex at (3,4,5),
with one face lying along the xy plane. What are the coordinates of the other vertices?

fu=(1,23), w=(-13-2) and u + 2v = w find |v|

The lines r = A(3) and q = (7) + A(%) are perpendicular. Find p.

Find the unit vector having the same direction as u = (1,2,3)

1 1 1
Thelinesr=A[ 0 |andg = (3) + A (—1) are perpendicular. Find p.
- -p Yo\ -1

Sketchx =t — 1,y = 2t?
Find the longest diagonal of a rectangular prism with dimensions 2 x 2 x 2v/2 metres

Prove the point (3) lies on the line r = (%) + 2(7")

If vectors 3i + j — k and Ai — 4j + 4k are parallel find the value of 1.

Prove the point () does not lie on r = (5) + A(7,)
Describe geometrically the set of points (x, y, z) that satisfy x = 2.
Sketchx =t +3,y = =

Use vectors to find the point that divides P(1,2,3) and Q(6,—3,8) in the ratio 2: 3.

3 1 2
Prove the point (4) does notlieonr = (3) + A (1)
2 T o\1 3
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37 1 1
Find the angle between the vectors (1) and (0) to the nearest degree.

1 1
38 Prove that the curve r(t) = 2sint i + 2 cost j has Cartesian form x2? + y2 = 4

39 For what value of 4 do the vectors (3,—-2,1) and (4, —1,1) have the same magnitude?

40 Rewrite the following vector equations in Cartesian form.
ar=(3)+2(%)
br=(3)+2(;)

MEDIUM

41
Find the value of A for which A <i +j+ k) is a unit vector

42  Parallelogram ABCD has A(2,4,5),B(1,0,2),C(x,y,z) and D(p,r,s), If the diagonals AC
and BD intersect at X(3,3,3) find the coordinates of C and D.

43  Find the point of intersection of the lines
1 1 1 -2
r:(z)ﬂ(o)andq:(g)w(l)
T\ 2 Y \6 3

44 |If
2

R

,b=2i+j+kandc=i+j+k find the unit vector in the direction of

[ T

+
U )~

45 Sketch x = cost,y = sint by first converting it into Cartesian form
46 Prove that the angle in a semicircle is a right angle.

47 Givena=2i+j—kandb =i+ 2j + k find the vector u parallel to a + b with magnitude
2.

48  If the diagonals of a rectangle are perpendicular, prove the rectangle must be a square.

49 Prove that the vector equations r = (3) + A(7,") and q= () + A(2,) have the same

Cartesian equation.

50 X 1 4
The point B (y) is on the interval AC and is twice as far from A (2) asitis from C (—1).
z 2 5

Use vectors to find the coordinates of B.

51 Prove that the diagonals of a parallelogram bisect each other.
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52

53

54

55

56

57

58

59

60

61

62

63

64

65

66

67

Sketch x = t,y = t2 by first converting it into Cartesian form.

In trapezium ABCD AD||BC and the midpoints of the non-parallel sides AB and CD are M

and N respectively. The midsegment of the trapezium is the interval joining the midpoints
of the two non-parallel sides, so MN. Prove that the midsegment MN is parallel to AD and
BC and the average of the lengths of AD and BC.

_— =

Given 04 = a,0B = b and OC = 3a + 2b, prove that if 0D = §O_C) that D lies on AB.
The scalar productof i — j —k and the sumof i + j —k and 1i + 2j — k is 5. Find A.

Let a and b be 2 dimensional unit vectors, inclined to the x-axis at angles of « and
respectively. You may assume a = cosa i + sina j and b = cosf i + sin 8 j. Prove that

cos(a—f) = cosacosf +sinasinf.
Sketch x = cost,y =1,z = sint

If u,v and w are mutually perpendicular vectors of equal magnitude, show that the sum of
the vectors is equally inclined to u, v and w.

Show that the points A(2,—1,1),B(1,—3,—5) and C(3, —4, —4) form the vertices of a right
angled triangle.

Find the point of intersection of the line through (1,2,3) and (3,2,0) and the xy plane.

2 2
Prove that for non-zero vectors E"ZZ that (Cj + IZ) . (c~1 + lf) = |c~1| + |l~)| only if a and Q are
perpendicular

If the diagonals of a quadrilateral bisect each other at right angles, prove the quadrilateral
must be a rhombus.

The parameterised equation of a sphereis x = rsinacosf,y =rsinasinf,z = rcosa.
Prove that it satisfies x2 + y? + z2 = r?

If the angle between two vectors is obtuse what can we say about their dot product?
Given |a| =2, |b| =4anda-b = 4, prove that |a — b| = 2+/3.

Find the point of intersection of the line through A(1,2,3) parallel to the line through
B(2,—1,1) and €(0,2,3) with the line through D(1,3,3) and E(5,—1,—1)
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68

69

70

7

72

73

74

75

76

77

78

79

80

The sum of two unit vectors is also a unit vector if the angle between the two vectors is
what angle?

ABCD is a trapezium with AD = 2BC. Given A(-1,6, —3),B(—1,5,1) and D(3,—2,9) find the
coordinates of C.

Sketch x =\/t—1,y=$

The points A4, B and C have position vectors a, b, and A(a + 2b) respectively, relative to

the origin 0, with 0, A and B being non-collinear. Find A if:
a) BC is parallel to 04 b) A, B and C are collinear

The position of two ships, P and Q, at time t hours, is given by r, = 20(t — 1)i + 30tj and
rg = 10ti — 30(t + 1) respectively. Prove that the ships will not collide.

Find the equation of a sphere with centre (1,2,3) that goes through the point (3, —1,1).

A cube has one vertex at the origin and three of the sides run along the x, y and z axes.
Find the angle, to the nearest minute, that the diagonal from the origin to the furthest
vertex makes with each of the axes.

Prove thelinesy = -3x+1andy = %x are perpendicular

a Using the product of their gradients
b By first converting them to vector form

Describe geometrically the set of points (x, y, z) that satisfy x + y = 2.

Describe geometrically the set of points (x, y, z) that satisfy x + y + z = 2.

A hot air balloon exerts an upward force of 1000 N. It is being held in a steady position by
four people holding ropes, exerting the forces in Newtons of (25,25, —250),
(30,—30,—300), (—15,15,—150) and (a, b,c). Find a, b and c.

Find the intersection of the sphere with centre (2,1,3) and radius 5 with the xy plane, and
describe it geometrically.

Any three dimensional vector can be expressed as scalar multiples of any three non-
parallel vectors. Find A4, u,v such thatu = Aa + ub + vc where a = 2i + 3j +k,

b=i—-j+2kandc=—-i+2j—kandu=5i+5j+5k
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82

83

84

85

86

87

88

89

90

91

92

93

94

CHALLENGING

Prove the Cosine Rule c? = a? + b%? — 2ab cos C for AABC using vectors.
Find the shortest distance from the origin to the line through A(1,3,1) and B(0,1, —1)
Sketch x = 2sint,y = 1 + sin?t

The three altitudes of a triangle are the intervals passing through each vertex and
perpendicular to the opposite side. Prove that the altitudes of a triangle are concurrent.

The spheres (x —2)2+ (y+ 1)?+ (z+2)?=169and (x —2)? + (y + 1)2 + (z — 12)%? =
225 intersect in a circle. Find the centre and radius of the circle.

The three medians of a triangle are the intervals passing through each vertex and the
midpoint of the opposite side. Prove that the medians of a triangle are concurrent.

Sketch x = cost,y = sint,z = sint

In AABC the midpoint M of AC is equidistant from A, B and C. Use vectors to show that
AABC is right angled at B.

Find the parametric equations of a circle where as t increases from zero the point moves

anticlockwise from (\/—15\/—15) centred about the origin.

The faces of tetrahedron ODEF comprise equilateral triangles of side length 1 unit. Its
base ODE lies flat on the xy plane with two vertices at O and D(1,0,0), with F above the xy

plane. Prove the coordinates of the vertex F are G?g)

Prove that the square of the hypotenuse equals the sum of the squares of the other two
sides in a right angled triangle.

In AABC OA = a and (OB) = b. C lieson OB sothat OC: CB = 3:1. P lies on AC so that
. Q lieson AB so that 0, P and Q are collinear. Determine the ratio AQ: QB.

A triangle has vertices A(0,0,0),B(0,4,2) and C(6,4,0). Find the equations of the three
medians and show that they are concurrent.

A missile follows a path of r,; = (100 — 10t)i + (50 — 5t)j + (10 — t)k towards its target,

where t is the time in minutes from when it was first detected, and units are in kilometres.
An anti-missile rocket is fired to intercept the missile and follows a path of
R=00t-T)+2)i+ @At —-T)+2)j+ (t —T)k, where T is the time in minutes from

when the missile is first detected until the rocket is fired. Find T if the rocket is to intercept
the missile.
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95 Sketch x = cost,y =t,z = sint fort > 0.

96 Three vertices of a parallelogram are 0(0,0,0),4(2,2,1) and B(1,2,2). Find the possible
positions of the fourth vertex.

97 A cube has diagonally opposite vertices at the origin and (2a,4a, 6a). Note that the
edges of the cube are not parallel to the axes. Prove that the vertices of the cube lie on
the sphere x% + y2 + z2 = 2ax + 4ay + 6az

98 Prove the spheres x2 + y2+z2 —16 =0andx? —8x+y? -8y +2z2—14z—40=0
intersect at a point.

99 Sketch x = 2sec6 + 1,y = 3tanf — 2.

100  Three points in space are such that KB = 24K. Prove that if M is a fourth distinct point in
a2 2 2
space then 2 |MA| + |MB| -3 |MK| is constant.
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REVISION EXERCISE 5 - SOLUTIONS

1

10

13

15

Lh= @41 -2 (—464)
a=5b=0241) (46
=“L-D

AB=\(1-1)2+(5-2)2+(7-3)2=5

BC=J(13-1)2+(5-572+(7-7)? =12

AC=(13-1)2+(5-2)2+(7-3)2=13
5:12:13 is a Pythagorean Triad AABC is right angled

()
=140

JA-02+@B-12+(z-2)2=5
1+4+(z-2)2=25

(z—2)2=20
z—2=+2V5
z=2+2V5

G-+ (-2 +(z-3)2 =4
a)

)-0)-2)

2 3
= (3) + /1( 0 ) is one correct answer.

4 -2

2 3 2
b) Letting A=0inr = <3> +A< 0 )gives us <3> and
s T4 -2 4

A =1gives | 3 |, so one vector equation for the interval
2

-0(3)

1,2,3) + (2,-1,3) = (3,1,6)
(1,2,3) — (2,-1,3) = (=1,3,0) or (1,—3,0)

is

AC-AB =0

x—6 -6
(7))
0 0
—6x+36+244+0=0

6x = 60
x =10

1000 Extension 2 Revision Questions © Steve Howard
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1"

12

14

16

107

The y-intercept is (0,—1) so leta = (°,).
. .2 _ (1
The gradient is  so let b = (3).

y = 2x — lis equivalent to r = () + ()

Substitute 1 = -2 and A2 =2 to find the end points of

the interval.

()= 6)-2(5)-(5)

-58) A

()= ) r2(5)- ()

Have the same direction

4B = (3,-1,4)
AC = (—6,2,-8)
~ AC = —24B

~ A,B and C are collinear
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17

19

21

24

27

29

30

The gradient of 4 can be represented by the vector (}),
or any vector where the y-value is four times the x-

R

Two vectors a, + Ab; and a, + Ab, are parallel if b; =
kbs,.

(2)--(2)

~ r and q are parallel

JAZ + (212 + (21)2 = 62

91% = 36
A2 =4
A=+2

(1,23)+2v=(-13,-2)
2v=(-2,1,-5)

1 1
o J-(-1)-0
-p -1

1(M+0(-1)—p(-1)=0
1+p=0
ap= -1

d= 22+22+(2\/E)2
=4

x\ _ (6—4
y) \1+21
3=6-1-1=3

4=14+1->21=3
=(3) lies on the line r = () + A(7!)

1000 Extension 2 Revision Questions © Steve Howard
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20

22

23

25

28

108

We see that in the xy plane this is the unit circle, and
its elevation is constant at z = 0, so it the unit circle.

,A

()

~ r and q are perpendicular

(3,0,0),(3,4,0),(0,4,0),(0,0,5),(3,0,5), (0,4,5)

(6)-0)-

p+3=0

With practice we can note that this is the basic
parabola moved 1 unit to the left and stretched

vertically by a factor of 2.

Alternatively we could find the Cartesian equation:
x=t—-1-t=x+1 (1)

y=2t* (2)

sub (1) in (2)

y=2(x+1)>2

Again this is the basic parabola moved 1 unit to the left

and stretched vertically by a factor of 2.

yA
x=t—1,
y = 2t?
2
>
—1 x
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31 3 1
ul 1 )=-4
-1 4

u = —4 by inspection
A=3x(—4)=-12

34 This is the basic rectangular hyperbola moved 3 units
to the right, reflected about the x-axis and stretched

vertically by a factor of 2.

Alternatively we could find the Cartesian equation:
x=t+3 ->t=x-3 (1)

2
y=-z 2

sub (1) in (2)

2
x—3

y=-
Again this is the basic hyperbola moved 3 units to the
right, reflected about the x-axis and stretched vertically

by a factor of 2.

S
(3
-G

x = 2sint - sint =

y=2cost—>cost =

N NIR

sint + cos?t =1

02 y\2
o Z) =1
@ +G)

X2 2
Z 42 =1
4—+4-

x2+y2=4
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33

36

37

39

109

x\_(3-42

<y>_<4+2/1>
1=3-1-21=2
2=4+4+21-21=-1

=(3) does notlie on r = () + A(3,")

A vertical plane passing through the line x = 2.

-2
A X=t+3,y=T

Lo

V=

(4'r _2)

3 1+ 24

(£)-(5+2)

2 1+32
3=14+21-21=1

4=3+1-2=1
1
2=14+312 - A=—

3 1 2
(4) does notlieon r = (3) + A(l)
2 T o\1 3

X1X + V1Yo + 212
cosf=———""— <

|1
__ OO+ ®O+ MO
\/212+12+12><\/12+02+12
V6

6 = 35° (nearest degree)

V3r+22+12= 22 +12 + 12

14=22+2
22=12
A=+2V3
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40 a Gradient-intercept method

Point-gradient method
-3
y-2=-— (x-1
y—2=—-x+1
y=-x+3

b

21
m_4_2
(-2

x+4

=3-
1
.y_z

2
y—3=;}(x—(—2))

44

21— k) (204 +R) = (L+]+E)

=3i{-2j—2k

|u| =4/32422422
=17

3 2 2
—i———j -k
Vi7+ V7L V17t

1=

46 Let AB be the diameter of a circle of centre 0, and C be
a point on the circumference. . £ACB is the angle in a
semicircle.

Let 04 = u, 0B = —u and 0OC = v.

=(v—u v+u
:17"']— -u

2 2
—Osince| |:17|=r

~ AC 1 BC so the angle in a semicircle is a right angle.
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42

43

45

47

48

110

Jz+azez=1
Vl=1

1=

«| G-

%((2,4,5) + (x,y,2) =(333)
(x+2,y+4,z+5) =(66,6)
(x,y,2) = (4,2,1)

%((1,0,2) + @ 15s) =333)
(p+1,7,s+2)=1(666)

(p,7,5) = (56/4)
1+2 1-2u
( 2 ): 3+H
—1+24 6+ 3u

2=3+pu->pu=-1
1-2(-1) 3

The point of intersectionis | 3+ (-1) | = <2>

6+3(-1) 3

x=cost (1)

y=sint (2)
sin?6 + cos?6 =1  Pythagorean Identity
x2+y2=1

Which is the unit circle - a circle centred at the origin
with radius 1.

YA
1 X = cost
y =sint
»
L
-1 1 X
-1
a+b=3i+3j+0k
|a+b|=\/32+32+02
=3V2
+z<3 +0k>
u==x —
~ 3V2 - 3\/_]
=V2i+V2j+0k, —V2i—+2j+0k

Let the sides of the rectangle be represented by the
vectors u and v.

The dlagonals areu+v and u—v
If the diagonals are perpendlcular then

(v+9)-(u=9)=0

—v-v=0
|| ‘2
u|l=|v

. the rectangle must be a square if the diagonals are
perpendicular
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49 For T
y—4=-2(x—-2)
y=-2x+8
For q:
y—8=-2(x—-0)
y=—-2x+8
Both vector equations have the same Cartesian
equation.
51 We will find the midpoint of each diagonal and prove

they are the same, so the diagonals bisect each other.

In parallelogram ABCD let M be the midpoint of AC and
N be the midpoint of BD

l

=l
Il

3
[+
a

=l

[so}
+
3l

=

[so]
2|
]
N RN RN RPN RN =
3l
S
S

|

K

~—

~ Mand N coincide, so the diagonals of a parallelogram
bisect each other.

53 Letd = (x,y,2)
¢~1J_c~i—> x—y—z=0 (@Y)
bld->2x—y+z=0 2)
£~d~=16—> x+y—z=12 (3)

2)+@3): 3x=12 »x=4

WD+@): 2x—2z2=12 »8-2z=12 5z=-2

subin(1): 4—y+2=0-> y=6
wd=4i+6j—2k

55 foraBr=a+ib-a)

for 0D
1
s(a+20)=a+a(b-q)
3 2
gg‘f'gé:(l—ﬂ)g-{—ﬂ?
1-1=2 1=2
- 5

~
1]
U1l DUl W

= Dlies on AB with 1 =2

5
56 1 1+2
<_1).<1+2):5
-1 -1-1
2
A

1+A1-3+ 5
5
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50

52 x=t (1)
y=t> (2
sub (1) in (2)
y=x?

This is the basic parabola which is concave up with

vertex at the origin.

y A

an

N

54

oTw’:{(gHg) and ON =2 (c + d)

W= (e+d) =3(a+0)
=3(c-t)+3(d-9) ®
=%(R+E)

—Hlﬁ
T2

~ MN||AD and so MN||BC
=~ the midsegment MN is parallel to AD and BC and the
average of the lengths of AD and BC.
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57

59

62

64

65

67

The angle between the vectors is a — 8, and using the 58
angle between two vectors:
a-b
cos(a — B) = —F———
f < 2

(~cosa~£+sinaj) (cosﬁi+sin/§‘j)

1x1
cosacosf +sinasinf

Let a=u+tv+w, which is inclined to u,v and w ata,p
and y respectlvely

(u+v+w)
cosa =

|u+v+w|

| 60
u-u+0+0

|u+v+w|

g
N 61

Similarly

H ]
oy o

ut+v+w

cosf =

Now |u| = |v| = |w|
s cosa = cosf = cosy

La= ﬁ =y
~u+v+wis equally inclined to u,v and w

.¢}+2 b 13 63
“vzanelof

vif (a+b)-(a+b | | | | thena-b =0
~ a and b are perpendicular since a, b are non-zero
vectors

x2+y?+ 272

= (rsinacos f)? + (rsinasin$)? + (r cos a)?
=r2sin? @ cos? B + r?sin?asin? B +r?cos?a
=12(sin? &t (cos? B + sin? B) + cos? a)
=r2(sin?a X (1) + cos? a)

=r2(sin? & + cos? a)

=72

~x=rsinacosf,y =rsinasinf,z = r cos a satisfies

x2+y2+22 =12

Their dot product must be negative (cosine is negative 66
in the second quadrant)

1 0-2 1-22
T \3 3—-1 3+22
1 5-1 1+4u
q=<3>+u<—1—3>=
~ \3 -1-3

3—4u
3—4u
21=22=1+4p (1)
2+3A—3—4u (2)
3+21=3-4

(3
1000 EXtrstaT 2 her(3): Qu@mn& 3 o Hopa 12

o ar43\

Here we have a unit circle in the xz plane, but moved 1
unit to the right as y value is constant at 1.

Z A

AB=(1-2,-3+1,-5-1) = (-1,-2,—6)
BC=(3-1-4+43,—-4+5)=(2,-11)
AC=(3-2-4+1,-4-1)=(1,-3,-5)

AC-BC=2+3-5=0
~ AABC is right angled at C.

1 3-1 14221
T \3 0-3 3-31

On the xy plane z = 0
~3=-31=0-1=1

(23

Let the diagonals of quadrilateral ABCD bisect each
other at right argles at M, and AM = MC € u,BM =

<

S}

[
I8N

Since AABM is right angled
|ﬁ|2 = |m|2 + |ﬁ4’|2
2 2

+

u

v

12 =2 2 2
similarly [B¢|” = [cB|” = [4D| =|1~¢| +|g|
« 18] = [5¢| = [e6] = |10
~AB =BC=CD=AD
~ ABCD is a rhombus if it diagonals bisect at right
angles.

=|t~1‘ —2a-b+|2)‘2~
igz) —-2(4) + (4)?
‘a—b =23
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68

70

71

74

76

77

78

z?” or 120°, since the unit vectors and their sum form an
equilateral triangle

Here it is safest to rewrite in Cartesian form, as the
results will not quite be what we expect. Note t > 1 due

to the square root and denominator.

t—1 - t=x%+1

1 1 1 forx > 0
Vet T r1-1 k2 O

Since t > 1, sox > 0and y > 0, so the sketch is in the

1st quadrant only.

a)

Ala+2b)—b =pa

Aa+ QA—=1)b=pa
sA=pand2A-1=0-1=7

g—a:k(l(a+2b) a)

2kA=1 andk(A—l)—
k= - _*
T T2
.1_ 1
227 A-1
A-1=-21

3A=1

A—l

3

The diagonal passes through (0,0,0) in the direction of
(1L,11), sois r = A(1,1,1).

Finding the angle that it makes with i we have:
(1,00) - (1,1,1)

cosf =
1x+/3
V3
6 = cos™! <i>
V3
= 54°44'

A vertical plane passing through the line x +y = 2.

A plane passing through (2,0,0), (0,2,0) and (0,0,2)

25+30—-15+a 0
( 25—-30+15+b >=< 0 )
—250—-300—-150+c —1000

a+40 0
(3+30)=( o )
c—700 —1000

()-(=)
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72

73

75

79

113

Let C(x,y,2)

x+1\ 1/3-(-D
(y—5>=— -2-6
z—-1) 2\9-(-3)
x+1
(2=
z—1
X
)
Z

()

]
/N
N
N——

=

The ships will collide if r, = r5 for any value of ¢t.
20(t — 1)i +30tj = 10ti —30(+1)tj
2+ 20(t — 1) = 10t and 30t = —30(¢t + 1)

20t — 20 = 10t 30t = —30t — 30
10t = 20 60t = —30
t=2 t= L
- T2

Since the x and y values of the vectors are not equal
for the same value of t the ships do not collide.

r=13,-11) - (1,23)|
=1(2,-3,-2)|

=22+ (=3)% + (-2)?
=17

alx—1D2+(y -2+ (z-3)2=17

a

1
m1:—3m2—§
X

1
myXm, =-3 (3> -1

~ The two lines are perpendicular

b
In vector form y = —3x+1 — r1:<0)+/1<_1) and

1 3
e = i)

()=

~ The two lines are perpendicular

(x—-22+ (@ -1?+(0-3)2 =52
x-2?+@-1D*=16

Which is a circle on the xy plane centred at (2,1,0) with

radius 4.
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80 u= a+ub+vc 81
5 1 -1
5|= -1|+v| 2
5 2 -1
ZA+,u—v
<5>= 31—u+2v
5 A+2u—v
2+u—-v=5 (1)
3l—u+2v=5 (2)
A+2u—v=5 (3) 82
D+ @2):52+v=10 (4)
B)-2(2):-32+v=-5 (5
15
(4)—(5):81=15 - A=§
bin (4):5 15 + 10 >
. —_— = - = =
sub In : 3 v v 8
bin(3) 15_’_2 5 5 15
P— _—= - = —
sub in 3 u 8 u 3
i 15 15 d 5
A= 8'#_ 8 an v—8
83 . . .
domain: [—2,2] since =1 <sint <1
range: [1,2] since 0 <sin?t <1
The sketch must fit within the rectangle as shown.
X
Slnt—i
x2
..y:1+(z)
XZ
=T+1f0r—2Sx52
yA x=25inf§ 84
y=1+sin“t
2
1
>
-2 2 x
85

(x=22+@+1D?+(z+2)2=169 (1)
x=222+@+1D?+(z-12)2=225 (2)
2)-1):(z=-12)2=(z+2)?>=56

7?2 —24z+ 144 — 7> — 4z — 4 =56

—28z + 140 = 56
28z = 84
z=3

subin (1): (x —2)>+ (y + 1)+ (3+2)? = 169
(x=22+@+1%2=144

Which is a circle parallel to the xy plane centred at

(2,-1,3) with radius 12.
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=[]’

=4B-4F

:(ﬁ—ﬂf)(ﬁ—ﬁ)
=CB-CB—2CB-CA+CA-CA

= |ﬁ|2+|ﬂ|2—2|ﬁi| x |CA| x cos zacB
=a% +b?—2abcosC

The shortest vector from the origin to the line 4B is
0X = AX — A0 where 4X is the projection of 40 onto
AB.

. /0-1 -1
AB=<1—3>=(—2>
-1-1/ \-2
SIS
_\1 \- (:;)
(12+22+29)\ _,
_1+6+2(71
T\ 2

()()
(1)

|oX| = Jor+ 12+ (-1)2=v2

X

Let the altitudes from A, B meet the triangle at L, M
respectively, and altitudes AL and BM intersect at X.
Produce CX to meet AB at N

Letﬁ=a,ﬁ=b,a=c

M

A
AL LBC ~a
BM 1 AC -
1) -(2):
~ CX L BA
~ CN L AB

~ CN is an altitude of the triangle
. the three altitudes of a triangle are concurrent (at X).
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86

We will let X be the intersection of AD and CF and
prove that it lies on BE.

In AABC let D, E, F be the midpoints of the sides BC, AC
c

and AB respectively.

atc — b+c a+b

aﬁ"’:f,OD:fandﬁ:f
0X =04 + AX
=a+ AAD

b+c
=a+1 ~2~—¢~1

A A
=(1—ﬂ.)g+ilj+§£ (1)
Also
0X =0C +CX
=+ uCF

a+b
=ctu ~2~_E

=Latthr-pe @
From (1) and (2):

_k A_p A

1=4=3 273 z71-#
A=u

1 A—A

T2

L3

T2

PO
_, atb+c
0X =—F—-=

3

BX = 0X — OB

a+b+c
T3 72

a+c—2b
*>_—; 3—;
BE = OE — (0OB)

a+c
== —b

a+c—2b
-T2
_35z

T2

~ B,E,X are collinear
-~ the medians of a triangle are concurrent
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As we move around the unit circle the elevation

increases from sin 0 = 0 to sing = 1, then descends to

sinm = 0 then sin%ﬂ = —1, then climbs back to sin 27 =

0.

The shape is an ellipse tilted 45° about the x-axis. By
Pythagoras we could see thata =v2 and b = 1.

Z A

|
-

I3

IR
[

M

b
e

AB=AM +MB=u+v
BC=BM+MC=-v+u=u—v

A8 -BC = (u+v) (1~ v)

~AB 1 BC
~ AABC is right angled at B

2 2
The radius of the new circle is r = (\%) + (\/%) =1.

For the point to move anticlockwise x = cos(f(¢t)),y =
sin(f (t)).
. " 1 1
To move the starting position to (\/_E'\/_E) , or
(cosz,sin E) we use t + .
4 4 4

.-.x=cos(t+§),y=51n(t+%)
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T .
90 2£FOD = £FOE = 3 (equilateral triangles) z 91 Let AABC be right angled at B.

In AFOD: I
OF - 0D F

cos2FOD =

4 B
ACZ=|E|2
= |45 + e[’
=(E+B_C')-(E+B_C')
~ 45 7B + 2 (48 - BC) + BC - BC

We have E(i? 0) using exact triangles.

In AFOE: =A4B -4B + BC - BC since AB L BC - AB - BC
ﬁﬁ _ — 2 52
oS LFOE = ——— = |aB| +|Bc
|0F| |OE| = AB% + BC?
1
a 2 ~ The square on the hypotenuse of a right angled
(b) V3 triangle equals the sum of the squares on the other two
c 2 sides.
T 0
3T T Ix1
2 1
a+b\/§_1
2 2 72
a+bh/3=1
1 0C =205 =2
E+b\/§=1 4 ~
b3 1 AC—OC—OA——?—:}
2 OP=0A+AP=a+2aC=a+2(2b “lavdp
_1._ - I Ve Ak S
23 6 — —— A2
Jaz+b2+c2=1 OQ_A(OP)_§‘Z+§I~)(1)
1\ (@)2 00=0A+A0=a+uAB=a+pu(b-a)
Lz x> 2 _ < ! Z Z
(2) 6) Tt =(-wa+ub @
,_, 1 1 From (1) and (2):
ct=1l--—==
4 12 A A
2 2=1-p S=p->21=2u
c2== 3 2
3 2_#_1_u
2 V6 3
c= [—=— 5/,t
3 3 ?:1
1 3
F(—,ﬁ,ﬁ> H=3
2°6 3
s0:08=2(b-a)-2(0-0) =32
93 The midpoints are M,z = (0,2,1), My = (3,2,0), Mg, = » (1) and (2) intersect at (Zgg)
(3,4,1). The equations of the medians through each 5
vertex are: sub A =Zin (3)
0 3—-0 32 :
n={0]+2[4-0]=42 €)) 6—6x> 2
~ \o 1-0 2 3 8
2 —
0 3—-0 31 Tc=|4-2%x3|= 3
rp=4|+21|2-4|=(4-22 0 ) 3 2
- 2 0—-2 2 -2 3 3
6 0-6 6 — 61
r :<4>+A<2—4>: <4_2/1> 3 + all three medians intersect at (Zgg)
~ 0 1-0 A

For (1) and (2):
31=3u 41=4-2u A=2-2u

2
A=u 34=2 > A=3
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94 (100—100)i + (50— 50)j + (10— D)k
= (9t —T) +2)i + (4t ~T) +2)j + (t— Dk

10—-t=t-T
2t=10+T
T
t=5+- (1
+5 @

50 —5t=4(t—T) +2
50 — 5t = 4t — 4T + 2
AT=9t—48 (2)

95

sub (1) in (2):

T
4T=9<5+E>_48

9T
AT =45+ —-— 48

T—3
5=
T=6

The rocket needs to be fired 6 seconds after the missile
is first detected.

96 There are three possible vectors for 0D that would
create a parallelogram: OA + OB, 04 — OB and OB —
0A.

B-A B A+B
0 A
A—B
~ 0D = (2,21) +(1,22) = (3,4,3) or
=(221)-(122)=(10,-1) or
=(1,22)-(221) = (=101
The fourth vertex is at (3,4,3),(1,0,—1)
or (—=1,0,1).
99

This is the hyperbola ’2‘—2 - }3'—; = 1 moved 1 unit to the

right and 2 units down.

The asymptotes also move 1 to the right and down 2,

so we get:
3
)’+2=iz(x—1)
3 gy 3,2
yEX T Y= Tor Ty
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The long diagonal of the cube is
\/(Za)z + (4a)? + (6a)? = 2V/14a.
Each vertex is v14a units from the centre of the cube.
The sphere is centred at the midpoint of the diagonal
(a, 2a,3a) and has radius v14a.
The equation of the sphere is
(x—a)?+ (y — 2a)? + (z — 3a)? = 14a?
x% — 2ax + a® + y? — 4ay + 4a® + z? — 6az + 9a?

= 14a?

x% +y? + 2% = 2ax + 4ay + 6az

x2+y?2+22-16=0
x> +y?+2z2=16
Which is a sphere centred at the origin with radius 4

x> —8x+y?—8y+22—14z+56=0
x2—8x+16+y?—8y+16+2z% —14z+49 = 25
(x—42?+(y—-4)?+(z-7)?%=25

Which is a sphere centred at (4,4,7) with radius 5

The distance between the centres of the spheres is
V42 + 42 4+ 72 = 9 which matches the sum of the radii,
so the spheres intersect at a point.

117

»x
x=2sec+1
y=3tanf — 2
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100
Letﬁ:u,EZZu andm():m,sojzu—m,

MB = m + 2u.

M

2 2 2
2|MA| +|MB| —3|MK|
2 2 2
=2u=m| +lnezd -3n
= 2(u—m)- (w—m)+ (m+2u) (m+ 20) - 3|m|

=2(u~u—2u-m+m~m)+m-m+4m-u+4u-u

~2
=3|n]

2 2 2 2
=2|u| —4u-m+2|m| +|m| +4u-m+4|u|

-3 |m
2

=6 |u

which is constant for any given 4, K
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REVISION EXERCISE 6 - MECHANICS

BASIC
1 If the velocity v of a particle moving on the x-axis is given by v? = —3x2 + 20x + 7, which of the
following expresses its acceleration in terms of x?
1
A 5&=—3<x—3§> B %=-3(x-2)
C ¥=-3(x—-3) D x¥x=-2(x-2)
2 A particle moves in SHM about the centre of motion x = 2, with amplitude 3 and period 7. Find a
possible equation of motion.
3 A particle of unit mass is moving horizontally in a straight line. Its motion is opposed by a force of

magnitude u(v? + v) Newtons, its speed is v ms™! and p is a positive constant. At time t seconds

the particle has displacement x metres from a fixed point O on the line. If the particle has initial

1 <v0+1)
x=—In
u v+1

4 A stone is thrown from the top of a cliff. Its parametric equations of motion are x = 3t and
y = 50 + 4t — 5t2. What s its Cartesian equation?

velocity v, at the origin, prove

5 The velocity of a particle moving in a straight line is given by v = 2x + 3 where x metres is the
distance from a fixed point O and v is the velocity in metres per second. What is the acceleration of
the particle when it is 4 metres from 0?

A ¥%=11ms? B %=22ms?
C X%¥=19ms™? D #%=235ms™?
6 The graph below shows the displacement of a particle in SHM. Its equation of motion is given by

x = acos(nt + a) + c. Find the values of a,n,« and c.

X A

20 +

15 +

10 +

5_
| e :/! >

sl T T 3 omot
4 2 4

_10__
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10

1

12

13

14

A particle oscillates in simple harmonic motion between x = —1 and x = 3. Find the position of the
particle when its acceleration is half its maximum acceleration.

A body is moving in a horizontal straight line. At time t seconds, its displacement is x metres from a
fixed point 0 on the line, and its acceleration is —0.2+/v where v > 0 is its velocity. The body is
initially at O with velocity v = 9. Show that t = 30 — 10y/v

If a particle moves in a straight line so that its velocity at any particular time is given by v = sin™ x,
then the acceleration is given by

A —coslx B coslx
e sin~lx D sin~1x
V1 —x2 V1 —x2

The displacement, in metres, of a particle in SHM at time t seconds, t = 0, is given by
x = 2cos (nt + %) + 2. How many oscillations does the particle make per second?

A rock is thrown at an angle of 20° to the horizontal, in a medium where air resistance is
proportional to velocity squared. Let A, B and C be successive points on the trajectory in close
proximity, where B is at the top of the trajectory, and 4 and C have equal height. Let the horizontal
velocity at the points be x,, x;, and x,. respectively. Which statement lists the correct order of the
magnitudes of the horizontal velocities?

A Xy < <% B . <<,

. . . Xp < Xq < X
C  xp <x.<X4 D b a~e

A ball is thrown up in the air and follows a parabolic path. Ignoring air resistance, at any point on the
upward part of the trajectory the vector representing acceleration on the particle would point:

A towards the point of projection (approx.) B straight down

C towards the point of impact (approx.) D towards the top of the trajectory (appx.)

A particle of unit mass is moving in a straight line under the action of a force, F = A(x + 2), where 1
is a positive constant. Given the particle starts from rest at the origin, prove v = \/ 1(x? + 4x).

A particle of unit mass is moving horizontally in a straight line. Its motion is opposed by a force of
magnitude 2(v + v?) Newtons, where its speed is v ms™1. At time ¢t seconds the particle has
displacement x metres from a fixed point 0 on the line. Given it is initially at the origin with velocity
2 m/s, which of the following is an expression for x in terms of v?

A 121 5 _1fv iy
x_—2L1+sz =2 10
c _1{21(1 b _1{21(1

=2l 10 =2l 1=
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15

16

17

18

19

20

Two rocks are thrown into the air with the same speed, with Rock A having a higher angle of
projection than Rock B. Which statement is always true?

They will have the same range, if air They will have the same time of flight, if
A resistance is negligible, and the angles B air resistance is negligible, and the

of projection are complementary. angles of projection are complementary.

They will have the same range, if air They will have the same time of flight, if
C resistance is linear, and the angles of D airresistance is linear, and the angles of

projection are complementary. projection are complementary.

Two particles oscillate horizontally. The displacement of the first is given by x = 12 cos 2t and the
displacement of the second is given by x = asinnt. In one oscillation, the second particle covers
one quarter the distance of the first particle, in half the time. What are the values of a and n?

A 30 kilogram box sits on a slippery ramp which is inclined at an angle of 30° to the horizontal. If the
box starts from rest, find as functions of g and ¢:

i its velocity after t seconds.

ii its displacement after t seconds

The graph below shows part of the graph of the velocity and acceleration of a particle in SHM, with
the horizontal scale missing.

204

i Find the value of n
ii Sketch the displacement of the particle onto the graph.

A particle of mass 10 kg is projected along a horizontal path by a force of 100 newtons, and resisted
2

by friction of v:. What is the terminal velocity of the particle?

A golfer hits a ball at a velocity of 50 ms™! and the ball hits the top of a 1.5 metre high flag which is
200 m away. Find the two possible angles at which the ball could have been hit, to the nearest
degree. Assume there is no air resistance and that g = 10 ms™2.

The equation of motion is

= —g—xz(l +tan?0) + xtan §
Y= Tz
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21 A particle moves in a straight line along the x-axis so that its acceleration is given by ¥ = x + 3
where x is the displacement from the origin. Initially the particle is at the origin and has velocity v =
3.

i Showthatv=x+3

ii Find x as a function of ¢.

22 A particle moves around the unit circle, with parametric equations x = cost,y = sint. Prove that the
x component is in simple harmonic motion.

23 A particle moves with equation of motion x = 2sint — 2 cost + 1 metres. Prove that the particle is in
SHM, and find the centre and amplitude of its motion.

24 A particle moves in a straight line. At time t seconds where t > 0, its displacement x metres from
the origin and its velocity v metres per second are such that v = 25 + x2. If x = 5 initially, then t is
equal to:

x3 x3 500
A 25x + = B 25x+—+—

-1 f)_f 1 —1(5)_£
C tan (5 2 D 5tan

25 A particle is moving in simple harmonic motion. Which of the following is true?
A the speed is zero at the centre of motion
B the speed is a maximum at the centre of motion
C the acceleration is zero at the extremities of motion

D the acceleration is a maximum at the centre of motion

26 A particle is projected with velocity 20 ms™! at an angle of 50° to the horizontal in a resistive
medium. It lands 29.8 m away from its projection point. Which of the following statements cannot be
true?

A The maximum height occurs when the particle has travelled 14.9 m horizontally
B The velocity atimpactis 18 ms™1.
C The angle to the horizontal at impact is 58°

D Itreached a maximum height of 10.3 m

1000 Extension 2 Revision Questions © Steve Howard 122 Howard and Howard Education



27 A rock is thrown horizontally from the top of a cliff with speed v and lands in the water a distance d
from the base of the cliff. How far from the base of the cliff would the rock have landed if it was
initially thrown horizontally with speed 2v? Ignore air resistance.

A d B V2d
C 2 D 4d
28 A particle of unit mass is moving in a straight line under the action of a force.
5—-7x
F = poe

Which of the following equations is the representation of its velocity, if the particle starts from rest at
x=17?

3 1
A v=d x2—7x+5 B v=1- —9x% + 14x -5

C v=43x/x2—-7x+5 D v=14x/9%%+14x -5

29 A particle of unit mass is projected along a horizontal path with velocity 10 m/s, with a force F
newtons acting with its motion and a friction of g newtons acting against its motion. If the velocity
stays constant, find the value of F.

30 A particle of unit mass is projected in a medium where air resistance is proportional to velocity, at
20 ms~! at an angle of % to the horizontal. The vertical equation of motion of is y = 60e~%2¢ — 50,

where y is in metres per second. Find the time taken to reach maximum height, to 1 decimal place.

31 A particle is moving in a straight line. At time t seconds it has displacement x metres from a fixed
2
point 0 on the line, velocity v ms~! given by v = ﬁ and acceleration a ms~2. Initially the particle is
1 metre to the right of 0.

i Show thata = — —
9x

2
ii Showthatx =(t +1)3

32 A particle is moving in simple harmonic motion according to the equation
A
x=2- 3cos(2t+§>
In which interval does the particle oscillate?

1 1
A [-33] B [E' 3 E]
C [-15] D [15]
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33

34

35

36

37

Two particles travel horizontally through a resistive medium. Particle A experiences linear drag,

%, = F — kv, while Particle B experiences quadratic drag, x5 = F — kv?. The particles are of such
shape and mass that F and k are equal for both particles. If both particles are moving at velocity v,
where v > 0, for what values of v will Particle A have greater acceleration than Particle B?

Given the parametric equations
2

t
x =Vtcosfand y = —gT+Vtsin9
prove the Cartesian equation of motion of a projectile fired from the Origin is

= -9 (1 +tan2g 6
y——ﬁ( + tan“ 0) + x tan

The graph below shows the displacement of a particle moving horizontally along the

x-axis over time.
XA

4

\4

i When does the resultant force on the particle equal zero?
ii When is the force directed to the right?
For the rest of the question assume that the displacement function is a polynomial of degree 4.
iii What are the degrees of the functions of velocity and acceleration?
iv How many times is the particle at the origin?
v How many times is the particle at rest?

A particle is moving in simple harmonic motion according to the equation

=2 <3t +”)
X = COS 6

What is the maximum speed of the particle?

A 2m/s B 6m/s
T
C O0m/s D 3 m/s

A particle is moving in SHM with v? = 48 — 16x2 — 32x.
i Find an expression for the acceleration of the particle in terms of x, in the form ¥ = —n?(x — ¢).
ii Find the centre of motion and period
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38

39

40

41

42

43

44

45

46

47

MEDIUM

The acceleration of a particle is given by & = 2v? + 4v. If initially the particle has a velocity of
4 ms~! at the origin find an expression for the velocity in terms of displacement.

A particle is oscillating between A and B, 10 m apart, in Simple Harmonic Motion. The time for a
particle to travel from B to A and back is 5 seconds. Find the velocity and acceleration at M, the
midpoint of OB where 0 is the centre of AB where M is to the right of 0.

A particle is moving with equation of motion v2 + 16x2 = 4. Show that the particle is in SHM with
period %

A particle is projected at an angle to the horizontal in a medium where resistance is proportional to
velocity. Its equations of motion are x = 16v/2e 2 and y = 16(1 + x/f)e‘zr — 5. Find the angle, to
the nearest minute, of its motion to the horizontal after t = In 2 seconds.

The acceleration of a particle moving on the x-axis is given by ¥ = x — 2 where x is the
displacement from the origin O after t seconds. Initially, the particle is at rest at x = 3.

i Show that its velocity at any position x is v = (x — 1)(x — 3)

ii Find its acceleration when its velocity is 2v6 ms™*.

A particle moves in SHM with x = sin 2t + 1. Sketch displacement and acceleration on the same
axes.

A particle is moving with equation of motion x = a sin(nt + a). Prove that v2 + n?x? is constant.

A particle which starts at the origin with velocity v = 2ms™1, has its acceleration described as

ms~2. Find an expression for v? as a function of x.
1+9x2

A particle starts from rest, 2 metres to the right of the origin, and moves along the x-axis in simple
harmonic motion with a period of 2 seconds. Which equation could represent the motion of the
particle?

A  x=2cosnt B x=2cos2t

C x=2+42sinnut D x=2+2sin2t

A stone is thrown from the top of a 100 m high cliff and lands in the sea 40 m from the base. If the
stone was thrown at a velocity of 30 ms~! what are the possible angles of projection, to the nearest
degree? Assume g = —9.8 ms~2 and that air resistance is negligible.

1000 Extension 2 Revision Questions © Steve Howard 125 Howard and Howard Education



48

49

50

51

52

53

A particle moves horizontally, propelled by a force of 2000 N, experiencing quadratic drag, with a
terminal velocity of 50 m/s. If the car has a mass of 1500 kg and is dropped from a helicopter, what
terminal velocity could it approach if it falls nose first and experiences the same drag?

Assume g = 10 ms™2.

A particle moves in a straight line so that its velocity at any particular time is given by v = k(a — x),
where x is its displacement from a given point 0. The particle is initially at 0. Which of the following
gives an expression for x:

A x=a(l-ek) B x=a(l+ek)
C x=a(l-e7*) D x=a(l+e7*)

Particle A of mass 2m kg and Particle B of mass 3m kg are connected by a
light inextensible string passing over a frictionless pulley. Initially the particles
are at rest. After Particle A has travelled x metres in an upwards direction

it is travelling at v metres per second.

2gx

Prove p =
5

[a]

A ball is kicked on level ground to clear a fence 3 metres high and 20 metres away. The initial
velocity is 20 metres per second and the angle of projection is a. The displacement equations are
x = 20t cosa and y = —5t% + 20t sina. (Do NOT prove these.)

2
i Show thaty = —:—Osecza + xtana

ii Hence, or otherwise, find the angles of projection that allow the ball to clear the fence. Answer to
the nearest degree.

The velocity v ms™! of a particle is given by v = 1 + e~*. Initially the particle is at the origin and its
velocity is 2 ms™?. Find the time taken by the particle to reach a velocity of 1.5 ms™!.

5+
A particle of unit mass is moving in a straight line under the action of a force, F = x—zx Find an
expression for velocity as a function of its displacement x, if the particle starts from rest at x = 2.
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54

55

56

57

58

59

60

61

A particle is moving along the x-axis in simple harmonic motion.
The displacement of the particle is x metres and its velocity is v ms™?. v
The parabola at right shows v? as a functionofx. o __ ] 16
i For what value(s) of x is the particle at rest?
ii What is the maximum speed of the particle?
iii The velocity of the particle is given by the
equation v = n?(a? — (x — ¢)?), where
a,c and n are positive constants.
What are the values of a,c and n?

—6 -2 0 X

A particle of mass 2 kg is projected vertically upwards with a velocity of U ms~! in a medium which
exerts a resistive force of 1”—0 Newtons. Assume g = 10 ms~2 and ignore air resistance.

i Show that the maximum height H metres reached by the particle is given by:

H = 20U + 40001n (m)

ii Find the time taken for the particle to reach the maximum height H.

iii If U =400, show that the average speed during the ascent is:
2
- -1
200 <1n3 1) ms

A particle moving in a straight line has acceleration given by ¥ = x? where its displacement is x
metres from the origin. If initially the particle is at rest 2 metres to the right of the origin, find its
velocity when it is 4 metres from the origin.

The rise and fall of a tide approximates simple harmonic motion. In a harbour, low tide is at 7 am
and high tide is at 1: 40 pm. The corresponding depths are 20 m and 40 m. Find the first time after 7
am that a ship which requires (5v3 + 30) metres of water is able to enter the harbour.

A particle is moving in SHM between the points x = 0 and x = 4 with period m, and initially the
particle is at rest at the origin. Derive the equation for v? = 22(22 — (x — 2)?).

i When considering motion in a straight line, prove that ;—x sz) =i

ii An object moving in a straight line has an acceleration given by ¥ = x?(4 — x~3) where x is the
displacement in metres. When the object is 1 metre to the right of the origin, it has a speed of
3 m/s. Find its speed to 2 decimal places when it is 5 metres to the right of the origin.

A particle moves in SHM centred about the origin. When x = —3 the particle is at rest. Whenx =1
the velocity of the particle is 2. Given the equation of motion is x = a sin(nt) find the values of a and
n.

A parachutist of mass 80 kg jumps from a plane carrying a sandbag of mass 20 kg. They approach
a terminal velocity of 60 m/s, then drop the sandbag. If everything else remains equal, describe
what then happens to their velocity. Assume g = 10 ms™2 and they experience a resistive force of
magnitude kv?.
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63

64

65

A 10 kg trolley is pushed with a force of 200 N. Friction causes a resistive force which is
proportional to the trolley's velocity.

i Show thatx = 20 — % where k is a positive constant.

ii If the trolley is initially stationary at the origin, show that the distance travelled when its speed is V
is given by

2000 ( 200 ) 10V
— n -

=72 ™ 200—kv

Two particles moving in a straight line are initially at the origin. The velocity of one particle is %ms‘1
and the velocity of the other particle at time t seconds is given by v = —2 cost ms™1.

i Determine equations that give the displacements, x; and x, metres, of the particles from the
origin at time t seconds.

ii Show that the particles will never meet again.

Particle A and Particle B, both of mass m kg,
are connected by a light inextensible string passing
over a frictionless pulley. Particle A is on a frictionless

surface inclined at 30° to the horizontal. Initially the particles

are at rest. After Particle A has travelled x metres towards

the pulley it is travelling at v metres per second.

Find an expression for x as a function of ¢.

The diagram shows an inclined road which makes an angle of a with the horizontal.

VA

\4

0

A projectile is fired from 0, at the bottom of the inclined road, with a speed of V m/s at an angle of
elevation 6 to the horizontal as shown above. Using the axes above, you may assume that the
position of the projectile is given by
1
x =Vtcosf andy = Vtsin —Egt2

where t is the time, in seconds, after firing, and g is the acceleration due to gravity. For simplicity
2

2V
assume that 7 = 1. Air resistance is negligible.

i Show that the path of the trajectory of the projectile is y = xtan 8 — x? sec? 8

ii Show that the range of the projectile r = OT metres, up the inclined road is given by
sin(6 — a) cos 8
r=————>——
cos“aa
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66

67

68

69

70

71

72

Prove
L, _dv_ dv d (1 ,
YT T Vax T ax\2"

A particle moves in a straight line and its position at a time t is given by x = a cos(9t + 8). The
particle is initially at the origin moving with a velocity of 15 m/s in the negative direction.

i Show that the particle is undergoing simple harmonic motion
ii Find the period of motion
iii Find the value of the constants a and 6

iv Find the position of the particle after 6 seconds, correct to two decimal places.

A particle is moving in a straight line according to the equation x = 13 + 12 cos 2t + 5 sin 2t, where
x is the displacement in metres and t is the time in seconds.
i Prove that the particle is moving in simple harmonic motion by showing that x satisfies

an equation of the form ¥ = —n?(x — ¢).

ii When is the displacement of the particle zero for the first time? Answer to one decimal place.

Two particles are projected in a medium where air resistance is proportional to the square of
velocity. Particle A is projected vertically, while Particle B is at an angle to the horizontal. They have
equal initial vertical velocities. Compare the time and vertical displacement to the top of their
trajectory for both particles.

The graph below shows the velocity of a particle moving horizontally along the x-axis over time.

v
A

2

A 4

i Whatis the initial velocity of the particle, and is the acceleration positive or negative?

ii When is the particle furthest to the right?

iii If the particle was initially at the origin, what would the graph of the displacement of the particle
look like as t — ©?

Prove that a particle moving with equation of motion x = sin(at) + cos(bt), cannot be moving in
simple harmonic motion, assuming that a and b are unequal positive numbers.

A particle moves in Simple Harmonic Motion, the period being 2 seconds and the amplitude 3
metres. Find the maximum speed and the maximum acceleration during the motion.
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CHALLENGING
The acceleration of a particle P is given by ¥ = 8x(x? + 4) where x is the displacement of P from a
fixed point O after t seconds. Initially the particle is at 0 and has a velocity of 8 m/s in the positive
direction.
i Show that the speed of the particle is given by 2(x? + 4) m/s.
ii Explain why the velocity of the particle is always positive.
iii Hence find the time taken for the particle to travel 2 metres from 0.
A body of unit mass is projected vertically upwards in a medium that has a constant gravitational

force g and a resistance % , Where v is the velocity of the projectile at a given time t. The initial
velocity is 10(20 — g).

20

i Show that the time T for the particle to reach its greatest height is given by T = 101n<g )

ii Show that the maximum height H is given by H = 2000 — 10g[10 + T]

i If the particle then falls from this height, find the terminal velocity in this medium.

A particle of unit mass is set in motion, with speed u ms~'and moves in a straight line

before coming to rest. At time t seconds the particle has displacement x metres from its starting

point 0, velocity v ms™! and acceleration a ms™2.

The resultant force acting on the particle directly opposes its motion and has magnitude
(1 + v) Newtons.

i Find expressions for
a xintermsof v
B vintermsoft
Yy xintermsoft
ii Showthatx + v +t=u

iii Find the distance travelled and time taken by the particle in coming to rest.

A 100gm bullet is fired vertically into the air from the ground with an initial velocity of 1200 m/s. The
bullet is subject to air resistance of% newtons in the opposite direction to the motion. The bullet is

also subject to a downwards gravitational force of% newtons. Assume g = 10 m/s?.

v+100
1300

i Prove x = 12000+ 1000 ln( ) —10v.

ii Find the time taken to reach maximum height (to 2 dp)
iii Find the maximum height, to the nearest metre.

iv After reaching maximum height the bullet returns to the ground. Find the terminal velocity.
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77 A projectile is thrown horizontally from the top of a 125 m tower with velocity V metres per second.
It clears a second tower of height 100 m by a distance of ¢ metres, as shown. The two towers are
20v/5 metres apart. Air resistance is negligible.

T

125
100

\4

< 20V5

The equations of motion for this system are x = Vt and y = —5t2 + 125. Do NOT prove this

100
V25—c

ii Prove that the minimum initial speed of the projectile to just clear the 100 m tower is 20 m/s.

i ShowthatV =

iii If V =20 m/s, find how far past the 100m tower will the projectile strike the ground.

iv Determine the vertical component of the velocity of the projectile when it strikes the ground.

78 A skydiver of mass 60 kg jumps out of a stationary balloon and starts falling freely to Earth. She

2
experiences gravity of mg downwards and air resistance of % upwards. Given that down is positive,
and x =t = 0 at the balloon:

2

i Showthatx =g — :R and find her terminal velocity, given that g = 9.8 ms™2.

360g
360g—v2

ii Show that x = 180 ln< ) and find its distance fallen when the skydiver reaches 50 ms™!.

iii Find the time taken for the skydiver to reach this speed.

79 The paddle wheel of a river boat rotates once every twenty seconds. The wheel has a diameter of 4
metres, and is centred 1.5 above the water surface. Prove that each paddle is under water for

10 — Zn—osin‘1 G) seconds in each rotation of the paddle wheel, given that the height of each paddle
is in SHM.
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A particle Q of mass 0.2 kg is released from rest at a point 7.2 m above the surface of the liquid in a
container. The particle Q falls through the air and into the liquid. There is no air resistance and there
is no instantaneous change of speed as Q enters the liquid.

When Q@ is at a distance of 0.8 m below the surface of the liquid, Q's speed is 6 ms™1. The only force
on @ due to the liquid is a constant resistance to motion of magnitude R newtons. Take g, the
acceleration due to gravity, to be 10 ms™2.

i Show that prior to entering the liquid that % = %.

ii Hence find the speed as Q enters the liquid. Answer correct to 2 decimal places.
iii Find the value of R.

The depth of the liquid in the container is 3.6 m. Q is taken from the container

and attached to one end of a light inextensible string. Q is placed at the bottom
of the container and then pulled vertically upwards with === ==-1-~-—-=---
constant acceleration. The resistance to motion of R newtons continues to act.

The diagram shows the forces acting on Q as it is being pulled out of the Q

container.
Rll 0.2g

The particle reaches the surface 4 seconds after leaving the bottom
of the container.

iv By resolving the forces and finding an expression for %, find the tension in the string.

Use integration to prove for a particle in SHM about a point ¢ with amplitude a that

v? =n?(a? — (x — ¢)?). You may assume # = —n?(x — c).

A particle of unit mass is dropped from rest in a medium where the resistance to the motion has
magnitude %vz when the speed of the particle is v ms™!. After t seconds the particle has fallen x
metres. The acceleration due to gravity is 10 ms™2.

i Explain why % = 4—10(400 —v?).

ii Find an expression for t in terms of v.

i Show that v = 20 (1 — —)

-t
iv Show that x = 20 [t +2In (1+2e )]
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A particle with mass m is fired vertically upwards from the Earth's surface at U ms™1. Ignoring air
resistance, the particle is under the influence of gravity, which is inversely proportional to the square

of the distance of the particle from the centre of Earth, ¥ = —x—kz, where x is the distance from the

centre of the Earth. At the Earth's surface the force of gravity acting on the particle is mg. If the
Earth's radius is R:

2gR?
i Show that v? = =2— +y? — 29R
X

i If U2 = gR show that the particle reaches a height of R above the Earth 's surface.

iii Also if U2 = gR show that the time taken to reach a height of R above the Earth's surface
is given by

2R 1
t =f — dx
R ’ZgR
= gR

and find this time in terms of R and g.

A particle P of unit mass is projected vertically upwards from the ground, with an initial velocity of
um/s, in a medium of resistance kv?, where k is a positive constant and v is the velocity of the
particle.

i Show that the maximum height H, from the ground, attained by the particle P is given by

PR PO
2" g

where g is the acceleration due to gravity.

ii At the same time that P is projected upwards, another particle of unit mass, Q, initially at rest, is
allowed to fall downwards in the same medium, from a height of H metres from the ground, along

the same vertical path as P. Show that at the time of collision of P and @,
1 1 1

22 yz
v vy V
where v; and v, are the velocities of particles P and Q respectively, at the time of collision, and

= |4
V= e

A rubber ball of mass 7 kg, falls from rest, from the top of a building. While falling the ball

2
experiences a resistive force %, where v is the velocity of the ball. Take g, acceleration due to
gravity, as g = 10 ms™2.

i Show thati =10 — % where x is the distance the ball has fallen.
ii Find the terminal velocity of the ball as it falls.
iii Show that v2 = 100(1 — ¢75)

. 2
iv After hitting the ground the ball rises vertically such that X = —10 — '1/—0 where V is the velocity of
the ball as it rises and X is the distance the ball rises. Find the time that it takes for the ball to rise to

its maximum height if initially V = % ms~L.
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The diagram below shows a plane P which is flying at a constant speed of ./8gh m/s upwards at an
angle of elevation of 30°, passing through 4, B and C. At the instant when the plane is at a height h
metres vertically above a missile silo located at a point O on the ground, a missile from the silo is

launched at an angle of elevation « to hit the plane where 0° < a < 90°. Air resistance is negligible.

+/8gh

\ 4

With the axes shown in the diagram above, you may assume that the position of the missile is given
by (DO NOT prove this)
X =utcosa
. 1,
y =utsina —Egt

where the launching speed of the missile is u m/s, t is the time in seconds after launch and g is the
acceleration due to gravity.

i Show that the trajectory of the plane is given by
X

=—+h
N

ii Assuming that the missile can hit the plane, hence, from part (i), show that the x-coordinates of
the points of collision must satisfy

2 (X gt h2 =0
12 \/g ana X =

2
iii Suppose that tan a > NG

o Show that there are two possible points of collision B and C between the plane and the missile.
B Show that the time T (in seconds) elapsed between the two points of collision is given by

T = Jghjna@tana— 2\/§)

Prove that a particle where x = a cos?(nt + a) + c is in Simple Harmonic Motion.

A particle is fired vertically upwards with initial velocity V metres per second, and is subject both to
constant gravity, and to air resistance proportional to speed, so that its equation of motion is: ¥ =
— g — kv, where k > 0 is a constant, and g is acceleration due to gravity.

Prove that the projectile reaches a maximum height H given by:

p=Y_9,(1+%
"k k2" g
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A particle of mass one kg is moving in a straight line. It is initially at the origin and is travelling with
velocity 1 ms™1. The particle is moving against a resisting force v + v3, where v is the velocity.

i Show that the displacement x of the particle from the origin is given by
1-—
x =tan~! ( v)
1+v

ii Show that the time t which has elapsed when the particle is travelling with velocity V is
given by

1+ V2

t=In |——
N [ T2v2

Consider a particle of unit mass falling through a fluid. The resistive frictional force on the particle is
proportional to its velocity. That is, the resistance force may be written as R = —kv where k is a
constant and the particles velocity is v ms™1.

i If the particle falls vertically from rest, show that the terminal velocity Vi is given by V; = %, where
g ms~2 is the acceleration due to gravity.

ii If the particle is projected upwards into the resistive fluid with speed V., show that after t
seconds.

a its speed v ms~tis given by v = Vp(2e ¥t — 1)
B its height, x m is given by x = VTT(Z — kt — 2e7*t).

iii Hence, show that the greatest height that the particle can reach is
V.
Xmax = %(1 —In2)

A particle P is projected vertically upwards from the surface of the Earth with initial velocity u. The
acceleration due to gravity at any point on its path is given by — x% where x is the distance of the
particle from the centre of the Earth and k is a constant.

i Explain why k = gR?, where R is the radius of the Earth and g is the acceleration due to gravity
at the Earth's surface.

ii Neglecting air resistance, show that the velocity v of the particle is given by

1 1
2=y?-2gR?*(=—=
v u g (R x)

iii If the initial velocity of the particle is given by u = ,/2gR, show that the time taken to reach a

height 3R above the Earth's surface is given by %.
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92 A particle is projected from the origin with an initial velocity 20v/2 ms~? at 45° to the horizontal. The
particle experiences the effect of gravity, and a resistance proportional to its velocity in both the
horizontal and vertical directions. The equations of motion in the horizontal and vertical directions
are given respectively by

. X 4 v=-2 10
¥=70 M YT

(You are NOT required to show these.)

t
i Provex =400 (1 — e_%).

t
ii Prove y = 4400 (1 - e_%) — 200t.

400—x
iii Prove y = 11x + 4000 ln( 200 )

iv After the particle has travelled 50 metres horizontally, prove that the angle of its trajectory is
23°12' below the horizontal.

93 An object is projected with velocity ¥V ms~! from a point O at an angle of elevation a. Axes x and y
are taken horizontally and vertically through 0. The object just clears two vertical chimneys of
height h metres at horizontal distance of m metres and n metres from 0. The acceleration due
to gravity is taken as 10 ms~2 and air resistance is ignored.

y)\
%
hb-A a2 22
1 1
1 1
a\! : ,
0 m n

X

i Show that the expression of the particle after time t seconds for the horizontal displacement is
x = Vt cosa and the vertical displacement is y = Vt sina — 5t2.

ii Show that
V2= 5m2(1 + tan? a)
mtana — h
iii Show that
h(m +n)
tang = ——
mn
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A food parcel of mass 15 kg is dropped vertically from a helicopter which is hovering 2000 metres
above a group of stranded bushwalkers. After 10 seconds a parachute of mass 5 kg opens
automatically. Air resistance is neglected for the first 10 seconds but then the effect of the open
parachute is to supply a resistance of 40v Newtons where V ms™! is the velocity after t seconds
(t = 10 seconds).

Take the position of the helicopter to be the origin, the downwards direction as positive and the
value of g, the acceleration due to gravity, as 10 ms™2.

i Use calculus to find the equations of motion in terms of t for the parcel before the parachute
opens and prove that the velocity at the end of 10 seconds is 100 ms~! and the distance fallen at
the end of 10 seconds is 500 metres.

ii Show that the velocity of the parcel after the parachute opens is given by v = 5 + 95¢~2(t=10) for
t >10.

iii Find x, the distance fallen as a function of t and calculate the height of the parcel above the
bushwalkers 2 minutes after it leaves the helicopter.

iv Calculate the terminal velocity of the parcel.

The tide level in a harbour oscillates according to simple harmonic motion. At 5 am the tide is at its
lowest level at 3 m and at 11 am the tide rises to its peak at 6 m.

i Calculate the amplitude and period of motion

ii The motion can be written in the form x — b = a cos(nt) where a, b and n are constants, x
represents the tide level in metres and t is the number of hours after 5am. Explain why a = —1.5,
b=4.5andn=§.

iii Show that it satisfies the condition ¥ = —n?(x — b)

iv Between which two times (to the nearest minute) during the same day that a boat can enter then
leave the harbour, if the hull requires a minimum depth of 4 m for safe passage?

In an aerobatics display, Cynthia (mass 50 kg) and Rebel (mass 60 kg) jump from a great height
and go through a period of free fall before opening their parachutes. While in free fall at speed
v ms~1 Cynthia experiences air resistance 100v newtons, but Rebel, who spread eagles,

. . . 480
experiences air resistance 120v + 7172 newtons.

i Using a force diagram, show that Cynthia's terminal velocity is % ms~1.

ii Find Rebel's terminal velocity.

iii Cynthia opens her parachute when her speed is % ms~L. Find the time she has been in free fall.
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A car, starting from rest, moves along a straight horizontal road. The car’s engine produces a
constant horizontal force of magnitude 5000 Newtons. At time t seconds, the speed of the car is

v ms~! and a resistance force of magnitude 10v? Newtons acts upon the car. The mass of the car
is 2000 kg.

dv  500-v2
i Showthat— = ———
dt 200
ii Prove
t
e2Vs — 1
v=V500| ———
e2Vs + 1

iiil What is the maximum speed (terminal velocity) of the car? Answer correct to 2 decimal places.

iv How long does it take for the car to reach 99% of its terminal velocity? Leave in exact form.

A stationary submarine fires a missile of mass 40 kg with a
speed of 500 ms~! at a ship at rest 500 m above it.

A

The missile is subject to a downward gravitational force of
2

400 N and a water resistance of% N, where v is the

velocity of the missile.

i Show that while the missile is rising, its displacement from v
the submarine is given by

2000 ( 790000 )
= n

500m

=73 40000 + 302

ii Show that the velocity of the missile at the time of impact with the ship is approximately 333 ms™1.

A body is projected vertically upwards from the surface of the Earth with initial speed u. The
acceleration due to gravity at any point on its path is inversely proportional to the square of its
distance from the centre of the Earth. The radius of the Earth is R.

i Prove that the speed at any position x is given by v? = u? + 2gR? G - %)
u?R

ii Prove that the greatest height H above the Earth's surface is given by H = 2gR"

iii Show that the body will escape from the Earth if u > ,/2gR
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100 A particle of mass m is projected from the origin with an initial velocity V ms~! at an angle of 6 to
the horizontal. The particle experiences the effect of gravity and a resistance proportional to its
velocity in both the horizontal and vertical directions.

Prove the following results, where k is the coefficient of drag and g is gravitational acceleration.

_k,
i x=VcosBe m

. mV cos 6 _k
i x= . (1 —e mt)

k
iii y=(22+Vsing)en - 22

k
v y=2("4vsing) (1-ent) -

vVy= (kvr:fse + tan 9) x + ";;g In (1 x )

- mV cos 6
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REVISION EXERCISE 6 - SOLUTIONS

1

11

13

d (1 1
:—<—v2> =E(—6x+20) =-3x+10

dx \2
=-3 31
= X 3
ANSWER (A)
dv
& (2
v w(v? +v)
dv
= HvtD)
dx 1 1
—=——X
dv u v+1
1 1
Xx=—--
uly 1
=——[ln(v+1)]

2
T=—= - n=2
n
_ 10 0_5
a=——=
_10+0
c=—p—=

The curve is a cosine curve shifted vertically by 5 and
right by g so:

=5 [Z(t ”)] 5=5 (Zt ”) 5
X = 5cos 7 + 5 =>5cos > +

dv
—=-02
dt Vv
dt - _sg _%
av_ Y

vo1
t=—5f v 2dv
9

--ole]

=—-10(vv - 3)
30 — 10V

The particle’s horizontal velocity decreases as it
moves. The height of the three points is irrelevant.
ANSWER (B)

Xx=AMx+2)

d (1
a(zvz> = A(x + 2)

1 X
—p? =Af (x + 2)dx
2 0

2
v —21( +2x)

= Ax? + 42x
v =4/A(x% + 4x) v > 0 given initial conditions
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10

14

140

c=2,a=3
21
T = Y =T > n=2
One possible equation of motion is
x = 3sin(2t) + 2.
Alternative solutions would swap the sine for cosine,
and replace 2t with 2t + a for any angle «

x =3t (€Y)
y=50+4t—5t2 (2)
t= g from (1)
sub in (2):

—50+4 (x) 5 (x)z
y= 3 3

. 4x 5x?

- 3 9

d
$=0 — 2x+3)(2) =4x+6
dx

Letx=4->%¥=4(4)+6=22
ANSWER (B)

The maximum acceleration occurs at the left hand
extremity of motion, so at x = —1. Since acceleration is
proportional to the distance from the centre of motion,
the acceleration will be half the maximum acceleration
when the particle is halfway from the centre to x = —1,
soatx = 0.

X=v—

dx

- 1
=sin ~x X

1—x2

ANSWER (D)

The only acceleration is due to gravity, which points
straight down.
ANSWER (B)

d
vl o —2(v +v?)

gx
v
E = —2(1 + 17)
dx 1 1
-z ><
dv
_ 1
- 2
_ 1
2 v
ANSWER (C)
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17

19

21

If air resistance is negligible, then particles with equal
velocity and complementary angles of projection will
have the same range, but unequal times of flight. If air
resistance is taken into account, the particle with the
smaller angle of projection has a longer range but
shorter time of flight.

ANSWER (A)

30g cos30°

30gsin30°
X = 30gsin30°

—=15
a7
v=15¢g | dt
0
= 15gt
i
NPT
a9 .
x=15g | tdt
0
t
=15_'g tz]
2 0
_ 15gt?
)
2
- 100 21"
0 =100 7
vr? = 400
vy =20 m/s.

Note that the mass is irrelevant.

41\ s

dx ZU =X
1
Ev2=f(x+3)dx

2
v2=2<7+3x>+c

=x2+6x+c

Let x=0, v=3
32=0+0+c

c=9

v2=x?>+6x+9
=(x+3)2

v =x+3 v > 0 given initial conditions
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20

One quarter the distance means that the amplitude is
quartered. Half the time means that the angular velocity
(n) is doubled.

1 1
Zza121(12)=3
T 1T 1><2n m 2n T
= — ==X—=—>

272727272 Tn, 2

say

i The amplitudes are 5 and 10 respectively, and the
amplitude of % is the amplitude of x multiplied by n, so

n=2

ii The graph of displacement is the reflection of the

graph of acceleration over the ¢t -axis, but with
amplitude % that of velocity, sog =2.5.

Y A

2
- _9* 2
y= 2V2(1+tam 6)+xtan6
10 x 2002 5
1.5:—W(1+tan 6) +200tan

1.5=—-80(1+tan?6) + 200 tan 6
80tan® 6 — 200tan 6 + 81.5 = 0
200 + /2002 — 4(80)(81.5)
2(80)
= 0.512605...,
6=27°,  63°

tanf =

1.987394

3

ndt_x

dt 1

dx  x+3
_fox+3 x

x
= [ln(x + 3)] since x>0 given initial
0

t=In(x+3)—1In3
In3+t=In(x+3)
3et=x+3

x=3et -3
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31

X = cost

X = —sint

X = —cost
=—x

-~ the x component is in SHM.

dx

254 a2

di +x

dt 1

dx ~ 25+ x2
X

1
t=| ——=d
L 25422

e (]

_ 1 tan-1 (x) b
=5 \5) 720
ANSWER (D)

d (1
22| —e,-3 _ 7,2
i (217 ) 5x 7x
1 X
~v?= f (5x73 = 7x7%) dx
2 1
5 X
—|_—,-2 -1
= [ 2x + 7x ]1

,  —9x%*+14x—5
Vi =
x2
1

v=i; —9x2+14x—5
ANSWER (B)
i
_ dv
a=v_

5 5
_ T2 -1y (=
( 2x + 7x ) ( 2+7>

_ 2
T 9x2
ii

dx_ 2
dt ~ 3yx
dt_3%
dx 2"

3(* 1
tzzledx
2t 2[%]"
2Ly
3 3 1

3
t=x2-1
3
x2=t+1
x=(t+1)3
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27

29

30

32

33

34

142

LetvZcost —sint = Rsin(t — a)

~ R =(2)2+(2)?= 22
a=tan"t <§> = %
X = Zﬁsin(t—%) +1

This is in the form x = asin(nt + a) +c,
so the particle is in SHM. The centre of
motion is 1 and the amplitude is 2v/2.

ANSWER (B)

The maximum height occurs closer to the point of

impact, so A is incorrect.
ANSWER (A)

Both times the rock will be in the air for the same time,

so it will travel twice as far.

ANSWER (C)
oo F v
mx = 5
10
1(0)=F - —
(0) z
F=2N
Lety =0
5 60e702t —50=0
60e702t =50
5
-0.2t — =
¢ 6
6
0.2t —
€ 5
0.2t =1 6
. = 1’15
6
t=5In-

5
= 0.9 seconds (1 dp)

The centre of motion is 2 and the amplitude is 3, so

[2-32+3]=[-15].

Xy > Xp
mg — kv > mg — kv?
kv? > kv
v2—v>0
v(v—1)>0
v>1 (w>0)

x =Vtcos@ (@Y)
gt? :
y=—T+Vtsm9 2)
From (1):
‘o x
" Vcosh
Substituting into (2):
9 (eosn)
V cos 8 ( X ) .
=— %4 2
Y 2 + V cos@ st
= 9%* + xtan6
Y= Tovzcosze T !
-9 2
y = 2stec 0+ xtan6

2
- _9x 2
y = —ﬁ(1+tan 0) +xtan6
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35 i After approximately 4.5 and 7 seconds at the points of 36
inflexion, since the curve is neither concave up or down
so the net force is zero.
ii From approx t = 4.5 to approx t = 7 seconds, since
the curve is concave up. 37
i The velocity is of degree 3 and acceleration of
degree 2, since they are the first and second derivative
of displacement.
iv Only the three t-intercepts shown, as the particle will
continue to move to the left.
v Only the three turning points shown, as the particle
will continue moving to the left.

38 d 39
v
v—=2v%+4v
dx

dv—Z + 4
dx v
dx_ 1
dv 2v+4

_f” dv
=), wra
1 v
=3 In(2v + 4)
4

1
=§<ln(2v+4) —1In 12)

_1 v+2
=276

_v+2
T 6

v=6e?*—-2

2x

40 v? = 4 — 16x? 41

SR PR
T2 dx x

1
= E (—3296)
= —16x
-~ the particle is in SHM with n = 4, so the period
. 2T T
is=—=-.
4 2

- Zx) - ((37)2 - 2(3))
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=(x—1)(x—-23)

X = —6 (3t+n)
X = —6cos G

Since —1 < cos(8) < 1 the maximum speed is 6 m/s
ANSWER(B)

. d (1
X = a(ivz)
d (1
== (E (48 — 16x% — 32x)>
=—16x—16
=-16(x—1)
= —4%(x — (-1))

ii
¢ =—1,n =4 from (i)
T_Zrt_rt

T4 2

10 2 2 10
a===52=5 5pn=" atMx===25.
2 n 5 4

2mt
Let x = 5sin <?>

=2 2nt
X = 2mcos|—

At M:

. (2mt
5sin <T>
. (2mt _
sin <T> =

2mt _

5

Il
N
t

N [ N =
S R|wols

—
Rl
~—
SN——

% = 16vV2e"2In2
_16v2

=
=42
7 =16(1++2)e72"2 -5
_16(1+v2)
eln4
=4/2-1
Y

tanf =
X

f =tan! (4\/5 _ 1)

W2
=39°28'
The particle is moving upwards at an angle of 39°28' to
the horizontal.

ji
Given initial conditions v > 0 for all x
Letv = 216 > v? = 24
24 =x%—4x+3

x?—4x—-21=0

x—=7x+3)=0
x =7 x > given initial conditions

X=x—2
Letx =7

¥=7-2=5ms? Howard and Howard Education
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44

46

48

49

Displacement is a sine curve with an amplitude of 1,
centre of moton 1 and T=m since

n = 2. So it is a sine curve moved up 1 unit.

Acceleration is given by #=-2%(x—1)=—4x+4
since n =2 and ¢ =1, so it is the displacement curve
reflected over the x-axis, vertically dilated by a factor of
4 then moved up 4 units. Notice that it is centred about
0, not 1, as acceleration is proportional to the distance

from the centre of motion.

x = asin(nt + a)
v = an cos(nt + a)
v2 4+ n?x? = (an cos(nt + a))? + n?(a sin(nt + a))?
a’n? cos?(nt + a) + a’n? sin’(nt + a)
= a’n?(cos?(nt + ) + sin®(nt + a))
= a?n2
which is constant

2m

—=2 > n=mn ~AC
n

xo = 2 for4,B,C,D

X9 =0 for4,B
ANSWER (A)

0 = 2000 — k(50)2
2000

= 2500
=08

0 = 1500 x 10 — 0.8V
0.8V% = 15000

15000
1= 708

=1369m/s
dx
T k(a —x)
t 1 1

dt _ X
dx k" a
1 X
t=EL

0

kt=[ln(a—x)]

X
kt=Ina —In(a — x)

a
kt =1n
a—x
a

Kkt _

—x
dx
a—x

e
a—x
a—x=ae *
x=a(l—ekt
ANSWER (C)
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YA
41
y=4%
2_
1 y=x
T t
—4

d (1, 1
2 )= ——
dx\2 1+ 9x2

x 1
2)=| ——==
) fo Ty

2 X
v2—4= 3 [tan_1(3x)]

2
v? = gtan‘l(Bx) +4

The stone is thrown from (0,100) with velocity 30 ms™

1

at an angle of 6 and lands at (40,0) at time t.

t t
det—f 30cos O dt

-l

30tcos@
4

30059

~+

fydt—f%—&@dt

-]

y —30sin8 = —9.8t

¥y = —9.8t + 30sin 6
t t
f ydt =f (—9.8t + 30sin0) dt
0

[ ] = [—4.9t2 + 30tsin9]

t

0

—100 = —4.9t%2 + 30t sin
y = —4.9t2 + 30tsin 6 + 100

4
Lett=5——,y =

3cosé 5
0=-49 4 + 30 4 in@
~ "7"\3cos@ 3cos0 )™
49 %16
0=— 5 sec’6 +40tané + 100

392
0= —4—5(tan2 6+ 1)+ 40tan6 + 100
0 =392tan? 6 — 1800 tan 6 — 4108

tanf =

1800 + \/18002 —4(392)(—4108)

tanf = —1.672813...,

6 = —59°,81°

2% 392
6.264650..,

The stone can be thrown up at an angle of 81° or

down at an angle of 59°.

Howard and Howard Education



50 @m+3m)i =Bmg—T)— (2mg —T)

5mi = mg A
=t
5
g
dx 5
v _ g
dx 5v V=!I
dx 5v
i T
dv g B
A
5 v
X = —f vdv 0
9Jo
v
= E[Vz] 2mg
g 0
5o 3mg
2g9
2gx
2 _ 297
V=75
2gx . .
v= = since the particle only moves up
52 dx ., e +1
=1 X =
dt te ex
e e”
dx  e*+1
X eX
‘ —f(, 1
X
= [ln(e" +1)
0

t=In(e*+1)—1In2
In2+t=In(e*+1)

2et=e¥+1
e* =2et -1
x =In(2et — 1)
_dx 2et
Tdt 2et-1
Let 3
etv =—
2
3 2et
27 2et—1
6et —3 = 4et
2et =3
3
e_2
¢ =2

54 ix=—-6o0r —2

iis =16 =4m/s
iii
-6+ (-2
= # = —4  (centre of oscillation)
—2—(-6) . )
=—— —= 2 (the amplitude of the motion)

v? =n?(a® — (x — ¢)?)

maximum velocity when x = —4

16 =n2(2% — (-4 + 4)?)
16 = 4n?
V16

51

53
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X

x =20tcosa - t=
20cosa

7= 5(gres) + 2 (geera)®
Y= 220cosa 20cosa) ™

2
=——sec“a+xtana
80

ji
Letx=20,y=3
202
3= —E(tanza+1) + 20tana

3=-5tan’a —5+20tana
S5tan’a —20tana + 8 =0
20 +/(—20)2-4(5)(8)
2(5)

= 0.450806...,3.549193

= 24°,74°
The ball will clear the fence for any angle from 24° to
74°.

tana =

. 5+x
=3
d (1 1
— [ Zp2) = -2 4
dx<2v ) 5x +x
1 x 1
—v? = (5x‘2+—) dx
2 5 x
5 X
v:i=2 ——+lnx]
x 2

(o))

10
=—7+21nx+5—21n2

x 10
v= 21n(—)——+5
2 x

since v > 0 given initial conditions

Howard and Howard Education



55 i
. _ .V
mi = —mg — 75
10mg + v

10m
dv_ 10x2x10+v

X 10x 2
dv _ 200+ v
dx ~ 20v
dx _ 20v
dv~  2004+v

0y
H=-20| ——d
f,,200+v v
U200 + v — 200
=zof A
0

200+ v
—zofu 1--20 )4
= 200+v) %

U
=20 [v —2001n(200 + 1;)]
0

= 20((U —2001n(200 + U)) — (—2001n200))

= 200 + 40001n [ —2
= "\200+0U

dv _ 200+v
dt ~ 20
dt 20
dv~  2004v
|
=-20| ——d
t 0L200+v”
U
=20 [m(zoo + v)]
0

= 20(In(200 + U) — In 200)
2004+ U
= 201n< )

200
iii
If U = 400:

200
H = 20(400) + 40001In (m)

1
= 8000 + 4000 1In <§>
=4000(2 —In3)

o290+ 400
=40 T 200
=20In3

H
Average Speed = r
_4000(2 —In3)
~  20In3

=200 2 1
- In3
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1 X
—v?=| x%dx
2 2
x31"
=[5
42
x> 8
2 22— —=
#=2(5-3)
2x3-16 .
v= 3 given initial conditions
Letx = 4

2
T=2X 6§ = — hours
_ 2m _ 3
T 20 i
Equilibrium position is %0 = 30 m and amplitude is
40-20 =10m

If we use — cos nt then the curve will start at its
minimum, so we can take t = 0 as low tide.

3m
x =30 10 cos t
where t is the number of hours after 7 am.

Letx = 5v3+30
3
~30—10cos <2—0t> =5v3+30

3nt— NE]
cos20 ==

37rt_ m
200 "%
_57r 20
“ 6 " 3m
50
T 9
=5h33m

The first time the ship can enter the harbour is 12:33
pm.

2
=mr > n=2
_0+4
c=——=
¥=-22(x—2)
d (1
—(zv?|=—4(x-2
dx(2v> *=-2)
1 X
—v2:—4f (x—2)dx  *x
2 0

2 X
v?2=-8 [x? - Zx]
v? = —4x% + 16x
= 22(—x? + 4x)
=22(-(x—2)2+4)
=2%(22 - (x - 2)?)

0

++ at the origin x = 0,v =0

Howard and Howard Education



59 i 60 a=3

d (1 dv d (1 x = 3sin(nt)
—(zv? | =—x—zv? .
dx\2 dx " dv\2 % = 3n cos(nt)
dx Letx=1,x=2
= lv 3si . L
_dvxdx ~1=3sin(nt) - sin(nt) —§2 (@Y)
Tdx T dt = -2
o 2 = 3ncos(nt) - cos(nt) In 2)
=i sin?(nt) + cos?(nt) =1  Pythagorean Identity
_d (dx C(1)? (2 : .
T dt\dt “\3 3n)
2 1 4
_4= .
dt? 9" on2
—% n? + 4 =9n?
8n? =4
. 1
i i n? = 3
252 = 4204 — -3
dx<2v ) X (4 x ) n :i
V2
=4x% - =
1, se1 61 0 = (80 + 20) x 10 — k x 60
E(v -3%) = ) <4x —;)dx 3600k = 1000
4x3 s 5
2 _g_nol|X _ k=—
vs -9 2[ 3 lnx]1 T
4(5)3 4(1)3 Let V7 be the new terminal velocity
v2=2<< 3 —ln5>—< - >>+9 5
0=80x10——x V2
= 336.45 18
v =1834ms™? 5 ,
since v > 0 1g/r =800
18
V= [800x—

=53.7m/s
The parachutist will slow towards a new terminal
velocity of 53.7 m/s

62 i 63 i )
10% = 200 _kﬁv X = f_dt
=20—— T
x 10 2
=—tms
T
i t
dv kv Xy = f (—2cost)dt
Va =20— E 0 ¢
QZZOO—kv =—2[sint]
dx 10v 0
dx  10v = —2sint
dv ™ 200 —kv
_ J 10v d ii
x= o 200 —kv v Initially the first particle moves to the right and the
10 2000 second particle moves to the left. The second particle
V—=-(200 — kv) + —— o . -
- f k k dv returns to the origin at t = m seconds, at which point
0 200 — kv the first particle is at x = 2 and continues to move to
_ V{10 2000 —k the right. Since the maximum displacement for the
- fo Tk k2 200 — kv dv second particle is 2, the two particles never meet again
_[10v_2000 oo k) v
= & k2 n v ,
10V 2000
= —T— K2 1n(200— kV)
2000 200 10V
Tz M200-kv) " Tk
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66

68

(m+m)i=(mg—T)— (mgsin30°—T) 65

e mg
2mix = 2
-
4
dv g
dt ~ 4
t
v—gfdt
4 0
_gt
T4
dx gt
dt = 4
t
x=gf tdt
4 0
g t
_—tz]
)
_gt?
T8
ot o
T dt?
_d dx
T dt\dt
d
=E(V)
dv
_dv dx
Tdx T dt
dv
ZEXU (2)
dv d (1 2
= —v
dx dv\2
a1,
:a EU (3)
dv dv d (1
S a(z“) from (1), (2), 3)

13 + 12 cos 2t + 5sin 2t

—24sin 2t + 10 cos 2t

= —48cos 2t — 20sin 2t

—4(12 cos 2t + 5sin 2t)

—4(13 + 12 cos 2t + 5sin 2t — 13)
=-22(x—13)

R R R T
I nnu

ii
13+ 12cos2t+ 5sin2t =0
12 cos 2t + 5sin2t = —13

r=+/122+52=13
5
= -1 —_— =
a = tan <12> 0.44258...

~ 13 cos(2t — 0.44258) = —13
cos(2t — 0.44258) = -1
2t — 044258 =1

1
t= 2 (m + 0.44258)

=1.792...
t=1.8s(1dp)

1000 Extension 2 Revision Questions © Steve Howard 148

69

x =Vtcosf -t =

vcos 6
=V (7o) =39 (anss)
ry= V cos@ st 2‘9 V cos @
=xtanf X g+*
=xtan Zg VZ2cos26
_ 2 cnp2
—xtan@—mxx sec“ 6

. 212

= xtan@ — x?sec? @ since 7: 1
i
AtT(x,y):
X =rcosa
y =rsina

~rsina=rcosatand — (rcosa)?sec? 6 from (i)
rsina cos?6 = rcosasinf cosd —r?cos® a
r? cos? a = rcos 6 (sin 6 cos & — cos @ sin a)
r? cos? a = rcos 6 sin(f — a)
sin(f — a) cos 0
rE=—
cos?a

i
x = acos(9t + 6)
x = —9asin(9t + 6)
X = —8lacos(9t + 0)
=-92x
-~ the particle is in SHM with n =9

iii
Lett=0,x=0,x =—-15
0=acos€—>cos€=0—>9=§
—15=—9asin(z>—>a:1—5=E
2 9 3
iv
Xg =§cos (9X6+§) = 0.94 m (2dp)

Particle B has a greater vertical resistance, since

R, = —kv,v as opposed to R = —vf for Particle 4, and
v >, for Particle B. So Particle B will reach its
maximum height sooner, and it will be lower, than for
Particle A.

Howard and Howard Education
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73

i The particle is initially at a velocity of 2 metres per
second to the right (since the height is 2) with negative
acceleration (since the curve then has a negative
gradient)

ii The particle moves to the right fromt =0tot =1.1t
moves to the left from t = 1 to t = 3, then a similar
amount to the right from t = 3 to t = 5, then returns to
the left. It is furthest to the rightat t =1 and t = 5.

iii Equal heights at t = 1 and t = 5, minimum turning
point at t = 3, and approaching an oblique asymptote
with gradient —3 as t — oo.

N

i

d (1
— [ Zp2) = 2
dx<2v> 8x(x% + 4)

1 x

E(vz -8?2) = f 8x(x? +4) dx
0

X

v2—64=2

2x* + 16x2]
0
v? = 4x* +32x% + 64
= 4(x* + 8x% + 16)
=22(x? + 4)2
speed = |v| = 2(x% + 4) m/s
i
Initially the particle is at the origin moving to the right,
so v > 0.Since x% + 4 > 0 the velocity can never be

zero, so acceleration will never become negative, so
the velocity is always positive.

iili

& a4
PG
dt 1

EZZ(XZ+4)
17 1

t:EL x2+4dx
1 x\ ¥

— -1(_

_4[ta“ (2)]

1 0
X
=37 (3)

Letx =2
t= 1t (1)
—Z an
-
16
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x = sin(at) + cos(bt)
x = a cos(at) — b sin(bt)

% = —a? sin(at) — b? cos(bt)
# —n?(sin(at) + cos(bt))
since a # b and a, b non-zero

-~ the particle is not in SHM.

- ﬂ:_ . _3
n=-=ma=
Let x = 3 sin(mnt)

dx

? = 3m cos(mt)

d*x

Pt —3n? sin(nt)

Letting cos(rt) = 1, then sin(nt) = —1, we see that the
maximum speed is 37 ms~! and maximum acceleration
is 3m% ms™2.

. v
=790
) dv _ v
a9 10
dt 10
dv~  10g+v
e[,
=- ——dv
10(20-g) 10g + v

10(20-g9)
=10 [ln(lOg + v)]

v

=10 <ln(10g +200—10g) —In(10g + v))

=101 200
= 10g + v

whent=T,v=0

AT = 10In (22
R CTO

20
=10In <—>
g

t=101 200
- n 10g +v

t 200
el = ———
10g +v
t ¢
10ge10 + vel0 = 200
t t
veld = 200 — 10geT0

t
v =200e 10 — 10g
T ¢
x = f (200e"10 — 10g) dt
0

¢ T
= [—200037ﬁ - 10gt]

—ln(@)
= | —2000e 9/ —10gT | — (—2000 — 0)

g
= —2000(—) — 10gT + 2000
20 g+

= 2000 — 10g[10 + T]

o v

=97 10

Leti=0,v="Vy
Vr

0=9-1

Vp = 10g
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v—=—(14+v)

dv 1+v

dx v

dx v

dv 1+v
v
u 1+v
14+v-1

= —dv
1+v

Sl
= [v—ln(1+v)]
= ((u —In(1+ u)])] —(w—-In(1+ 1;)))

1+v
=u—v+In
1+u
g d
v
d—t=—(1+17)
dt 1
v 1+v
v
t=— dv
w1+
v
- ln(1+v)]
u
-1 14+u
- rl1+17
t_1+u
T 14w

et +vet=1+u
vet =14+u-—et
v=>~0+uet-1

¥ ¢
x =f (1+we™t—1)dt
0

t

= [—(1 +ue t — t]
0

=-A+wet-t)-(-1+u)-0)
=—-1+wt-1)-t

ii

x+v+t
=—(+wt-1D-t+A+wet-1+t
=——et+l-uet+u—t+et+uet—1+t¢t

=u

iii

Letv=0
0=>1+we*t-
o 1

T14u
et=1+4+u
t=In(1+4+u) s
xt+tv+t=u

x+0+n(u+1)=u
x=u—In(1+uw)
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._ g9 v
™="10" 109
24
0.1z = -2
10g
_ 100+v
N 100
dv _ 100+ v
Vax~ 7 10
dv _ 100+ v
dx ~ 10v
dx _ 10v

E'_utloo

_ 10v
= _fmov +100%
1200 10(y 4 100) — 1000
v + 100

1]1200 1000
=£ <1O_u+100>d”

[1017 —10001In(v + 100)]

1200

= (12000 — 1000In 1300) — (10v — 1000 In(v
v+ 100
= 12000 + 10001In —10v

1300
ii

dv _ 100+ v

dt 10

dt 10

dv 100+v

S e
=— ——dv
1200 100 + v
1200

=10 [ln(v + 100)]

=10(In1300 — In 100)
=10In13
= 25.65 seconds

H = 12000+ 10001 (0 + 100 10(0) fi @)
= n 1300 (0) from (i
=9435m
iv
oo v
mi = mg 10g
mix =0.1x 10 —m
=1 100
At terminal velocity ¥ = 0,v = vy
Ur
1——=
100 0
vy =100 m/s
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i
As the projectile clears the second building
20v5
20\/§=Vt—>t=T €D}
100 + ¢ = —5t2 + 125
5t2=25-¢ )

2
20V5
sub(1)in(2):5 <T> =25-¢
10000
7 =25—-¢
_ 10000
T25-¢
V= 100 w >0
25—-¢

2

- o

v v
=
S

\%

[y*)

5
w1

iii
—5t2+125=0
5t2 =125
t2 =25
t=5(t>5)
x=Vt
=20x5
=100
The projectile strikes the ground 100 — 20v/5 metres
beyond the second tower.

iv
dy
i —-10t
=-10(5)
= —-50m/s

The height of any point on the paddlewheel is in SHM.

The radius gives the amplitude, so a = 2. The period in
20 seconds, so 20 = 27" - n = . The centre of motion
is the height above the water surface, so ¢ = 1.5.

Let the equation of motion be x = 2sin (711_(2) + 1.5, so
the point is initially at the centre of motion and moving
upwards.

Letx =0

nt +__13 2 (3
Tp =T HsinT (7). 2m—sinT (7

10 (3
t=10+—sin"t(-],20 -

T 4
-~ in each rotation the particle is underwater for:

(o5 () 2]

20 (3
=10 — —sin — | seconds
T 4
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80

o va
mi=mg - =
. Vz
*=97360
LetX =0,v=v7,9g=98
0=9.8 v
77360
vy = /9.8 X 360
= 59.4m/s (1dp)
ii
dv _ 360g — v?
Viax = 360
dv _ 360g — v?
dx ~  360v
dx _ 360v
dv ~ 360g — v2

v v
x = 360J- ——dv
o 360g —v?

=-180 [ln(360g - vz)]

v

0

=-180 <ln(360g -v?)—1In 360g>

B 360g
=180In <W>
whenv = 50
B 360 x 9.8
x =180In <360 X9.8— 502>
=22196m
iii
dv _ 360g — v?
dr 360
dt 360
dv~ 360g — v?

. fs" 360
= —dv
o 360g —v?
360 fso 1 N 1 p
= v
2,/360gJo \\/360g+v /360g—v

3\/10[ ]50
In(,/360g +v)—In(,/360g —v
VI (35054 ) i (/T )
3v10 1 V360 x 9.8 + 50
= n

V360 x 9.8 — 50

0

V9.8
=744s

1 [vz]v
_110 2],
—_ 2

v? =144
v=12sincev =0
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80 iii

dv R
mvdx =mg

dv_mg—R

dx ~  mv
_02x10-R
T 02v
_10—5R
- v

dx_ v

dv~ 10-5R

1
0.8 —mﬁzvdv

v2)°
12

6 122
8—4R == ——

2 2
8 —4R = —54
4R = 62
R =155N
iv
dv

md—=T—R—mg
dv T-155-2
dt~ 02
=5T —875

t
v= f (5T — 87.5)dt
0 t
= (5T — 87.5) H
d 0
X
T (5T — 87.5)t \
3.6 = (5T — 87.5)[ tdt

0
e21*
3.6 = (5T — 87.5) [?]
0

3.6 = 40T — 700
40T = 703.6
T=1759N
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81

82

Let ¥ = —n?(x — c)

d (1
a<5 1;2) =-n%(x—c)

%(1}2) =-2n%(x —c)

v x
[172] =-n? [xz - Zcx]
0

c—a
v? = —n? ((xZ —2cx) — ((c = a)? = 2¢(c
= —n?(x? - 2cx — % + 2ac — a? + 2¢?
=-n?(x?—2cx + c? —a?)
=n? (az —(x*—2cx + CZ))
=n%(a? - (x - ¢)?)

. 1 2
mi =mg —mv

oo 10 UZ

= 40

1
— _ 1,2
_40(400 v?)

.dv_400—v2

Tdt T 40

dt 40

dv ~ 400 — v?
_f” 40 4
=), s00=02®

_f” L1,
) \20+v T 20=0)

= [ln(ZO +v) —In(20 — v)]
0

(2047 | (20
=M20-v) " ™20

=1 20+v
“M20=v
iii
¢ 20+v
e =
20—v

20et —vet =20+v
v(1+et) =200t -1)
_20(et — 1)
Toet+1
_20(e*+1-2)
- et+1

=20(1 2
- 1+4et

t
20 [t +2In(e~t + 1)]
0

20<t+21n(e_t+1)—21n2

1+et
=20[t+2In 2
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. k
S
k
—9=-73
k = gR?

0=——+gR—2gR
29R?
'g_:gR
2gR?
x = 9 = 2R
gR

The particle reaches a height of 2R above the centre of
the Earth, so R above the surface of the Earth.

iii
2gR?

V= +gR —2gR

a1

dx~ Pgrz
ZgR gR
2"
-l
2gR?
2R

f ZgRZx —ng2

= | ————udx
x/ngRZR‘/ZRx—X2 Xx—R=Rsinf
_ 1 J‘ x dx x=R(1+sin8)
/ /[RZ = (x — R)? dx = Rcos6db
R(1+ 6
f&(Rcosﬁ)dO

,/ VRZ — R2sin2 6
=—f R(1+sin@)dg

VIR Jo

2

=—[9—cos€]

V3 0

R

- ——0 —(0—1))

9

R n

g 2
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dv Kw?
Vax - 97w
dv_ g+kv?
dx — v
dx v
dv~  g+kv?

1
= ﬁ(ln(g +ku?)—Ing)

11 g+ ku?
T2k g

i
Let the particles collide at height x
For the first particle:

s
——dv
W g+ kv?
f 2kv
2k g+kv2
- 2
—Zk[ln(g+kv )]
1 2
=ﬁ(ln(g+ku)
1 [(g+ku?
=—1In >
2k \g + kv

For the second particle:

—In(g + kvlz))

dv Kv?
v =9k
dv _g—kv?
dx = v
dx v
dv g —kv?

Uy v
H—-—x= fo mdv
B f"z —2kv
T2k, g- kv2
=% [ln(g - kvz)]
1
=%k (lng ln(g kvz))
1 1 g
= —In| —
2k \g — kv?
1 ku? 1 g+ ku?
s—In{14+—)—=
2k g g+ kv1 g kvz
In g + ku? g + ku?
g g+ kv? g-— kv2

In (g + kv? < >
In
g g~ kvi

(g + kvlz)(g - kvzz) =g°
g% — gkvi + gkv} — k*viv} = g*
k?v?v? = gkv? — gkv?
kK 1

_ 1

g v v

2
1 1 _ k
vZ v? g
Bz
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85 i 86
m¥ =mg —R

7= 7x10- 0
= 10
10-2

¥ = 10

ii
LetX = 0,v = vy
v2

0=10 _E
V2 =100
Vr =10ms™?!
iii
dv 10 v?
Vax ~ 10
dv 100 - v?
dx~  10v
dx _ 10v
dv ™ 100 — v?
_ f” 10v d
*= ), 100=v2%
v
=-5 [ln(lOO - vz)]
0
e 100
="M 100 -2
x 100
es =
100 — v2

X X
100e5 — e5v? = 100
X X
esv2 = 100(e5 — 1)

X
v = 100(1 —e 5)
iv

w_ 10+ — v
dt ~ 10
dt 10

W__loogrvz

1
=1 -
‘ 0[&100+V2dv
V3

10
10 x ! t Vv
=710 10
= tan‘1i —tan"10
V3
_T
_6S

87 x =acos’(nt+a)+c
=a (% (1 + cos(2(nt + a)))) +c

a a
= Ecos(Z(nt +a)+ Ste

=
I

a
—5 X 2nsin(2(nt + a))

—ansin(2(nt + @)
= —2an? cos(2(nt + a))
—2an?(2cos?(nt +a) — 1)

a
—4n? (a cos?(nt + a) — E)

a
= —4n? <a cos’(nt +a) +c— (5 + C))

= —@2n)? <x -5+ c)>

R
|
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— — — o_i
atAx =0,y =handm = tan30 =5
y=mx+b

=Z+n
e

i
The horizontal velocities of the plane and the missile
must be the same for them to collide, so:

+/8ghcos30°=ucosa

+/8gh x? =ucosa
J6gh

cosa =
u
X
x=utcosa—>t=
ucosa
(rersa) 39 (aasa)
Ly=u sina — -
Y ucosa ) 2g ucosa
=xtana——zsecza
. gx? [ u?
=xtana ———|—
2u?\6gh
x2
=xtana — ——
12h
X bh=xt 2 om ()
"— =xtana — —— from (i
12h (

LY (R h=0
4h+\/§ ana |x+h =

x2+<1 t >h + h?
_— — —lana X =
4 \V3

i a

2
A= ((%—tana) h) —4(1—12> (h?)
= h? <1—2tana+tan2a—l>
373 3
2
= h? tana(tana——)

o fones2)

-~ there are two points of intersection.

iii B

The time elapsed between the two points of collision is
the difference between the x-values divided by the
shared horizontal velocity, \/6gh

From the quadratic formula the difference between the
x-values is:

_ 2vVb?% — 4ac
N 2a

==|§|

2
h? tana tana - —)

V3
1/12
2

144 hztana tana——)

V3

144 hztana tana—l>

V3

24h 2>
—tana tana——
9

2‘;# tana X = X(Btana—Z\/_)
hta

8

3tana—2\/_)

)
|
-
|
d
i
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88 dv 89
v—=—(g+kv)

dx

v g+kv
dx ~ v
dx v
dv~  g+kv

o v
i [
v gt+kv

k(g+kv)——
f g+kv

—fV1gxk d
kT g k)

[k 2 —In(g + kv)]

k kzln(g +kV) + lng

V g <g+kV>
il e

o914+
Tk R’ g

90 I

mi = mg — mkv

X=9g—kv

0=g—-kVy

VT=%ms‘1

iia ¥=—(g+kv)
dv (g + kv)
ar = Ttk
dt 1
dv~  g+kv

1 v
=% [ln(g + kv) L

1 (g+kVT)
=—In

k g+kv
g+ kVp
g+kv

gert + ke*tv = g + kVy
kektv = g — ge*t + kv

Kkt —

9 . 9 _

17=Ee kt—E‘l'VTe kt
=Vpe ™ —Vp + Vye
=Vr(2e7* - 1)
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- tan(tan~' 1) — tan(tan~! v)
= tan
1+ tan(tan‘1 \/§) X tan(tan—1v)

dv
vg—x =—(v+v?%)
v
—=—(1 2
ax ( +v )
dx 1
dv 1+ v?
v
= ——a
* fl 1+v2
1
= [tan_lv]
v
=tan"'1—tan"lv
= tan"!(tan(tan~' 1 — tan~! v))
1-v
=tan~!
an <1 + v)
ii
dv
i —(v+v?%)
dt 1
dv. v+

L
- [
TR
_fl 1 v\,
"L \v 1+w? v

1 1
= [lnv —Eln(l + vz)]
v

1 1
=0—Eln2—an+§1n(1+V2)

1 1 1
— 2y _ — 2
_21n(1+v) 52—V

1 (v
2™\ 22
14v2

=l vz

dx -
B — T =Vp(2e7* - 1)

x= Vrf (27 —1)dt
0

t

2
[ 2]
0

2

2

= %(2 — kt — 2e7kt)

iii
Letv = 0in (ii o)

n2ekt—1=0
2 =¢kt
kt =In2
t—ll 2
_En

substituting in (ii £):

7

1% 1 _k(L
“ Xmax =7T<2 - k<Eln2> —2e k(klnz)>
Vr 2
—7<2—ln2 —E>

V.
=7T(1—1n2)
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91 i
. k
=T
Letx =R ¥ =—g
k
_g:_ﬁ
k = gR?

1 1
svi=u?—2gR%?|(=-=
iii

1 1
= |uz-2gR?(=-=
v u g <R x)

when u = ,/2gR:

dx

“aE J (V29R) - 2gR? G—%)

_ |2gR?
A

dt _ x
dx ~ |2gR?

1 4R l
x2dx

V2gR?Jr
4
1

J2gR?

t =

R
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i
%o = 20V/2 cos45° = 20
Yo = 20V/2sin45° = 20

dx_ X
dt ~ 20
1. d
%7720
x1 ] 1 t
J; ;dx——% Odt

|
o~

], =
n|x =——
20 ZtO
In|x| —In(20) = ~%0
t

In|x| = In(20) — 20

-t
x = 20e 20

X t
f J’cda’c=20f
0 0

X
[x

0

_t

x—0=—400<e 20—1)

t
x = 400<1 — e_ﬁ>

-t
e 20dt

_t]
= —400 [e 20]
0

dy y
=1
dt 20 0
Y +200
- 20
dy  dt
y+200" 20
y d 1 t
s —y
207 +200 20 J,

200 =
1n|y+200|] ——t
o 20

t

In|y + 200| — In(220)

- t
In|y + 200| = ln2t20 ~%0
74200 = e~20+1n 220

t
y = 220e720 — 200

t t
y = f (ZZOe_ﬁ - 200) dt
0

t
t
= [—44009_2_0 - ZOOt]
0

t
—4400e" 20 — 200t + 4400
t
= 4400 <1 - e_ﬁ> — 200t

X 1 t
— _—1—¢720
400
_t X
20=1— ——
e 1 200 @
_400—x
400
t 400
e20 = ———
400 — x
t =201 400 2
=20h{m—x) @
from (1) and (2):

— 4400 — 200 201n [ —20 4400(1 X
y= "\ 200 —x 400

0
) — 4400 + 11x
x

400 —

— 11x + 40001n 20— %
s "\ 200

= 4400 — 40001n(
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92 iv
— 11x + 40001n (200 *
Y=L " T200
= 11x + 40001n(400 — x) — 40001n 400
dy 4000
dx — 400 — x
1 4000
400 — 50
= —0.428571
~tanf = —0.428571
6 = —23°12'
93 i
x=Vcosa
x=Vtcosa
y =-10

t
y—Vsina = —10f dt
0
y =Vsina — 10t

t
y = f (Vsina — 10t) dt
0 t

= [Vt sina — StZ]

0
= Vtsina — 5t2

i
At the first chimney x = m,y = h

m=Vtcosa
m

= Vcosa
h =Vtsina — 5t?

=V (osa) a5 (s
T Vcosa 51r21a Vcosa
5

m 2
h—mtana—Wsec a

2
511i2(1+tan2 a)=mtana—h

_ 5m?(1 + tan? )
" mtana—h

VZ

iii
Similarly at the second chimney

e 5n2(1 + tan? a)

ntana —h
) 5m?(1 + tan? @) B 5n2(1 + tan® a)
" mtana—h ~ ntana—h
m? n?

mtana — h = ntana — h
m?ntana — m?h = n?mtana — nh
tana (m?n — n?m) = h(m? — n?)
h(m+n)(m —n)
tanqg = ———————
mn(m —n)
B h(m+n)

mn
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i
dv—lO
dt

10
v=f 10dt
0

10
- 1]
0

=100 ms~?2

t
v=f 10dt
0

- 1o[t
=10t
10
xzf 10tdt

0

=5[t2

=500 ms~2

(15 + 5)% = (15 + 5)g — 40v

X=g—-2v
dv )
ac 97
a1

dv g-2v

t v 1
dt =f dv
10 1009 — 2V

t 1 v
[t] =-3 [ln(g - 217)]
10 100

t—10= %(ln(g —200) —In(g — 2v))

2(t— 10) = 12220
( )_ng—2v
eZ(t—lO):g_ZOO

g—2v

geZ(t—lo) _ ZeZ(t—lo)v =g- 200
26210y = g(e2(t710 — 1) + 200
— % _ ge—Z(t—lo) + 1006_2(t_10)

v =5—5e"2(t-10) 1 100e~2(t-10)
v = 5 4 95¢~2(t-10)

i
120
x =500 +f (5 +95e72(t-19) gt
10
95 120
=500 + [St - 72_2“_10)]
10

=500+ <5(120) - 9753_22°> - <5(10) - 975>

95 _ 95
= 500+600—7e 220 —50+7
=1097.5m
The height above the ground is 2000 — 1097.5 =
902.5m.

iv
g 10

g—ZVTZO 2VT=E=7=5

The terminal velocity is 5 ms™.
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95

i 96

6
amplitude = — = 1.5
period = 2(11 — 5) = 12 hours

i
b is the centre of motion, so 3—;6 =45
a is normally the amplitude of the motion, so 1.5, but
we make it negative in this case so that at t = 0 the
cosine curve starts at a minimum. Alternatively we
could use 1.5 cos(nt + m).
T=2s012=25pn==C

n n 6

iii
Tt
x = —1.5cos (Z) +4.5

. m  (mt
x=—sm(—)

4 6
w2 (rrt)
& =cos(

_— (g)z (-15cos (%t) +45-45)

vis 2

(& -4

= —n?(x —b)
iv
For the first two times the depth is 4 metres:

x=4
mt

—1.5cos (z) +45=4

15 (m)— 05
.0 COS 6 = .

(nt)_l
cos 5)=3

mt (1 5 (1
3 = cos 3) T — COS 3
6 1 6 1
— 2 -1 SO | el
t—ncos <3>,12 7Tcos <3>

= 2.35...,9.64..

=2h21m, 9h39m
The boat can first enter then leave the harbour from
7:21amto 2:39 pm.
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i
50% = 50g — 100v

~X :g—21;
~0=g—2Vpc
Vrc =% ms™!

Cynthia’s terminal velocity is % ms™!

ii
) 480
60% = 60g — [ 120v +7v2
i=g-2v——v?
8, 2
~0=g—2Vrg _EVTR

8.2
EVTR-"ZVTR_g:O

2
—kx k- 4(25) -0
Vrg = 2
()
 —k+3k
=
g

= % ms™~! (since Vyg > 0)

Rebel’s terminal velocity is % ms™!

dv_ )

ac 97

a1

dv g-—2v
g

L
_og—zvv

1 a
=-3 [ln(g - kv)L

=%<lng—ln<g—2(%)))

_11 12g
“2\"9T 3

Cynthia has been in free fall for %ln% seconds
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97 i
dv
2000 — = 5000 — 1002
dt
dv 500—v*
dt 200
i
dt 200
dv~ 500 — v2
e f” 200
= J, s00—v2%

o (]
= V500 )0 \V500 v
= 245~ (Y500 - ) + In (4500

()

v
0

V500 + v
(222

V500
=2v5In| —— ld
V500 —v
t 1 V500 + v
===
25 V500 —
t
oIV =\/500+17
. . 500 —
V/500e2V5 — pe2vs = /500 + v

¢ ¢
v <1 + e2‘/§> =+/500 <ez‘/g - 1)
_t
e2Vs — 1
_t
e2Vs +1

v =+v500

iii
At the terminal velocity % =0
500 — v?

200
v? =500

=500
=22.36m/s

iv

V500 + v .
t—2\/_ln<m_v> from (ii)
_ 5yE 1 [ Y300 +0.99V500
~ V2 V500 - 0.99v500

1.99
=2V5In <001>

= 2v/51n(199)
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20 = — (400437
= 100

10 + 3v?
4000

dv 40000 + 3v?

Vax = 4000
dv 40000 + 3v?
dx ~ 4000v
dx 4000v

dv 40000 + 302

fv 40000
x=- ————dv
500 40000 + 302

2000

[ln(40000 + 3172)]

2000
= T(l 790000 — In(40000 + 3v2)>

2000 790000
=73 "\20000 + 302
i
c00 = 2000 790000
=73 ™(20000 + 302
075 _ 790000
40000 + 302

40000e%75 + 3e%75p2 = 790000
3e%75p2 = 790000 — 40000e°7>
790000 — 40000e°73

3075
790000 — 40000e°-75
32075

=333.25ms™! (2 dp)
The velocity of the missile is approximately 333 ms™
when it hits the ship.

v? =

1
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99 i

. k
T
Letx =R ¥ =—g
k
_g:_ﬁ
k:ng
gR?
X=-"7
d(1,\__9”
dx\2 x2

1 1
— 2 2(Z_ =
=u*+2gR <x R)

i
at the highest point above the Earthx =H+ R, v=10

~'.0=u2+ZgR2<L—l>
H+R R
1 1t
H+R R 2gR?
1 1 u?
H+R R 2gR?
2gR — u?
- 29R?
29R
“HtR=70—05
2gR* — R(2gR — u?)
= 29R —u?
u’R
T 29R—u?

iii
H->ooas2gR—u?-0
LUt o 2g9R
u—,/2gR
Thus the particle will escape from Earth if u > .,/2gR
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100

mi = —kx
dx _ k
at~ m
dx k
—=——dt
X m
* dx k t
[
VCO§BX mJy
x
[ln)’c] =——t
Vcos @ m

k
Inx —In(Vcosf) = ——t
m k
Inx = In(V cos 0) _Et
t

Kk
x=Vcosfe m

XV cosfemt
—_—= m
T cosfe
t k
x=Vcosn9_f e m' dt
0 " 1
=V cosf x (_E) [e‘ﬁt]
0
mV cos @ _k,
:T 1—e m

dy k.
dt my g
_ ky+mg
- m
dat m
dy  ky+mg
. m (Y k &
= —— —dy
k Jysingky +mg
m v
= —;[lnlky+mg|]
m Vsin 6
= —;(lnlky + mg| — In|kV sin 8 + mg|)

k
_Zt =In|ky + mg| — In|kV sin 6 + mg|
k
Inlky + mg| = In|kV sin 8 + mg| _Et

k

ky +mg = (kVsin 6 + mg)e m"
._(m9+V . 0) —%t mg
y=\7 sinf | e "
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iv
dy mg k, mg
@ = rvsing)erm 52

k
y= f<—+Vsm9)e mt—@>dt
0 k
t
I L ) - —t) _ Mgt
—[ k((k+Vsm(9)e m) ;A

0
_ mf/mg . _k, mgt m( g )
= <(k +Vsm0)e m) X +k X + Vsin@

k
_mmg _k, mgt
—k(k+Vsm9)<1 eM> X
v
mV cos 6 _k,
= 1-— m
k
kx _k,
- =1- 1
mV cos 8 em )
_k, kx
em=1———
mV cos 6

kt—l 1 kx
m =m mV cos 8

t= ml 1 x 2
- kn mV cos 8

sub (1), (2) in (iv):

_m(mg+V . 6) kx +mg ml " kx
y_k k s mV cos 6 k \k n mV cos 8
m (mg + kVsin@ kex m2g kex
=— +——In({1l—-——
k k mV cos @ k? mV cos 6

mg+szm6 +m g kx
" kVcosf x k? " mV cos 6

—( mg +t 0) +m2'gl 1 x
“\kVcosg T NY)ET T mV cos 6
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REVISION EXERCISE 7 — MIXED TOPICS - BASIC

1 Prove that if a3 + 5 is odd, then a is even.

2 i Show that (1 — 2i)? = —3 — 4i.
ii Hence solve the equation x?> — 5x + (7 +i) = 0

3 i _r
Find [ Norreiiad
4 Find the magnitude of u = 2i — j + 3k
5 The graph below shows the velocity of a particle over time.

VA

i At what time is the net force zero?
ii Describe what happens to the net force as t - .

6 Prove 2™** > 2n + 9 for n > 1 by induction.
7 Letz=3-2iandw =1+ 2i
i Find |z|

™ w . .
ii Express ~in the form a + bi where a and b are real numbers

X2
1+4x2

9 1 -1
Simplify 2 <1> -3 <—3>
4 1

10 A body is projected vertically downwards from a height of 3R (from the centre of the Earth) with
initial speed u. The acceleration due to gravity at any point on its path is inversely proportional to

the square of its distance from the centre of the Earth, ¥ = —x—kz, where x is the distance from the

centre of the Earth. Let the radius of the Earth be R, and the acceleration due to gravity at the
surface be —g.

8 Find [ dx

Prove that the speed at any position x is given by

V2o 2gR  2gR?
3 X
11 Given P and Q below, for integral n, canwe say P = Q,P & Q, or Q = P?
P: nis odd
Q: n? is odd
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12 i Find the two square roots of 2i.
ii Solve x? + 2x + (1-2) = 0

13 Use the substitution u = 1 — /x to find fl_—‘/jydx

14 5 1 2
Show the point <—3> does notlieon r = <—1> + A(—l)
-5 - 1 3

15 A particle is in SHM about x = c. Is the following statement correct?

The graph for the acceleration of the particle is the graph of displacement reflected about the
horizontal axis and stretched vertically by a factor of n2.

16 Prove —— + —— +...+— —nT_l forn > 2 by induction.

1x2 = 2X3 (n-Dn

17 Given z = r(cos 6 + isin @), then ziz equals
A r B r?
C l D —r
r
18 Using the substitution ¢t = tan g, or otherwise, find fﬁdx

19 Prove the following lines are parallel: r = <_32> + 2 <_32> and q = (1) + 2 (—46)

20 A body of mass 4 kg is moving in a horizontal straight line experiencing resistance of 2v2. If it is
propelled by a force of 200 N what is its terminal velocity?

21 Provex+§22

22 i Write v3 + i in polar form.
ii Hence evaluate (V3 +i)°

23 Find [ sin™! x dx
24 Sketchx =2,y = 2cost,z = 2sint

25 A particle of mass 10 kg is projected at an angle of g from a tall building, with V = 100k. What is

k
the limit, R, of its horizontal displacement? The horizontal displacementis x = W%"Sg(l - e‘ﬁt)

26 Prove the following statement is false: [2x + 1| <5 = |x| < 2

27 Simplify e~ x 2e%
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28

29

30

31

32

33

34

35

36

37

Find | 2 dx

5 6 -1
Show that (—1) lies on r= (—3) + A( 2 )
1 -2 3

A unit mass is released from rest at the surface in which the retardation on the mass is
proportional to the square of the distance fallen (x). The net force for this motion is g — kx?
Newtons, with the downward direction as positive. How far will the mass fall before it has constant
velocity, for an instant? Express the answer in terms of k and g.

Prove n3 — 7n + 6 is divisible by 3 for n > 1 by induction

Which if the following corresponds to the set of points in the complex plane defined by |z + 2i| =
|z|?

A the point given by z = —i B the line Im(z) = —1

(o8 the circle with centre —2i and radius 1 D the line Re(z) = —1
Which expression is equal to [ x? sin x dx?

A —x? cosx—focosxdx B —2xcosx+fx2 cosx dx

C —x%cosx + J-Zx cos x dx D —2XxCcoSx — fxz cos x dx

Sketch x = cost,y = 2sint

A particle is projected on level ground at an angle to the horizontal and experiences a net resistive
force. Which of the following statements could be true?

The magnitude of the angle of impact is The maximum height occurs after the

A hay B particle has travelled more than half the
equal to the angle of projection. .
horizontal range.
The magnitude of the velocity of the The range of the particle would be less
C particle at impact is greater than the D if it had the same velocity and angle at
velocity at projection projection but a larger mass

Prove that there are no integers a and b such that 4a + 8b = 34

Ifz=3—iandw=2i—1thenz—w =
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38

39

40

41

42

43

44

45

46

47

48

49

50

Find [ sec?(2x — 1) tan(2x — 1) dx

Prove the midsegment theorem, that the interval joining the midpoint of two sides of any triangle is
parallel to and half the length of the third side

A particle is in Simple Harmonic Motion with equation of motion x = a cos(nt + a) + c. For what
values of a will the particle initially be moving to the right? Assume a,n >0and 0 < a < 27

Prove that 2v/3 — V5 < V2

The modulus and argument of V6 — iv/2 are

T T
A 2V2 andg B 2vV2and — <
c Zﬁandg D 2VZand —g
1 1
Evaluate [_ ——

3 -2
Find the scalar product of (—2) and ( 1 )
0 3

The velocity of a particle is given by x = x? — 1 metres per second. What is the acceleration when
the particle is at x = 27

Prove 2n < (n + 2)! for n = 1 by induction

In the Argand diagram vectors 0P, 0Q, OR, 0S represent the complex Im 1
numbers p, q, 1, s respectively where PQRS is a square.
N

Q

Re
S

A
Which of the following statements is correct? R
A g-s=i(p-1) B gq-p=i(s—1)
C s—q=i(r—-p) D qg-r=ilp-9

Evaluate f_zz(x +x% + x5) cosx dx

A mass exerts a downward force of 1000 N. It is being held in a steady position by three ropes,
exerting forces in Newtons of (10,20,200), (10, —20,300) and (a, b, ¢). Find the value of a, b and c.

A stone is thrown vertically upwards at a velocity of 20 ms™t. Assume g = 10 m/s2. Find the

maximum height reached by the particle, given the equations of motion
2

t
y=Vtsina—gT and x = Vtcosa
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51 Find the negation of the following statement, and decide whether the negation is true or not.
P:a3m>0m?—-9=0

52 Solve the quadratic equation 4z% + 4z + 5 = 0.

53 Find [ 2 —

xZ+4x+5

54 Find the unit vector in the directionof v =i — j + k

. dv dv d (1
55 Provex=—=v—=—(—v2)
dt dx dx \2

56 Prove 2™"** > (n + 4)? for n > 1 by induction.
57 If Z, =5—2iand Z, =3 + 4i then Z,Z, =

A 23 + 14i B 7+ 261

Cc 7 — 261 D 23 — 261
58 Evaluate f01x3\/1 —x?dx

59 Prove the following lines are perpendicular: r = <_32) + 2 <_11) and q = G) +2 (:;)

60 A particle of unit mass is moving horizontally in a straight line. Its motion is opposed by a force of
magnitude 4kv Newtons, its speed is v ms™ and k is a positive constant. At time t seconds the
particle has displacement x metres from a fixed point O on the line. If initially it was at the origin
with velocity u, where u > 0, prove x = =~

61 Give a counterexample to prove the following statement is false.
P: There are no prime numbers divisible by 7

62 Find the conjugate of z = Ze%i

63 Find [ tan® x secx dx

64 Is the triangle is formed by the points A(1,1,1), B(2,3,3) and C(4,5,4) scalene, isosceles or
equilateral?

65 A particle is in Simple Harmonic Motion, completing 3 full cycles per second. Prove that n = 6.

66 Prove 13™ — 4™ is divisible by 9 for n > 1 by induction.
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67

68

69

70

71

72

73

74

If 04 = z on the diagram below:

In which of the following diagrams does OB represent iz?

A y 4 B y A
B
0 x 0 X
B
C y A D _’y A
0 X 0 X
B

i Find a and b given that:
1-x a b

(x+1)(x+2)=x+1+x+2

ii Hence find
1—x

GrDa+ ™

6 1 4 -1
Prove 2a — b =1, givenr = <—3>+/1< 2 ),q = < 5 >+/1< a ),andthatrandqare

-2 -1 -2 b

perpendicular.

A particle of unit mass is moving in a straight line under the action of a force, F = x? + x + 1. Find
an expression for velocity as a function of its displacement x, if the particle starts from rest at x =
1.

Given x > sinx for x > 0, prove mx — 2x2 > sin2x for 0 < x <§

i Express 1+ iv3and 1 + i in modulus-argument form.
ii Hence find (1 + iv/3)(1 + i) in modulus-argument form.
iii Hence find the exact value of tan 1—721

Find [ tan® x dx

Find a vector equation of the line through (1) and (_23)
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75 Prove that a particle where x = 2 sin (Zt + g) + 1 is in Simple Harmonic Motion

76 Prove by contradiction that if the product of any two integers is odd, then both of them must be
odd.
77 Given 3x + 2iy — ix + 5y = 7 + 5i, where x and y are real numbers, then
A x=-1y=2 B x:%,y:—%
C x:—g,y:% D x=-11,y=8
78 Rewrite x(jc—j)z as the sum or difference of partial fractions

79 Find the angle to the nearest degree between the vectors —i + 2j + 3k and i — j + 4k.

80 A particle of unit mass is moving in a straight line under the action of a force, F = u?x, where u is
constant. Given the particle starts from rest at the origin, prove v = ux.

81 Prove 2™ + 1 < 3™ for n = 1 by induction.
82 Diagram A shows the complex number z represented in the Argand plane.
Im4 Im 4
1 1
v AN
V4 E \ /7 N
{I 3 \l R |I N \l R
\ 1 " 1
' //I Re ' /,I Re
DIAGRAM A DIAGRAM B
Diagram B shows:
A z? B 2iz
Cc -2z D 222
83 Find [ xInxdx
84 Prove that the longest diagonal of a rectangular prism with dimensions a, b and c is given by

va? + b? + c2.

85 A particle is projected horizontally from a cliff in a medium where air resistance is negligible,
travelling R metres horizontally before impact. If gravitational acceleration were to double, what
would be the range travelled before impact.

A B R
2 V2
(o3 2R D V2R
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86

87

88

89

90

91

92

93

94

95

96

97

98

Rewrite the following logic statement as an if-then statement.
[P() A (VK = D[P(k) = P(k+ 1)]] = (vn=1) P(n)
What do we know this statement as?

If w is a non-real cube root of unity the value = 4+1 > is equal to
1+w 1+w
A -1 B 0
C 1 D None of these

Forn=>0,let I, = foztanzn 6de

i Show thatforn > 1, I,, = Tl—1_ .

ii Hence, or otherwise, calculate I;
Sketch x = sint,y = 1 — cos?t

A stone is thrown from the top of a cliff. Its parametric equations of motionare x =3tandy =5+
2t — 5t2. What s its Cartesian equation?

Find the contrapositive of the following statement, and decide whether the contrapositive is true or
not. P: All birds are ducks

lfz=1-3i=2 (cos (—%) + isin (— g)) then what is the value of z21?
2
For every integer n > 0 let I, = [ (log, x)™ dx. Show that forn > 11, = e22" — nl,,_,

Find a vector equation of the interval from (_32> to (:g)

The speed v ms™! of a particle moving in simple harmonic motion is given by v = 6 + 4x — 2x2,
where displacement from a fixed point 0 is x m. What is the centre of motion?

Prove by contradiction that if a, b are integralanda + b > 9thena =5 or b = 5.

The square roots of (3 — 4i) in the form a + bi are

A (-2-D,2+D) B 2-10),(=2+1)

C  (1+2),(-1+20) D (1-20),(-1+20)

1

dx
xVx2+1

Using the substitution x = tan @, or otherwise, find [
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99

100

101

102

103

104

105

106

107

108

109

110

111

112

Given 4B is parallel to CD, and 04 = (1,1,1),0F = (-2,3,2),0C = (3,—1,4) and 0D = (0, b, ¢), find
the values of b and c.

A particle in SHM has speed v ms™! given by v? = —x? + 2x + 8 where x is its displacement from
the origin. What is the amplitude?

A 3m B 8m

C 2T m D 9m

Give a counterexample to prove the following statement is false.
P:If a> — b? > 0, where a and b are real, thena — b > 0

.
Convert e’ from exponential into Cartesian form

. 1
Flndfmdx
! e
Givena=0A=<1>andb=03=<—3>find(a—b)-(a—b)
a h b ) a-b)-{a—b

A ball of unit mass is projected vertically upwards with speed % The acceleration acting against
the ball is gravity plus air resistance proportional to its speed. Prove that the time (t) taken to

. . In2
reach the greatest heightis t = T seconds.

Prove 5™ — 2™ is divisible by 3 for n > 1 by induction.

Sketch the region for z in the Argand plane defined by |z — 1+ i| < 2 and —% <arg(z—-14+i<m

2
x(x—1)

Find | dx

Show the point (1) does not lie on r = (2) +1 <_32>

A cricket player hits a ball at a velocity of 60 ms™! and the ball just clears a 5 metre high screen
which is 80 m away. Find the two possible angles at which the ball could have been hit, to the
nearest degree. Assume there is no air resistance and that g = 10 ms™2).

2
The equation of motion is y = —%(1 +tan?6) + xtan §

Prove by contradiction that if a? is even then a is even.

Express z = V3 + i in polar form.

T .7 T .7

A cos€+lsmg B COS§+lSIIl§
T L. T T LT
C 2cos€+2151ng D 2cos§+2151n§
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-5x+2 _ a

e

b
x2(x-1) ~ x  x%2  x-

113 jFind a,b and c given that

—5x+2
x2(x-1)

dx

. 3
ii Hence evaluate |,

114  Find the equations of the sphere with radius 2 and centre at the origin

115  Attime t the displacement, x, of a particle satisfies t = 1 — e™*. Find the acceleration of the
particle as function of x.

116 Prove 1 —sin2x > 0 for all x

17 Find the two square roots of 4e§i, expressing them in exponential form.

118 fipg [t

x2+2x+5

119 Sketchx=%,y=t—2

120 A particle is projected upwards from ground level with initial velocity \/% ms~!, where g is the
acceleration due to gravity and k is a positive constant. The particle moves through the air with
speed v ms~! and experiences a resistive force. The acceleration of the particle is given by ¥ =

— g — kv?. Do NOT prove this. The particle reaches a maximum height, H, before returning to the

1

ground. Using % = vZ—Z, or otherwise, show that H = Z—kz metres.

121 Prove n? > n + 1 for n > 2 by induction

122  The solutions to the equation z3 = 8 are z =

1 W3 1 V3 1 W31 V3
A 25__+_I____ B 2l_+_l_+_
227 2 2 20 272" 2
C 2-1+iV3,-1-iV3 D 21+i/31-iV3

123 Evaluate f03x3\/3 —x dx
124 Sketch x = cost,y = 0,z = sint

125 A particle of mass m kg reaches a terminal velocity of 10 m/s when propelled horizontally by a
force F against a resistance of kv?. If the same particle can reach a terminal velocity of 40 m/s
when dropped vertically, against the same resistance of kv?, find F in terms of m, assuming g =
10 m/s?.

126 Ifa > b forreal a and b, prove thata®? + b2 —2(a+b)+2=>0
127  Prove 22"+1 4 32n+1 jg divisible by 5 for n > 1 by induction

128  On the Argand diagram, sketch the locus of the points z such that [z + 1| = |z — i|
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129 |ett= tang
i a _1 2
i Show that — =~ (1 :—tt )
ii Show that sinf = —
1+t 0
iii Use the substitution t = tan = to find [ cosec & d

130 A cube has three of its edges along the axes. Two opposite vertices are at the origin and (2,2,2).
Find the equation of the sphere that just fits inside the cube.

131 Prove n! > 2n, n = 4 by induction
132 Letz=-5-12iand w =2 —i. Find in the form x + iy

i 1+ )
i —

2-3i

133 i Prove foaf(a —x)dx = foaf(x)dx
ii Hence find fonxsinx dx

134  Sketch x = cos?t,y = sin?t

135 A body is moving in a horizontal straight line. At time t seconds, its displacement is x metres from
a fixed point 0 on the line, and its acceleration is —(v + v?) where v > 0 is its velocity. The body is
u(1+v)>

v(1+u)

initially at O with velocity u > 0. Show that ¢t = ln(

136  Given P and Q below, canwe say P = Q,P & Q, orQ = P?
P: Quadrilateral ABCD is a square
Q: Quadrilateral ABCD is a rectangle.

137 Letz = a + ib where a and b are real and non-zero. Which if the following is not true?

. Z .
A z + Z isreal B ~is non-real

Cc z% — (2)? is real D zZ is real and positive

138 Find [ —=—adx

139 . 1 ., [~2 _
Given0OA=(2]|and AB = 1 |find OB.
1 3

140 A box sits on a slippery ramp which is inclined at an angle of 30° to the horizontal. If the box is

initially moving down the ramp at 1 ms™1, prove v = —gterz-

141 A particle falls from the top of a cliff, in a medium where there is no air resistance. Between t = 1
and t = 2 it will fall:

A as far as it did in the first second B twice as far as it did in the first second
three times as far as it did in the first four times as far as it did in the first
second second

1000 Extension 2 Revision Questions © Steve Howard 172 Howard and Howard Education



142

143

144

145

146

147

148

149

150

i Express z = —3+/3 + 3i in modulus-argument form.
ii Hence find the smallest possible positive integer n so that z" is real.

. 5 -
For every integern >0 I,, = fol x™(x? —1)” dx. Use the recurrence formula I, = :+—1111n_2 for n >

2 to evaluate [ x3(x2 — 1)° dx

1\ ,. (-7 —4
Showthat(3) Ilesonr—(7)+/1( 2)

A particle of unit mass falls from rest from the top of a cliff in a medium where the resistive force is
kv . How far has it fallen when it reaches a speed half its terminal velocity, in terms of g and k?

Prove 1 + x = 2y/xforx > 0

Find the cube roots of —1 in polar form.
Find [ sin®x dx

Sketchx =t?,y=t—1

A particle in SHM has speed v ms™! given by v? = 64 — 16x2where x is its displacement from the
origin. What is the period of the motion?

A

w
w
NS

»
O

TS

N|] |~
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REVISION EXERCISE 7 - SOLUTIONS

1 Suppose a is odd 7 i
Leta=2n+1 |z| = /32+(_2)2=\/ﬁ
2a+5=02n+1)3+5
=8n®+12n’+6n+1+5 ii
=2(4n° + 6n +3) 1+VZi 3+2i
= 2p for integral p since n is integral 3_21 X 3120
~ if a is odd then a® + 5 is even 3+ 2i+3v2i— 2v2
« if a® + 5 is odd then a is even by contrapositive O =

w
Z

32 +22
_3-22 2+3V2,
P T 13
(1-20)2=1-4i—4=-3—4i
2
. x
i N Fee=ts
5+(=52-4MT+D)
x = l(1+4x2)—1
2(D) :f—‘* 4
5++v25—-28—4i 1+ 4x?
B 2 —1f 1 1>< 2 d
5+yT3-@ T2 27 1+4x2)
- 2 _x 1
:5i(1—2i) _Z_étan (2x)+ ¢
2
_A+206-2i
T2 2 9 1 -1 2(1) -3(-1 5
=2+4+i3-1 211]-31-3]=(2(1)-3(-3) |=(11
4 1 2(4) -3(D 5
1
.
V9 — 4x2 10 .k
1 2 *=-2
=5 [ = X
2 32 — (2x)2 Leti=—-g,x=R
1 (2 _g:_i
zzsm ? +c R?
k = gR?
d (1
(22 = gp2y-2
4 i) o
=J224+ (-1)2+32 = 1 x
|1~1| 22+ (-1)2+3 =14 —(vz—uz):—ngf x~2dx
2 3R
1 3R
5 i vz—uZZZng[—;]
The net force is zero when the velocity is constant, x 1 1
which only occurs at the turning point at t = 3 v? =u? + 2gR? <—3—R + ;)
ii 1;2 _ uz _ ZgR i Zng
As t - oo,v = 2, so the acceleration is approaching 3 x

zero from the positive side, but never reaches zero.
This means the net force also approaches zero from

the positive side but never reaches it 11 Since the square of an odd number is also odd, and

the square root of an odd perfect square is odd then
both statements are equivalent, so P < Q

6 Let P(n) represent the proposition.
P(1) is true since LHS = 21** = 32; RHS = 2(1) + 9 = 12 i .
11 2i = 2e7"

. . The square roots are + (\/Ee%i) =+ +1i)
If P(k) is true for some arbitrary k > 1 then 2k+* > 2k +

9 .
1]
RTP P(k+1) 2K5>2k+11 _ 2_ ( _L')
(k+1) 2+ (22 —4(1)(1 5
X =
LHS:2k+5 2(1)
=2(2%+) 2% V4-4+20
> 2(2k +9) from P(k) h 2
> 4k + 18 _~2+0+9
>2k+11+2k+7 2 _
>2k+11 since k > 0 :_3_1__1-'—1
=RHS 2 2

“ P(k) = P(k+1)

= P(n) is true for n > 1 by induction O
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13 idx _ 1
1-vx u= 1;3{21
:fl_ux(—z(l—u))du du:_fx_idx
u ) dx = —2+/xdu
— _zf (1 — u) du = —2(1 —u)du
u

()

= —2Injul +4u—u?+c

= —2In|1 — Vx| + 4(1 - vX) - (1 - vx)* +¢

14 5 14221
()6
-5 1+32
5=14+21-1=2
—3=-1-1-21=2
-5&=1+31 -21=-2
5
No value of A corresponds (—3), so it is not on the line

-5

15  False. The graph of displacement needs to be moved
vertically by —c before the other transformations, so
that the graph of acceleration is centred about ¥ = 0.

16 Let P(n) represent the proposition.

P(2) is true since LHS = 2= l; RHS =21=1
1x2 2 2 2

If P(k) is true for some arbitrary k > 2 then
1 + 1 - 1 _k—1
1x2 2x3 " (k=-Dk~ k
RTP P(k+1)
1 1

1 1 k
ix2 2x3 oDk Tk D T kA1

P S
1x2 2x3 7 (k—Dk  k(k+1)

k-1 ! from P(k)
r tTraern ™M

k- Dk+D+1

- k(k+1)

_k2—1+1

T k(k+1)
k

LHS =

Tk+1
=RHS
«P()=>Pk+1)

~ P(n) is true for n = 2 by induction ul

17 zZ| lzl 2zl r 1

22| 22| 22 v r

ANSWER (C)

18 1 x
fl—cosxdx 2

t=tan=
2dt
_f 1 9 2dt
B p_1-t2 T 1+e?
1+ t?

dx =
Tl

1
=2 —
f1+t2—1+t2dt

[
o) 22

=ft_2dt

1
=——+4c
t

x
=—cotz-+c
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20

21

23

24

25

26

175

(—46) =-2 (_32) so the lines are parallel

mi = 200 — 2v?
Let¥i=0m=4v=vp

0=200-2v2
, 200
vr =T

vr =10 (vy >0)

V3+i=2 (cosg +isin g) by inspection (exact
triangles)
ii
6 T m\ 6
N 6 T
(\/§+1) =2 (c056+lsm6)

= 64(cosm + isinm)

= 64(—1)
= —64
dv
— in-1 av _
fsin_lxdx w=smoxo o 1
du 1
R X - = V=X
= xsin x—fﬁdx dx 1—x2
V1i-—x

1 _1
=xsin"lx + Ef(—Zx)(l —x%) Zdx

1 1
=xsin_1x+z>< 2(1-x%)2+c¢

=xsin"lx++41—-x2+c

A circle of radius 2 parallel to the yz plane, centred at
(2,0,0).

z
A
y
2
X

10><100k><cos% _k,
R:tlimf l—-em

_k,
= tlim 500(1—6 m)

=500m

Letx =-3
|2(=3)+ 1] =5<5 yet |-3] > 2, so the statement is
false
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28

29

30

31

32

33

e i x 2e? = 2¢!

3
[ aoire
V1+x? 2udu = 2xdx
x® udu udu
= | —x— dx ==
u x X

=fx2du

=f(u2—1)du

—3uc

e

1+x2+c¢

~(2)+(3)-C)

1
g—kx*=0
kx?=g
g
2_9
Tk

Let P(n) represent the proposition.
P(1)istrue since 13— 7(1) + 6 =0

If P(k) is true for some arbitrary odd k > 1 then k3 —
7k + 6 = 3m for integral m

RTP P(k+1) (k+1)3-7(k+ 1) + 6 = 3p for integral
p

LHS = k3 +3k?+3k+1—-7k—7+6
=k3®-7k+6+3k>+3k—6
=3m+3(k*+k—2)
= 3p since m, k integral
=RHS

~Pk)=>P(k+1)

~ P(n) is true for n > 1 by induction

The perpendicular bisector of (0,—2) and the origin, so
Im(z) = -1

ANSWER (B)
fxzsinxdx _ 2 dv _
u=x — =sinx
dx
=—x2cosx+21xcosxdx Z_u=2x V= —cosx
x

ANSWER (C)
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34

35

36

37

38

39

40

41

An ellipse centred at the origin with a vertical
semimajor axis of 2 and a horizontal semiminor axis of
1.

YA

v

/z
\ 1

A False - the particle impacts at a steeper angle

B True — the horizontal velocity is higher during the
ascent, so the maximum height occurs closer to impact
than projection.

C False — the particle will be slower at impact on level
ground

D False — if the particle had greater mass then air
resistance would have less affect, so the range would
increase for the same velocity and angle of projection.
ANSWER (B)

4(a+2b) = 34
There are no integral solutions, as the LHS would then
be a multiple of 4 while the RHS is not O

Zz-w=0B+D)-QRi—-1)=4—-1i
ANSWER (B)

fsecz(Zx —1)tan(2x — 1) dx

= %IZ sec?(2x — 1) x (tan(2x — 1)) dx

_tan’(2x - 1)

+
4 c

Let M and N be the midpoints of AB and BC
respectively in AABC.

B
1 1,
« BM = 4B, BN = 7 BC M
MN = BM + BN N
l—= == A
=§(AB+BC)
1
c
=-4C
2

~ the interval joining the midpoint of two sides of any
triangle is parallel to and half the length of the third side

x = —ansin(nt + a)
Lett=0,x>0
—ansina >0
sina <0 sincea,n>0
T<a<?2m

Suppose by contradiction that 2v/3 — /5 > 2
2 2

+(2/3-45) 2 (V2)

12—-4V15+5>2

15 = 4V15
225 > 240 #
Which is a contradiction, so 2v/3 =5 <v2 @O
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42

43

44

45

46

47

48

49

=[5 ()

‘ B \/7 ‘ _1< : > g
argz = tan —— | = —1tan — ==
& 6 V3 6
ANSWER (B)

f_15—2t+t2dt

1 dt
L (t—1)2+22

e,
-

3 -2
(_2) ( 1 ) =3(-2)-2(1)+0(3) =—-
0 3

L _ o dv
X=v—
X
=(x2-1)(2x)
Letx =2
¥=(22-1)(2(®)

=12ms~2

|

Let P(n) represent the proposition.
P(1)istrue since LHS =2(1) =2; RHS=(1+2)!=6

If P(k) is true for some arbitrary k > 1 then 2k <
(k+2)

RTP P(k+1) 2(k+1) < (k+ 3)!

LHS =2k +2
< (k+2)!'+ 2 from P(k)
< (k+3)(k+2)! sincek>1
< (k+3)!
= RHS
“PU)=>Pk+1)

~ P(n) is true for n > 1 by induction O

Diagonals of a square are of equal length and at right
angles, so 0S = iPR - q—s =i(p—r). This is always
true.

ANSWER (A)

x +x3 + x5 is odd

cosx is even

« (x +x% 4+ x%) cosx is odd

J% f(x) dx = 0 when £(x) is odd

2
f (x+x%+x%)cosxdx =0
-2

10+10+a
204 (- 20)+b>
200+300+c (

0

0 >
1000
20

0 )
500
=500

:—20b—0and
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50

51

52

53

54

55

The formula for vertical displacement is a parabola, so
use the axis of symmetry then substitute back in. The
formula for x is added as a distraction.

Axis of symmetry is

Vsina _ Vsina
Y re
2(-9) 9
Maximum height is
V<V sin a) . g (V sin a)z
= sina —=
Y g 2\ g
VZsin2a V?sin?a
g 2g
: VZsin?a
29

When V = 20,a = 90°% g = 10
2

ymax=%=20m

—P:¥m<0,m?>—-9+0
The negation is false, since form = —3,m? =9 =0

47> +4z+4+5=0
(2z+1)?+2%2=0
QRz+1)?*-2D%*=0
z+1+20)(2z+1-2i)=0
2z = —

z=—

f dx
x24+4x+5

= f(x+ 2)2+12
=tan"'(x+2)+¢c

o|=VEFCDTF = V3
i'_i'+ik
MR

[

d?x

Tdt?

_d dx
T dt\dt

@)

d (1
— 1,2
_dx(2v> ®
. dv dv d

= v =2 (2v?) from (1),(2), (3)

- E dx dx
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56 Let P(n) represent the proposition.
P(1) is true since LHS = 21** = 32; RHS = (1 + 4)? =
25
If P(k) is true for some arbitrary k > 1 then 2k+* >
(k +4)?
RTP P(k+1) 25> (k+5)32
LHS = 2k+5
— 2(2k+4)
> 2(k +4)? from P(k)
> 2k? + 16k + 32
> (k? + 10k + 25) + (k? + 6k + 7)
> (k +5)2 since k >0
=RHS
~P(k)=>P(k+1)
~ P(n) is true for n > 1 by induction O
57 Z1Z; =(5-20)(3 — 4)
=15-20i—6i—8
=7-—26i
ANSWER (C)
1
58 fxs 1—x2dx u?=1-x2
o 2u du = —2xdx

_J-x3.u.<_ﬂ> udu
. dx = ———
11 X
:f (1 -u?)u?du
0
1
:f (u? —u*) du
0
55,
3 5 o

“(65)-0-)

2

15

® (_11) ) (23) = (-1)(=2) + (1)(=2) = 0so the lines are

perpendicular.

60 dv
de_ 4kv
dv_ ak
dx
dx_ 1
dv~ 4k

1 v
x=——/| dv
4kL
1 u
4l

v
=E(u—V)
_u—v
T 4k

61 7 is prime and is divisible by 7.

62 -2
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63

64

65

66

67

68

69

178

ftan3 xsecx dx

= ftanzx X tan x sec x dx

= J.(secZ x — 1) tanxsecx dx

= f(tanx secx (secx)? — tan x secx) dx
_sec®x

= —secx +
3 secx c

AB|=J2-1D?+(B-D2+(B-D?=3
AC|=J@-D7+G-D?+(A- D2 =34
BC|=J@-27+(5-372+(4-3)2=3

~ AABC is isosceles.

Let P(n) represent the proposition.
P(1) is true since 131 —41 =9

If P(k) is true for some arbitrary odd k > 1 then 13* —
4k = 9m for integral m

RTP P(k+2) 13%*! —4k+1 = 9p for integral p
LHS = 13(13%) — 4(4%)

= 13(13% — 4k) + 9(4k)

=13(9m) + 9(4%)

=9(13m + 4%)

=9p since m, k integral

=RHS
~P(k) > Pk+1)

~ P(n) is true for n > 1 by induction

iz is OA rotated anticlockwise 90°.

ANSWER (B)

i

_1-ED

T2

b_1—(—2)__
T (=41

ii

1-—x

GrDar™

_J‘ 2 3 d
- x+1 x+2 x

=2In|x+ 1| —3In|x+ 2| +¢

1 -1

-1 b

—1+2a—b=0
2a—b=1
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70 a1l )\ _ .,
dx<2v =x“+x+1

1 X
—v2=f(x2+x+1)dx
2 1

X

3 2
=2+l 4
372
=2 x3+x2+ Ll
vEAB T2 Y T 3T
2x3 11

2

=—+4x2+2x——
v 3 X X 3

\/2x3 +3x2+6x—11
v= 3

(v > 0 given initial conditions)

7 x >sinx (@D)]
%—x>sin(%—x> 2)
(D) x(2):

T 25 g . (77 )
—x—x*>sinxsin{= —x
2 2

T g
5% —x%>sinxcosx
mx — 2x% > 2sinx cos x

& x — 2x2 > sin 2x

72 i
by inspection (exact triangles):
T T
1+iV3=2 (cos§+ ising)
1+i= \/i(cos%+ ising)
ii
(1+1V3)a+0)
- 0] i+ 50
= cos3 zsm3 cos+isiny
T .. /m m
= Zx/f(cos (§+Z) + lsm(3 + 4))
7 .. (T
=22 <cos <ﬁ> + isin <E>>
iii
(1+V3)A+D =1+i+V3i—V3
=(1-V3)+(1+v3)i
. (77
. <7n) 2+/2sin (ﬁ)
an|-—|=—F+—=%
12 7
2v/2 cos (ﬁ)
1443
T 1-43
73
ftan3xdx
= ftanz x tanx dx

= f(seczx —1)tanx dx

= f(secz xtanx — tanx) dx

tan® x

+ In|cosx| + ¢

74 r= G) +1 (_23__11> = (1) +2 (_14> is one possibility.

1000 Extension 2 Revision Questions © Steve Howard

75

76

77

78

79

80

179

T
szsin(2t+§)+1

T
X = 4cos(2t+§)

¢ = —gsin2¢+2)
X = sin 3

s
=—22(25in(2t+§)+1—1)

=-2%(x—-1)
The particle is in SHM.

Suppose by contradiction that at least one of the
integers is even and the product is odd  (*)
Let the integers be 2m + j and 2n, where m,n are
integral and j = 0,1.
p=02m+/)(2n)

= 4mn + 2nj

=2(2mn + nj)

= 2p for integral p since m, n integral #
Which contradicts (*) since the product cannot be odd
and even.
-~ if the product of any two integers is odd, then both of
them must be odd o

3x + 2iy —ix + 5y = 3x + 5y) + 2y — x)i
~3x+5y=7 (1)

2y—x=5 (2)
D) +3(2): 11y=22 >y=2
subin (2): 2(2) —x=5 -x=-1
ANSWER (A)

x+1 _a+ b + c
x(x—1)2 " x x—-1 (x—1)2
o+1

_4((0)_ 1)2 =
W+1
c= =2

coefficientsof x?: a+b=0 - b = -1
x+1 1 1 2

'-'x(x—l)ZE;_x—l-'-(x—l)z

(-1,23)-(1,-1,4)

cosf =
JEDZ+H22+32x /12 + (-1)2 + 42
—1-2+412
T V14 x V18
6 = 55°

x2]*
v? =2u? ?]
0
v? = p2x?
v =ux v > 0given initial conditions

Howard and Howard Education



81

82

83

84

85

86

87

1000 Extension 2 Revision Questions © Steve Howard

Let P(n) represent the proposition. 88
P(1) is true since LHS =21 +1=3; RHS=31=3
If P(k) is true for some arbitrary k > 1 then 2k + 1 < 3%

RTP P(k+1) 2kl 41 <3k

LHS = 2%+t +1
=2(2k+1)-1
<2(3¥) -1
<3(3%)-3k-1
<3k —(3k+1)
< 3k+1
=RHS

~P(k)=>P(k+1)

from P(k)

~ P(n) is true for n > 1 by induction O

The argument in B has doubled, so the answer
involves z%, A or D.

lz| =1, so |z2| = 1, so we need to use 2z% to get a
modulus greater than 1.

ANSWER (D)
fxlnxdx u=lnx @:x
dx
2lnx x du 1 x?
fix dx  x V=
_x"Inx lnx 1
3z )
2lnx x?
=7 "%t

Let the opposite corners of the rectangular prism be A
and B. 4B = ai + bj + ck, as it equals the sum of the

< 89
vectors along the length, width and height.
|ﬁ| =+a?+b?%+c?
Taking the point of projection as the origin, and
downwards as positive, the trajectory is of the form y =
g— and at impact h = —2 —-R= \/z% Doubling gravity
has the same effect as stretching the parabolic path
vertically by a factor of 2, so y = gx?, and at impact
_ 2 = [h_R
h=gx ax—\[;—ﬁ. 90
ANSWER (B)
If P(1) is true, and for all k > 1 if P(k) is true then
P(k + 1) is true, then for all n > 1 P(n) is true.
We know this statement as mathematical induction, 91
specifically for a statement that is true for all positive
integers.
Note: 1+w+w2 =0
1 N 1 1+wi+l+4w 92
1+w 1+w?2 (1+w)(1+w?)
_ 0+1
1 -{- w?+w+ws
To0+1
=1
ANSWER (C)

180

i

L, +1,4
m m
E *  ooam2

= tan“"6dO + | tan“""*0do
0 0

tan?"2 6 (1 + tan? 6) d6

m
%
= J. sec? 6 (tan0)?*"2do
0

[tanzn‘1 9]%

2n—1

1

T 2n-1

.'1"=2n—1_ n-l

i

I; = ! I

837 23)-1 ?
1 1 :
5 \22-1 !
_1 1+1
5 31
=——+f tanZ 0 do

=——+J. (sec?0 —1)do

=2 i |ano—o|"
R .

69000

—1<sint<1->-1<x<1
1—cos’t=sin’t > 0<y<1

y=1-cos?t AN

=sin?t (-11)

=x? for —1<x<1 1 1D
X

K

=s+2(5)-5(3)
y= 3 3

B 2x  5x?

- 3 9

-Q = —P: Ifitis not a duck then it is not a bird.

The negation is false, since some things that are not
ducks are birds, as a counterexample a magpie is not a
duck but it is a bird.

_ 521 T 2
7?1 =2 (cos <_§) + isin <_§))

= 221 (cos(=7m) + isin(—=7m))

=22 (cosm + isinm)

=221(-1)

— _221
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dv
u = (log, x)" o 1

V=X

93 e
I, = J (log, x)™ dx
1

du
p n(log, x)" 1 x p

e? e?
[x(loge x)”] -n f (log, x)" tdx
1 1

al,=e?2x (2" —0—nl,_,
I, =e?2" —nl,_,;

94 _ (-2 —4—(—2))_ —2) —2)
r=(3) (L 50)= () 405 o<as
is one possibility.

95 vZ=6+4x—2x?
=—2(x?-2x—-3)
=-2((x-1%-2?)
= (\E)Z(ZZ - (x-17?)
Thecentreisx =1
ANSWER (C)

96 ~ Supposea+b=>9anda<5and b <5 *
~a+b<4+4 since a, b integral
<8 #

Which contradicts () since a + b cannot be =9 and
<8,hencea=5o0rb=5.

97 Use the formula since it is multiple choice

+ Izl ¥ Re(@) +2Re(z) + sgn(Im(2)) 121+ Re(@) +2Re(z)i

j\/(g)z + (9743 j
2

=+(2-1)
ANSWER (B)

98 1
[ w
xVx2 +1

1
= _— X
ftanB\/tanZB +1

32+ (-H* - 3,
2

-+

x =tan6
dx = sec?6d6
sec? o6

—f ! x sec? 0 do
~ ) tanB sech se¢

_ [ secH

_J-tamed19
1

=IEX

= f cosecO db

cos 6 a0
sin @

= —In|cosech + cotO| + ¢
99 AB = kCD
-2-1 0—-3
3—1 |=k{b+1
2—-1 c—4
-3 )
2 |=k(b+1
1 c—4
-3=-3k - k=1

“2=b+1-> b=1
l1=c—-4-> c=5

181

1000 Extension 2 Revision Questions © Steve Howard

100

101

102

103

104

105

106

v2=—x?+2x+8
=—(x2-2x-8)
=—((x-12-3?%)
=12(32 — (x - 1)?)

The amplitude is 3 m

ANSWER (A)

Leta=-2,b=1
(-2)2-(1)?=3>0,-2-1=-3<0

& = cosT + isi n—\/_+‘><1
e —COS6 lSln6—2 l 2

1
——— dx
f\/llé - 4x22
=—f7dx
2 42 — (2x)2
1

P X
=—-sin" " —+c¢

2 4
_1__1X+
—251n 2 Cc
(a—b)-(a—b)
~ A
=|e-
141\
=|l1+3
4—-1
=224+42432
=29
¥=—(g+kv)
gk
= @t ky)
a1
dv~  g+kv
J
t=—
%g+kvv

g

k

—11 k
—E[n(g+ V)

0

1
=;<ln(g +9) —1ng>

_In2
Tk

Let P(n) represent the proposition.

P(1) is true since 51 — 21 =3

If P(k) is true for some arbitrary odd k > 1 then 5 —
2k = 3m for integral m

RTP P(k+1) 5k+t — 2K+l = 3p forintegral p

LHS = 5(5%) — 2(2%)
= 5(5% — 2%) + 3(2%)
= 53m) + 3(2F) fromP (k)
=3(5m + 2%)
= 3p since m, k integral
= RHS
~P(k)=>P(k+1)

~ P(n) is true for n = 1 by induction
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107

108

109

110

111

112

This is intersection of the inside of the circle centred at
(1,—1) with radius 2, with the sector with the same
centre, with argument clockwise from —% tom.

Im
b T
// \\
4 >
1
1,-1 \
S ( ")'i' 1 Re
- 1
&y

= 2<ln|x— 1| —ln|x|> +c

x—1
=2In

|+

(1)=(:73)
1) \4+321 )
1=-21 »1=—-=
- 2

1=4431 51=—1

No value of A corresponds (1

1), so it is not on the line.

10 x 802 5
5= _W(l +tan?6) + 80tan @

80
5= —?(1+tan2 6) +80tan6

45 =—80 —80tan®@ + 720tan @
80tan®@ — 720tanf + 125 =0

720 + /7202 — 4(80)(125)
tanf =
2(80)
=0.17709...,08.82290...
6 = 10°,84°

Suppose a? is even and a is odd  (*)
Let a = 2k + 1 for integral k.
wa? =2k +1)?

=4k? + 4k +1

=2(2k? +2k) +1

= 2p + 1 for integral p since k is integral #
Which contradicts (*) since a? cannot be even and odd,
- if a? is even then a is even o

|z| = (\/§)2 +12=2

argz =tan !— = T
V3 6
i T
wz=2 (cosa + ising)

ANSWER (C)

1000 Extension 2 Revision Questions © Steve Howard

113

114

115

116

117

118

i
=50 +2
-1 -
5 +2
o

coefficients of x2:a+c=0 »a=3

ii

3 5x+2
fzxz(x—l)dx
i3 2 3
—fz(;‘ﬁ‘x_1>d"

2 3
= [3ln|x| +;— 3In|x — 1|]
2

2
=<3ln3+§—31n2)—(31n2+1+0)

a3l
=°MyT3

x2+y2+2z2=4or =4

)

dt
e X
dx
v=e*
. dv
= dx
- eX(ex)
— er

LHS =1 —sin 2x
= sin? x + cos? x — 2sinx cos x
= (sinx — cos x)?
>0 sinceR?>0

The square roots are

i(@e(%ﬂ)f)

us]

= 4| 2e6
m, T\
= Zegl' Ze(giﬂ)L
n,  _sm
= 2e6',2¢ 6"

f x? +2x 4
X2+2x+5 "
_J‘x2+2x+5—5
- x2+4+2x+5

5
_f<1_(x+1)2+22>dx
_ 5t i fx+1 +
=X Zan 2 c
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1 1
e 1, 1, 123
X X

A standard hyperbola moved down two units

124
120 dv 2
v = (g + kv?)
dv g+ kv?
dx v
dx v
dv~  g+hkv?
1 f" 2kv 125
x 2k ) (g g+ kv?
=5 []n(g + kv?) i
- 9\
=% <ln <g + k(k)) lng>
=2 In2
ﬁ n
_ In2 ;
=y Metres
121 Let P(n) represent the proposition. 126
P(2) is true since LHS =22 =4; RHS=2+1=3
If P(k) is true for some arbitrary k > 2 then k? > k + 1
RTP P(k+1) (k+1)?>k+2
LHS = k? +2k+1
>k +1+2k+1from P(k)
>3k +2 127
>k + 2sincek > 2
=RHS
“P(k)=>Pk+1)
= P(n) is true for n > 2 by induction O
122 Sketching the roots we see:
)
2e3 "
2m
2N 3 2,
Re)\ /2"
3
2m.
2e 3"
Using exact triangles and reflection we can see the
roots are 2,—1 +v/3i,—1 — /3i
ANSWER (C) 128
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3 3
fx3\/3—xdx=f (B —x)¥xdx
o 0

301 4
= f <3x3 - x3> dx
0 3

34 37
3 X Zx3 —736'3]
93/81 33/2187

4 7

0

A unit circle on the xz plane, centred at the origin.
zA

v

-1
X
Horizontally:
F—k(10)2=0
F =100k
Vertically:
m(10) — k(40)2 =0
10m — 1600k = 0
m = 160k
k=
" 160
~ F =100 (1)
h 160
_5m
8

LHS =a? +b%?—2a—2b+2
=a?—-2a+1+b%>-2b+1
=(a—-1?+(b-1)*
>0+0
=0

~a’?+b*2—-2(a+b)+2=0

Let P(n) represent the proposition.

P(1) is true since 22(M*1 4 32(+1 = 23 } 33 = 35 =
5(7) which is divisible by 5.

If P(k) is true for some arbitrary k > 1 then 22k+1 +
32k+1 = 5m for integral m

RTP P(k+1) 22k*3 4 32k+3 = 5p for integral p

LHS = 4(22k+1) + 9(32k+1)
— 4(22k+1 + 32k+1) + 5(32k+1)
= 4(5m) + 5(3%%*1) from P(k)
= 5(4m + 3%k+1)
= 5p since m, k integral
=RHS

~Pk)=>Pk+1)

~ P(n) is true for n > 1 by induction

This is the perpendicular bisector of (—1,0) and (0,1)

Ima

>
>

-1 Re
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129

130

131

132

i 133

t=tanz

sin- =
2 JVi+e2 1
6 6 t 1 _ 2t

2 X X =
VItZ VitZ 1+t

sinf = ZSinEcosE =
iii
fcosec@ deo

= f1+—t2x 2dt from (i)
2t 1+ t?
dt
t
=In|t| +¢

134

=In +c

) 0
an2

The sphere is centred at (1,1,1) with radius 1, so
-2+ @ -1D*+@z-1?=1

Let P(n) represent the proposition.
P(4) is true since LHS = 4! = 24; RHS = 2(4) = 8

If P(k) is true for some arbitrary k > 4 then k! > 2k

135
RTP P(k+ 1)

(k+1)!>2k+2
LHS = (k+ 1) x k!

>(k+1)x2k

> k(2k+2)

>2k+2 fork>4

= RHS
~P(k)=>P(k+1)

from P(k)

~ P(n) is true for n > 4 by induction O

1

A+)a=1+D2+1D)

—2+it2i—1

=1+3i

" 136
z 5+120 2+3i

2-3i  2-30  2+3i
10 +15i + 24i — 36

- 22 + 32 137
~26+39i

13
=2-3i
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[ L vy
0 dx = —du
= [ e -awy
= faf(u) du
Oa
= J. f(x)dx
0

m m
J- xsinxdx = f ( — x) sin(m — x) dx
0 0
= f (mr — x)sinxdx sincesin(mr — x)
0

s s
:r[f sinxdx—f x sinx dx
0 0
T T
ZJ. xsinxdx=—7r[cosx]
0 0

T T
J. xsinxdx=—=(-1-1)
o 2

=T

—1<cost<1 ->0<cos?t<1->0<x<1
Similarly0 <y <1

sint +cos?t=1->x+y=1for0<xy<1

Y A
1
1 x
dv_ 2
E——(v+v)
e 1

%__v(1+v)
v 1
_Lv(1+v)dv
B f”1 LY,
T oL\ 14w v
v

——[lnv—ln(1+v)]

= —<lnv—ln(1 +v)) — <lnu—ln(1 +u))
u(l+v)
<v(1+u)>

A square is a rectangle, but a rectangle is not
necessarily a square, so P = Q

z+Z=a+ib+a—ib=2awhichis real

z _atib  atib _ a?-b?+2abi which is non-real
a—ib  a+ib a2+b?

z?2 —(2)? = (a + ib)? — (a — ib)?

= (a% — b? + 2abi) — (a? — b? — 2abi)=4abi which is

non-real

zZ = (a + ib)(a — ib) = a? + b? which is real and

positive

ANSWER (C)

Ny
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138

139

140

141

142

143

X
f\/4x2 - 16dx
1 2163
= gJ(Sx)(4x —16)

1 1
=5% 2(4x? - 16)2 + ¢
Vdx?2 —16

OB = 04 + AB
1 -2
-(2)+(1)
1 3
=1
-(3)
4

mX = mg sin 30°

dv_ g mg sin 30°
dt 2,
9
v-l== 30°
_ gt+2 1 mg
2 30°

y = 5t? assuming g = 10

y1 =5y, =20

20-5
=

ANSWER (C)

i
|z| = (—3\/§)2 +32=6

argz =m —tan! =) m—tan~! <i> _5
8 3v3 3 6
—6 5t +isi 5
=6 cos| = isin{—

5 s5m\\"
zZt=6" <cos <€> + isin 3

= cos 6 Lsin 6

For z™ to be real MT" = kn for integral k

5?” must be integral. n = 6 is the smallest positive
value for which this occurs.

t 5
f x3(x2 — 1) dx
0

=1
3-1

= L
3+11

1 1
= —f x(x? - 1)5 dx
7)o

1t 5
= 2 _
—1402x(x 1) dx

_1Ff—nT
14l e
1 1
—ﬁ@‘ﬁ

1
=
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144

145

146

147

148

LetA=-2
r=(7)-2(3) - (7))
~\7 2) \7-4)7\3
(;) lies on T

X=g—kv

g

Ozg—kVT:> VT:E

dv i
vdx—g v

dv _g—kv

dx v

dx_ v

dv  g—kv

(1-vx)’=0
1-2Jyx+x=0
14+ x> 2x

—1 is a cube root of —1, and the other roots must be
spaced by 2?" as shown. The cube roots of —1 are

; I
—1,e3 ande 3.

57T,
The third root could be written as e ' instead.

Im(z)
.
e3'
2m
-1 3|/ 2r
n Re(2)
3
TT.
e 3

fsin3x dx
= f(l — cos? x) sinx dx

= f(sinx — sinx (cos x)?) dx

cos3x

= —cosx +

Howard and Howard Education



149 t=*Vx > y=+/x—1 150 v? =64—16x2

A concave right parabola moved down one unit =—16(x? — 4)
— 42(22 _ XZ)
ya 2w
n=4 ->T=—=—
ANSWER (C)

/
/1

il 4
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REVISION EXERCISE 8 — MIXED TOPICS — MEDIUM

1 Consider the following sequence, with terms in the form (k + 1)2—1 where k is a positive integer

3,8,15,24,35,48

Prove that the product of any two consecutive terms of the above sequence can be written as the
product of 4 consecutive numbers.

2 Which expression is a correct factorisation of z3 — i?
A (z-D@EZE+iz+1) B z+D(z%-iz—1)
Cc (z+i)(z —i)? D (z+10)3
3 i _r
Find [ o dx
4 Show that u = (2,3,6),v = (3,—6,2) and w = (6,2, —3) are mutually perpendicular.
5 The position vector, r(t), of a particle at time ¢ is given by (t) = (e *sint)i + (e™* cost) j. Show

that the speed of the particle at time t is ke~t, where k is a constant that should be determined.

6 Given x > In(1 + x) for all x > 0, prove that % + % + ; +...+% > In(1 + n)for n = 1 by induction.
7 Find the real values of x and y for which % - % =-1-3i
8 Find [ e*e® dx
9 . . . . . mx,+nx; my,+ny;

Prove that the point that divides A(x;,y,) and B(x;,y;) in the ratio m:n is P( e mtn )
10 Particle A of mass m kg and Particle B of mass 2m kg

o : : : | A |

are connected by a light inextensible string passing

over a frictionless pulley. Particle A is on a slippery horizontal

surface. Initially the particles are at rest.

After Particle A has travelled x metres to the right it is

travelling at v metres per second. Find the x in terms of g and t. B
1 Prove by contrapositive that if m is an integer and m? is not divisible by 4 then m is odd.
12 i Express —2 + 2i in modulus-argument form.

ii Simplify (—2 + 2i)8*, where k is an integer.

13 Fing fE431 5y

x3+1
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14 Relative to a fixed origin 0, the point A has position vector 10i + 2j + 3k, and the point B has
position vector 8i + 3j + 4k. The line ¢ passes through the points A and B.

i Find the vector 4B.
ii Find a vector equation for the line £.
iii The point C has position vector 3i + 12j + 3k. The point P lies on £. Given that the vector CP is

perpendicular to £, find the position vector~of the point P.

15 A particle is oscillating between x = 1 and x = 5 in Simple Harmonic Motion. The particle is initially
at x = 3, the equilibrium position, moving to the left. The particle takes 3 seconds to first reach the
leftmost extremity. Find the simplest expression for its displacement as a function of time.

16 Each of n famous mathematics students (where n > 2) shakes hands with all the other
mathematics students once each.
i How many handshakes will there be?
ii Prove that your answer to (i) is correct using induction.

17 Simplify —(4e3Y), leaving your answer in exponential form

18 Find [ 52— dx

x2+7x+12

19 Find the Cartesian equation of the following curve, leaving your answer with y as the subject.
1
x= cosecG'y = cotd
20 A particle moves in a straight line with its position x metres at time t seconds given by x = 2 +

sin 4t + /3 cos 4t.

i Prove that the particle is in simple harmonic motion.

ii By expressing sin4t ++/3 cos4t in the form Rsin(4t + a), find the amplitude and equilibrium
position of the particle.

iii Find the maximum speed of the particle.

21 Prove by contradiction that if n is an integer and n3 — 1 is odd then n is even.
22 The cube roots of unity are z; = 1,2z, = —% + ‘/Z—ii and z3 = —é - ‘/Z—gi.

i Prove that each non-real cube root of unity is the square root of the other.
ii Let w be the second square root of z;, Find w, leaving the answer in Cartesian form.
iii Find the smallest positive value of n that solves w™ = 1

2x
23 Find f\/%dx using the substitution u? = e* + 1 or otherwise.
24 The points in the three dimensional space that satisfy x? + y? = 1 describe what 3d solid?
25 A 400 gram package lying on a rough horizontal surface is attached to a 200
horizontal string which passes over a smooth pulley. The movement of the
package is opposed by a frictional force of uR, where R is the normal reactive

force of the table on the package. When a mass of 200 grams is attached to the
other end of the string, the package is on the point of moving.
Find u, the coefficient of friction.
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27

28

29

30

31

32

33

34

35
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Prove (3n + 1) X 7™ — 1 is divisible by 9 for n > 1, given 7"**1 + 2 is divisible by 3 forn > 1, by
induction.

Let z = 3(cos @ + isinB)
i Find1-2z
ii Express the imaginary part ofl—iz in terms of 6

Find [(tan* x — sec* x) dx

Ifu=5i—j—3kv=i+3j— 5k then show that u + v is perpendicular to u — v.

A particle of mass 1 kg is projected vertically upwards from ground level with a velocity of u ms™1.
The particle is subject to a constant gravitational force and a resistance which is proportional to
twice the square of its velocity v ms™1, (with k being the constant of proportionality). Let x be the
displacement in metres from the ground after t seconds and let g be the acceleration due to
gravity. Which of the following expressions gives the maximum height reached by the particle?

fo s _d B fo C _d
w 9+ 2kv? v u 9 — 2kv? v
vy, fu LA
fmd” D Jy 9=z
0

Prove that the product of two integers is even if and only if one or both are even.

Im o
The points P and Q in the first quadrant represent the complex
numbers z; and z, respectively, as shown in the diagram above. Q(z)
Which statement about the complex number z, — z; is true? P(z)
0 > Re

Its principal argument lies between

A It is represented by the vector QP B gand -

C Its real part is positive D Its modulus is greater than |z; + z,|

Prove [cosecx dx = In |tan §| + c using the substitution t = tan %
Ifu=(223),v=(-121)and w = (3,1,0) and u + Av is perpendicular to w find A

One of the Egyptian pyramids is 130 m high and the length of each side of its square base is 250
m. Is it possible to throw a stone with initial speed 25 ms~?! from the top of the pyramid so that it
strikes the ground beyond the base? Assume g = 10 ms~2 and ignore air resistance. You may

2
assume y =tanf x — % (1 + tan? 8) + h is the trajectory of a particle projected from a height of h
at an angle to the horizontal 8 with initial velocity V.



36

37

38

39

40

41

42

43

44

45

46

47
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Prove that sin(nm + x) = (—1)" sinx for n > 1 by induction

i On an Argand diagram, sketch the locus of the point P representing the complex number z which
moves so that |z — 2| = 1.

ii Find the range of possible values of |z| and arg(z)

iii The points P; and P, such that OP; and OP, are tangents to the locus, (O is the origin) represent
the complex numbers z; and z, respectively. Express z; and z, in modulus-argument form.

iv Evaluate z,2 + z,2, give your answer in its simplest form.

Find [ 2¥ sin x dx using Integration by parts

A vector in R® makes angles of a, § and y with the x,y and z axes respectively. Prove that
cos? a + cos? B + cos?y = 1.

The velocity of a particle projected vertically into the air where air resistance is proportional to
k
velocity is y = (%+ V)e?t —%. Given %: 0.1 and V =g = 10, find the time to maximum
height.
4

. " 1 1
Given that x and y are positive real numbers prove -+ 5 > poress

Which if the following cannot be the argument of a complex number z such that z% = —1 + i?

11m T
A i B -
36 12
291 b g
36 36
i Ifl,,=[x™In"xdx prove I =w—L[
mmn p mmn m+1 m+1 mn—1

ii Hence find [ x2In% x dx

Consider the two lines

() (@)l

i Find the point of intersection, 4, of £; and £,.

ii Find the angle between #; and ¢,, to the nearest degree.
5

iii Show that the point B (—1) lies on #;.
1

iv Find the shortest distance from B to ¢,, to 2 dp.

The velocity of a particle is given by v = —2 cos(2t) i + j m/s,t = 0 seconds. Find the acceleration

when the particle first has a speed of V3 m/s.

Prove by induction that forn > 1

1 N 1 - 1 1 ) 1
1x3 3x5 7 (2n-12n+1) 2 2n+1

i By using de Moivre’s theorem, show that cos 36 = cos® 8 — 3 cos 8 sin? § and sin30 =
3cos?0sin@ — sin3 6

o 3t-t3
ii Hence show that tan 36 = ~—-, where t = tan6

iii Hence find the general solutions of the eqﬂ;a(}ion 3tanf —tan36 =0 o o Howerd Edueat
oward an owar ucation



48

49

50

51

52

53

54

55

56

57

58

59

60

For what values of a is the following integral defined?
J‘Z dx
o 1—+vx—a

1

A curve is given by f(t) = sec(t) i+ 7

tan(t) j. Show that its Cartesian equation is x2 — 2y? = 1.

A mathematician stands on a set of scales in a stationary elevator, which reads a mass of 50 kg.
They press the button for a higher floor, and on the journey the reading on the scales varies
between 45 kg and 55 kg. If g = 10 ms™2, what was the acceleration of the elevator when it started
to ascend?

Prove x* + x?y + 4y? > 5x2y

Given the cube roots of unity are 1, w and w?, find the sum of the reciprocals of the roots.

2
. E— I
25x2-10x+10

Find [
The position of a particle at any time t is given by:
r(t) = (2cost + 1)i + (sin2t + sint)j, t=0

T

i Find the velocity of the particle att = =
d
ii Find the value of k for which 3ki + 4 is perpendicular to d—g att = %.

iii Show thatif r(t) = xi +yj then sin(Nt) = % and cos(t) = %(x -1).

iv Hence show that the Cartesian equation of the path is 4y? = 3x2 + 2x3 — x*.

A particle is oscillating between A and B, 4 m apart, in Simple Harmonic Motion. The time for a
particle to travel from B to A and back is 10 seconds. Find the velocity and acceleration at M, the
midpoint of OB where O is the centre of AB. Assume that the positive direction is measured from A
towards B.

Prove (;C_’;(erx) = 2™ 1(2x + n)e?* for n > 1 by induction.

i Factorise z° + 1 = 0 over the real field.
i List the roots of z° + 1 = 0 in rcis 8 form.

iii Deduce that 2 cosg +2 cos%ﬂ -1=0
Find [ x cos(x? + 4) dx

Points A(2,2,5),B(1,—1,—4),€(3,3,10) and D(8,6,3) are the vertices of a pyramid with a triangular
base.
i Calculate the lengths AB and AC, and the angle BAC, to the nearest minute.

ii Show that 4D is perpendicular to both AB and AC.

A particle is moving in a straight line and its position x, in metres from the origin O at time t
seconds is given by x = 3 cos 2t + 4sin 2t + 2

i Express 3 cos 2t + 4 sin 2t in the form R cos(2t — @) where 0 < a < g and R > 0.

ii Prove that the particle is undergoing simple harmonic motion.

iii Find the maximum speed of the particle. When does the particle first reach this maximum
speed? Provide your answer to 2 decimal places.
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61

62

63

64

65

66

67

68

69

70

7

72

73

Prove 3n2 + 3n + 1 < 2™, n > 8 by induction.

For the complex numberw = 1 — i/3:
i Find |w| and arg(w)
ii Express w, w? and% in the form a + ib.

2X _pX
Find [ ——-dx

X

Provethatif(g—b)-gzOand(g—g)-b=0then(l~9—a)-£=0

Find the constant acceleration produced by a force of 1000 N acting horizontally on a mass of
50 kg if it is opposed by a constant frictional force of 100 N.

Prove that if 1 is added to the product of any 4 consecutive positive integers, the resulting number
will always be a square number.

Letz=1-3iandw=2+1.
i Express zw in the form a + ib.

ii Express zw in modulus-argument form.
V2(cosx—isinx) _ 1-3i

iii Hence find x if -
2+1 5

Find [ o2

mdx using partial fractions.

Find a vector equation for the line through (4,3) with gradient m = —1

A particle of unit mass experiences a resistive force, in Newtons, of 5% of the square of its velocity
when it moves through the air. The particle is projected vertically upwards from a point A with
velocity u metres per second. The highest point reached is B, directly above A. Assume that g =
10 ms~2 and take upwards as the positive direction.

i Show that the acceleration of the particle as it rises is given by

. v2 4200
Y=o
ii Show that the distance metres of the particle from A as it rises is given by
200 + u?
* = 10loge (m)

The nth Fermat number, F,, is defined by F, = 22" + 1 for n = 0,1,2,3. Prove by mathematical
induction, that for all positive integers: Fy X F; X Fy X ..X F,_; = F, — 2

i

Find r, @ such that ¢i™ — 3t = re

Find [ x3vVx2 + 1 dx using the substitution u? = x? + 1 or otherwise.
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75

76

77

78

79

80

81

82

83

84

85

Letr = 2sin(2t) i + 3 cos(2t) j be a time dependent position vector of an object. The path of the

object takes is:

A A straight line B A parabola

C A circle D An ellipse

When stowed (pointing vertically) the cross-section of the Parkes radio telescope can be modelled
2
by y = %, where (0,0) represents the vertex of the parabola. The dish has a diameter of 64

metres. A ball is thrown from the centre of the dish at a speed of 15 ms™! at an angle to the

horizontal of 45°. What horizontal distance will it travel before impact? Assume g = 10 ms~2 and

2
ignore air resistance. You may assumey =tan 6 x — % (1 + tan? 6) is the trajectory of a particle

projected at an angle to the horizontal 6 with initial velocity V.

Prove by contrapositive for m, n positive integers that if mn is divisible by 3 then m or n must be
divisible by 3.

Solve z? = 21 — 20i, leaving your answer in the form a + ib for a, b real.

Find [ x cos 4x? cos 2x? dx

The displacement of two fireworks are given by x = cost,y = sint,z = 100t and x = —cos 2t,y =
—sin 2t,z = 100t respectively, all measurements in metres.

i Describe the trajectory of both fireworks, commenting on their starting positions and any
similarities or differences.

ii Find the coordinates of the point of collision of the two fireworks.

A particle of mass m is projected from the top of a very tall cliff, with an initial velocity ¥ ms™1! at an
angle of 6 to the horizontal. The particle experiences the effect of gravity and a resistance
proportional to its velocity in both the horizontal and vertical directions. As t — o the particle
approaches vertical flight at terminal velocity.

i Given y = —g — ky, find the terminal velocity of the particle in terms of g and k.

ii Normally when we calculate a terminal velocity we find a positive answer. Why is the answer
negative in this case?

Prove x™ — y™ is divisible by x + y for even integers n = 2, for integral x,y, x > y by induction.

1-18i
2—i °

The complex number z = a + ib for a, b real solves 4z — 3z = Find the values of a, b.

Find [ |1 dx

13 2
The point A(3,—2,6) lies on r = ( 8 ) +/1< 2 ) The point P has position vector (—pi + 2pk)
~ 1 4 < ~
relative to 0, where p is a constant.

i Given that PA is perpendicular to r, find the value of p

ii Given also that B is a point on the line r and £BPA = 45°, find the two possible coordinates of B.

The acceleration of a particle is given by ¥ = v* + v2. If initially the particle has a velocity of
202
v2+1

1ms~tatx =2, prove x =In +2
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86

87

88

89

90

91

92

93

94

95

Prove by contradiction that there are infinite number of odd integers.

In the Argand diagram above, 0ABC is a rhombus with

2CO0A = g The points A and C represent the complex numbers Im 4
w1 and w, respectively.

i Explain why w, = wlcisg

ii Write down, in terms of w, only, the complex numbers represented

by the vectors 0B and AC. AQwy)

iii By considering i(w; + w,), show that the diagonals OB and AC of 0 Re
the rhombus are perpendicular.

C(ws) B

Find [ In|cos x| cosec? x dx using Integration by parts

In the quadrilateral ABCD, we are given that 04 + OC = OB + 0D. Prove that ABCD is a
parallelogram.

A ball is rolled up a frictionless 30° ramp, with an initial velocity of 5 m/s. Find how long it will take
to reach its highest point on the ramp. Assume g = 10 ms™2.

Prove that if m, n are integers that m? — n? is odd iff the sum and difference of m and n are both
odd.

The locus of z if arg(z — 2) —arg(z + 2) = % is best shown as:

y h
A B ot
-2 0 2 - . —
c ht D vy
S —2 2
) 0 2 | \y )
-2 1
— er 2
If1n=fx nezxdxprOVeIn=—m+mln_lforn21

The motion of two particles is described by r; = ti + t?j + t3k and r, = (1 4+ 2t)i + (1 + 6t)j +
(1 +14t)k where t = 0.

i Show that the two particles do not collide
ii Find any points at which the two paths intersect.

At time t a particle in simple harmonic motion has ¥ = x = k for k < 0.
i Describe the particle’s displacement and velocity at t.
ii Write an inequality for the numerical value of acceleration and velocity an instant after time t.
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96 Given N is a positive integer greater than 1 and that S, = Y%_, K2, prove by induction that
N N

NXSN_ZSR=ZR3
R=1 R=1

97 i Find the five roots of the equation z> = 1 in polar form
ii Show thatz°> — 1 = (z -1 (z - chos—+ 1) (z2 -2z cos%n+ 1)
iii Hence show that cos— + cos%ﬂ = _E

98 dx

Evaluate [2

0 cosz(x—%)

29 Given r= Asint i + (1 + %) cost j represents the circle centred at the origin with radius 2, find A.

100 A particle moves along the x-axis such that its velocity v ms™~! is given by v? = —4x? + 8x + 32
i By expressing the acceleration as a function in terms of x, prove that the particle is undergoing
simple harmonic motion.
ii Find the amplitude.
iii Find the maximum acceleration.

2k+2 2k
2k+3 2k+1

101 Given k is a positive integer, prove

102 i If|z| =1, showthatz" + z7™ = 2 cosné
ii Hence solve 5z* — z3 + 622 — z + 5 = 0, leaving answers in the form z = a + ib.

103 Find — fh ——

104  Attime t, the position vector of a particle is given by
f(t) =ti + ﬁj. This particle moves along the path with equation:

A yx?2+1) =1 B x*’(y—1)=0

x%2 -1

— 2 —
C y=x*—-1 D Y =23
105 A 10 kg box sits on a horizontal table, where the coefficient of friction is 0.2R, where R is the
normal reactive force of the table on the box. If a force of 60 N is applied to the side of the box will
it move? Assume g = 10.

106  Prove fooo x™e™* dx = n! for n > 0 by induction.

107 1,w and w? are the cube roots of unity and each are represented by the points 4,4, and A5
respectively on an Argand diagram. Find the value of A;4, X A, 45, where ‘A; A, represents the
length A 4,.

198 Find [~ dx
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110

111

112

113

114

115

116

117

118

119

120

Relative to a fixed origin 0, the point A has position vector 2i — j + 5k,
the point B has position vector 5i + 2j + 10k, and the point D has position vector —i + j + 4k.

The line ¢ passes through the points A and B.

i Find the vector 4E.

ii Find a vector equation for the line £.

iii Show that the size of the angle BAD is 109°, to the nearest degree.

iv The points A,B and D, together with a point C, are the vertices of the parallelogram ABCD,
where AB = DC. Find the position vector of C.

A particle of unit mass falls from rest under gravity in a medium for which the resistance to the
motion is proportional to the square of the velocity, kv?.
i Write an equation for the acceleration of the particle.

ii Show that the terminal velocity, Vr, is given by V; = \/%.
iii Show that the position, x, of the particle in terms of its velocity, v, is given by x = iln (ﬁ).

Prove =22 +y > (x;y) forx,y > 0

Express 1+ (1 +i) + (1 +i)%+...+(1 + ) in the form x + iy, x,y real.

Prove

tanx —1

dx =1In +2x+¢c

ftan2x+tanx+sec2x—2
tanx — 1

CosXx

Prove that the sum of the squares of the diagonals of a parallelogram equals the sum of the
squares of its sides.

A projectile is launched from the point r, = 10, such that the velocity vector is given by v(t) =

20i + (30 — 9.8t)j ms™~1. Find the position vector of the projectile. Air resistance is negligible.

Prove 16 x 32"~1 + 21 x 22"~1 js divisible by 30 for n > 1 by induction.

Given z = &
2+ai
i Ifa=4find |z|
ii Prove that if argz = %that a can only equal 1

x+3 bx+c 2x+3
Express (+1)(—2+4) in the form —— + ——and hence evaluate fO o

The motion of two different particles is described by
rp =1+ (5t +4p)j + 3k and

rp=@t+p)i+ (7t+q)j+ (t—qk, where t >0 in hours and p,q are real constants. Unit

vectors are in metres. Find a pair of values for p and g such that the particles collide, and find the
time and place of collision, to the nearest second and metre respectively.

A particle is projected 20 ms~! at an angle of% to the horizontal with air resistance proportional to
velocity. Ifm =+/3 and g = 10, find the time taken until the particle is travelling upwards at an

k k
angle of— to2dp. Itisgiventhat x = Vcosfe™ mt andy = (T+Vsin9) e m ——,
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121 Prove that if a rational number is divided by another rational number the result is rational.

122 | Express z = /3 + i in modulus-argument form.
ii Show that z7 + 64z = 0

3
123 Fing f(xf%)zdx using the substitution u = x* — 1 or otherwise.

124  An ant spirals down and around the outside of a sphere of radius 1 unit, starting at the top and
ending at the bottom. Which set of parametric equations could represent its motion, and how many
seconds does it take to reach the bottom?

X = sint cos 2t X = sint cos 2t

y = sintsin 2t y = sintsin 2t
A Z = cost B Z = cost

Time = m seconds Time = 1 second

X = costcos2t
y = sintsin 2t

D Z = cost
Time = 1 second

X = costcos2t

y = sintsin 2t

z = cost

Time = m seconds

125 The acceleration of a particle along a straight line is given by ¥ = tsint at time t seconds. Initially
x=0and x = u.
i Find an expression for velocity as a function of time.
ii Find an expression for displacement as a function of time.

126  Prove by contrapositive that if x> — 4x* + 3x3 — x? + 3x — 4 > 0 then x > 0.

1+5;

127 Simplify e "2

128  Find [ sec® x dx

129  Sketch x = sin®t,y = sint

130 A particle of unit mass is initially at the origin with velocity u ms~1, and undergoes uniform
acceleration of ¥ = a ms~2. Prove that when the particle is s units to the right of the origin that
v? = u? + 2as.

131 Prove that /7 is irrational by contradiction.

132 Determine the possible values of the real constant A if

341
,+/1|=\/_/1+2
1+ 2i

133 Find fxziﬁ using the substitution x = tan 6 or otherwise.
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134

135

136

137

138

139

140

141

142

-2
Relative to a fixed origin 0, the point A has position vector < 4

) and the point B has position
7

-1

vector < 3 ) The line ¢, passes through the points A and B.
8

i Find the vector AB.

ii Hence find a vector equation for the line £;

0
iii The point P has position vector <2> Given that zPBA = 6, show that cos8 = %

3
iv The line ¢, passes through the point P and is parallel to the line ¢;. Find a vector equation for
the line ¢,

v The points € and D both lie on the line £,. Given that AB = PC = DP and the x coordinate of C
is positive, find the coordinates of C and the coordinates of D.

The tide in a certain harbour can be modelled by simple harmonic motion, withx = 3 cos%t +2
giving the height of the water t hours after high tide. If a type of oyster can only live when they are
under water at Ieastz of the time, what is the maximum height where they can survive? Answer to
2 dp.

Consider the statement: ‘There are no prime numbers divisible by 6’. Prove that it is true, or find a
counterexample to prove that it is false.

The point A represents the complex number —4 — 3i.
20ZA =90° and |ZA| = 2|z|. Find the complex number 7

represented by the point Z.
/ "

A(—4 - 3i)
A —1+2i B —1+42i
C  —2+i D —V2+i

Evaluate f4e+3 In|x — 3| dx using Integration by parts

In the irregular pentagon ABCDE, the midpoints of AB and CD, and of BC and DE are joined by two
intervals, whose midpoints are also connected by an interval. Prove that this interval is parallel to
AE and one quarter its length.

A rock is thrown vertically from the bottom of a mine shaft at 20 ms™1, and just reaches the surface
before falling back down the shaft. Find the depth of the mine shaft, assuming g = 10 ms~2.

111

Givenu, ., = ,/3un and u; = 1
i Show thatu, = 32 Ug = 32 4andu =32"i"s

i Hence prove by mathematical induction that u,, = 31-2""" forn > 1.
iii Find the limiting value of u,asn — oco.

Show all complex numbers represented by z = 1 + 2¢?¢ for —% <6<

w
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144

145

146

147

148

149

150

151

152

153

154

155

cos 3x dx prove L. = — sin 3x
p n— (n-1)xn-1

I, = (2% dx and J,, = [

xn

2 1 0 5
The lines #4: r:<3>+/1(2>and{’2: r:(9>+u(0>meetatc.
T \—4 1 T o\=3 2

i Find the coordinates of C.

ii The point A is on ¢, where A = 0 and point B is on £, where u = —1. Find the size of LACB to
the nearest minute.

iii Hence or otherwise, find the area of AABC, to 2 decimal places.

3
+E]n_1 forn>1

xTL

Prove that a particle with x = 3 cos? t is in simple harmonic motion. Clearly state its centre of
motion and amplitude.

Prove by contradiction that the product of a rational and irrational number is irrational.
If w is a complex cube root of unity, prove that: (a + b)(a + wb)(a + w?b) = a® + b3

For what values of a and b is the following statement always true?

b
f (x3—x®)dx >0
a

The sphere (x — a)? + (y — b)? + (z — ¢)? = 1 lies entirely within the sphere x? + y? + z2 = 9.
Find the maximum value of a? + b? + 2.

The velocity v ms™! of a particle moving in simple harmonic motion along the x-axis is given by
v? =24+ 2x — x2.

i By letting v? = 0, find the two points between which the particle is oscillating.

ii What is the amplitude of the motion?

iii Find acceleration of the particle in terms of x.

iv Find the period of oscillation.

v Find the maximum speed of the particle.

Prove for real x, that |x? — x| + [x — 1| = |(x + 1)(x — 1)|

Solve the equation z? + (z + 1)? = 0, where z is a complex number.

dx
(x%2+1)tan~1 x

Find [

Find the Cartesian equation of the curve x = et + ety = et — e~t and sketch the curve.

A car is travelling along a straight horizontal road at a speed of 32 ms™! when it brakes sharply
then skids. Friction brings the car to rest. If the coefficient of friction between the tyres and road is
0.8R, where R is the normal reactive force between the car and the road, calculate

i the deceleration (assume g = 10 ms™2)

ii the distance travelled by the car before it comes to rest.
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157

158

159

160

161

162

163

164

165

166

167

168

Prove by induction that forn > 1
nn+1Dn+2)Bn+1)

12%x2+422%x3+...+n’(n+1) =

12
z; =1+ 2iand z, = 3 —i. The value of z,;% + 7.
A -1-3i B 14+ 3i
2 2
c 1-3i D -1+ 3i
2 2

. e4x
Find f m dx

The parallelogram 0ABC has 04 = (1,3,1) and 0C = (—1,1,2). Find the area of the parallelogram
to 2 dp.

A particle is moving in a straight line and performing Simple Harmonic Motion. At time t seconds it
has displacement x metres from a fixed point O on the line, given by x = 2 cos (Zt - %)

i Show that v2 — x¥ = 16

ii Sketch the graph of x as a function of time for 0 < t < m showing clearly the coordinates of the
end points.

iii Show that the particle first returns to its starting point after one quarter of its period.

iv Find the time taken by the particle to travel the first 100 metres of its motion.

AABC has sides a, b, c. If a? + b? + c? = ab + bc + ca, show that AABC is isosceles.

. . x3 x5 x?  x* x  x? | x3 i
Givensinx =x—-=+=——..,cosx=1—-=4+=——...,ande*=1+=4+=4+=+...prove e =
KR 20 4l 11 20 0 3l
cosx + isinx
3x3+x2+12x—12 _  x-3 2x

It can be shown that + (Do NOT prove this.)

(x2+4)(x242x+4)  x242x+4 = x2+4

3 2 -
Use this result to show f;%dx = 1n¥ + % (g —tan~! %)

Prove that a point P lies on the line AB if OP = 104 + (1 — 1)0B.

A particle of unit mass is allowed to fall under gravity from rest in a medium which exerts a
resistance proportional to the speed (v) of the particle.

i Show that the particle reaches a terminal velocity, T, given by T =% (where k is a positive
constant).

ii Show that the distance fallen to reach half its terminal velocity, g is given by x = %z(ln 2— %)

iii Determine an expression for the time taken to reach a speed of g

If a and b are integers, prove that (a + b)? — (a — b)? is divisible by 4

The complex number z = a + ib for a, b real solves z + 27 = |z + 2|. Find the values of a, b.

Find fsin 2x+cos 2x dx

Ccos x
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169  Prove that for any triangle ABC and any point P that PA - BC + PE - CA + PC - AB = 0

170 A particle of unit mass is projected at an angle of% below the horizontal at a velocity of%g ms~1.

Air resistance is proportional to the speed of the particle. Find an expression for the vertical
displacement as a function of time.

171 Prove by induction that forn > 1

Z(—l)rrz _ (—1)"112(11 +1)
r=1

172 In the Argand diagram, OABC is a kite. 0A = AB,0C = CB,

04 =w, 2L0AC = Sand £0CA = 7.
Find the complex numbers OF and OC in terms of w.

173 Find [ ———— dx using the substitution ¢t = tanZ.
sin x+Ccos x 2

174 11 -2 -5 q
Thelines #;: r = ( 2 ) + A( 1 ) and £,: r= 11 |+ u <2> are perpendicular.

To\17 —4 p 2
i Show thatq = —3.
ii Given that the lines intersect, find the value of p.
iii Find the point of intersection.

175 A particle of unit mass moves in a straight line against a resistance numerically equal to v + v3,
where v is its velocity. Initially the particle is at the origin and is travelling with velocity u, where
u>0.

i Show that v is related to the displacement x by the formula

u—v
x=arctan< )
1+uv

ii Show that the time t which has elapsed when the particle is travelling with velocity v is given by
A u?(1 +v2)
— OB v2(1 + u?)

176  Prove that all composite integers n have a prime divisor k where k < .

177  The points A and B represent the complex numbers z; = 2 — i and z, = 8 + i respectively. Find all
possible complex numbers z3, represented by C, such that AABC is isosceles and right angled at
C.

178 Find [ tan™! x dx using Integration by parts

179  Three spheres centred at A, B and C of radii r, = 1,73 = 2 and r; = 3 units respectively are, and
are arranged so that each sphere touches each of the others. Prove 4B - AC = 0.
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181

182

183

184

185

186

187

188

189

A particle of unit mass is dropped in a medium where the resistance to motion is proportional to
the speed, so R = —kv.

i Find the equation for acceleration as a function of g and the constant of proportionality, k.

ii Show that the velocity of the particle after t seconds is given by

v= %(1 — ekt)
iii Show that the displacement of the particle is given by

_J9 g kv
* ke ng—kv g

The diagram shows a point X outside a triangle ABC.
Show that X

AB + BC + CA
AX+BX+CX>f

If w is one of the complex cube roots of unity prove that if n is a positive integer, then 1 + 0™ +
w?™ = 3 or 0 depending on whether n is or is not a multiple of 3.

n / 3
If I, = [ x™V2x + 1dx prove I, = (D) "I, forn>1

2n+3 2n+3

Show that if four points 4, B, C and D in the same plane are such that AC 1 BD, then
AB? + CD? = BC? + DA?.

The launch speed of a projectile is five times the speed it has at its maximum height. Air
resistance is negligible. Calculate the angle of projection. to the nearest minute.

If a, b, ¢, d are real numbers, prove (a? + b%)(c? + d?) = (ac + bd)?

Given z; = iv2 and z, = 11_1
i Express z; and z, in modulus-argument form.
ii If z; = wz,, find w in modulus-argument form.
iii On an Argand diagram, plot the points P, Q and R, where P represents z;, Q represents z, and

R represents (z; + z3).
iv Show that arg(z; + z,) = 3?” and hence find the exact value of tan %”.

Prove [>* f(x — a)dx = [* f(a—x)dx

A particle moves so that its vector at time t,t > 1, is given by r(¢t) = (t + %) i+ (t - %) j

i Find an expression for the distance from the origin of the particle at time .

ii Find the speed of the particle at time t = 5.

iii Find the Cartesian equation of the path of the particle and state the domain and range
iv A second particle has a velocity vector given by

AW 2\ .
vf(t)=(2_t_2>£+<2+t_2)£' t=0
When t = 1, the position vector is given by r5(t) = 4i. Show that the position vector of this second

particle and of the first particle at time t are parallel.
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191

192

193

194

195

196

197

198

199

A particle of mass m kg is fired vertically in a medium where resistance is proportional to the
speed, kv. If positive motion is measured up from the point of projection for the upward flight U,
and down from the maximum height for the downward flight D, the equations of motion for the two
parts of its flight are:

A . mg+kv = mg—kv B . mg+kv _ mg—kv
ETT T T, s T T T
c . _mg+kv = mg—kv D . _mg+kv =~ mg—kv
s T T e A

Consider the statement: ‘3™ + 2 is prime for all positive integers n’. Prove that it is true, or find a
counterexample to prove that it is false.

If |z| =1, prove Z = 5

cos x
1+sin? x

Find [

An equilateral triangle is inscribed into a circle of radius r. Prove that from any point P on the circle
PA? + PB? + PC? = 612

The acceleration of a particle in the x — y plane is —gj. At time t = 0 the particle leaves the point
with position vector r(0) = hj with velocity v(0) = V cos(8) i + Vsin(6) j.
i Show that the particle’s position vector at time t is given by

1
r(t) =Vcos(@)ti + (V sin(0) t — Egtz + h)j

sec?(6
_ g ( )xz.
2V2

ii Show that the particle’s path is given by y = h + tan(0) x

i Show that: (cos8, + isinf;)(cosf, + isinf,) = cos(6; + 0,) + isin(6; + 6,).
li Hence, use the principle of mathematical induction to establish the result:
(cos 8, + isinf;)(cos O, + isinb,)...(cos O, + isinb,) = cos(6; + O,+...+6,) + isin(6; + 0,+...+6,)

Ifz= i‘:; for the real constant A, find the possible values of 1 if z is purely real.
. x2—4x+2
Find [ 79X
-6 4
The line £, has vector equation r=|4 |+A{-1 and the line ¢, has vector equation

()l3)

The lines #; and ¢, intersect at the point A and the acute angle between ¢, and ¢, is 6.
i Write down the coordinates of A.

ii Find the value of cos 6.

iii The point X lies on £, where 1 = 4. Find the coordinates of X.

iv Find the vector AX

v Hence, or otherwise, show that [AX| = 4v26.

vi The point Y lies on #,. Given that YX is perpendicular to ¢, find the length of Ay, giving your
answer to 3 significant figures.
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200 A circular wheel has masses of m and 2m attached to the rim, separated by angles of g The

wheel starts with the large mass directly on top, and the smaller mass to the left as shown in
Figure 1. In Figure 1 the wheel is unbalanced and would start turning anticlockwise.

va
m

Figure 1 Figure 2

2m

How many degrees, 6, does it need to be rotated to be in balance, so that the two masses are
above the centre as shown in Figure 2?

1000 Extension 2 Revision Questions © Steve Howard 204 Howard and Howard Education



REVISION EXERCISE 8 - SOLUTIONS

1
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(k+1)2-1)- ((k+2)*—1)
=k+1+Dk+1-Dk2+4k+4-1)
= (k+2)(k)(k? + 4k + 3)
=k+2)J)k+3)(k+1)
=k(k+1)(k+2)(k+3)

2B—i=23+3=(@+)(z%—-zi+i?
=@z+)(E-iz-1)
ANSWER (B)

1
[m—
25 — 9x2
1f 3 d
== | ————=dx
3 /52—(3x)2

1 (3 +
=3sin c c

=@+ + ()2 =0
@@®)+B)@)+(6)(-3)=0
=B+ 02+ (@(=3)=0

~ u,v,and w are mutually perpendicular.

e
1TSS
]

7= (sint x (—e %) + e tcost)i
+(cost X (—e™8) + e~t(—sint))/
= (e t(cost —sint))i — (e~t(cost +sint))j

|Z| = \/(e‘f(cos t — sin t))z + (—(e‘f(cos t + sin t)))2

= e t\Jcos2t — 2 costsint + sin2 ¢ + cos2t + 2costsint +

=e"t/2(cos?t + sin2 t)
=+2et

Let P(n) represent the proposition.

P(1) is true since LHS == =1; RHS =In(1+1) =
In2 ~ 0.693

If P(k) is true for some arbitrary k > 1 then

1 1 1 1 In(1 + k
TR LCE )
RTP P(k+1)
1 1 1 1 1 S 1n(2 + k
1+2+3+“'+k+k+1 n(2 +k)
LHs= 24 tyly p1y 1
123 "'1k k+1
>In(1+ k) + ) from P(k)
1
>In(l1+k In(1+——
n(1+k)+ n< +k+1>

> n(1+ k) +1n (2
n "+

>In(1+k)+In(k+2)—In(k+1)
> In(k + 2)
= RHS

2 PU) = Pk +1)

~ P(n) is true for n > 1 by induction

205

7

10

1"

x Yy

i 14
_x(1+i)—iy
TG+
_x+i(x—y) —1—i
To—1+i T -1-i
_—x—xi—xit+yi+x—y
B 1+1
_—y+ily—2x%)

- 2
.'.—%:—1 Sy=2
y—ax

5= 3
2—2x=-6

2x =8

x=4

X X
fexee dx=e +¢

Letﬁ":p,O_A:aandﬁ=b

m+n
mb —ma+ (m+n)a

m+n
mb + na

m+n
m(x2i+y2j)+n(xli +y1j)

+n
mx, +nx, . My, +ny; .
= i
m+n ~ m+n ]~
. /mXxy +nxy my, +ny;
~’~PIS( , )
m+n m+n

(m+2m)¥=02mg—-T)—-(0-T)

3mX = 2mg
. _ 29
k=3
dv _2g
“dt 3
2gt
V=3
Cdx  2gt
Tde 3
_9t
*=7

Suppose m is even.
Let m = 2k for integral k
m? = (2k)?
= 4k?
= 4p for integral p since k is integral
=« if m is even then m? is divisible by 4.
« if m? is not divisible by 4 then m must be odd by

contrapositive.
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13

14

15
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i 16
=2 +2i| =22+ 22 = 242

2
arg(—2+2i) =mw —tan™! (E) =—

i

3 8k
(=2 + 20)8k = <2\/E cisT>
= 212k cis 6kmr

= 212k for integral k

fx6+3x2—1
x3+1
J‘x3(x3+1)—(x3+1)+3x2
= dx
x3+1

5 3x?
=f x°=14+—= e dx

4
x
:I—x+lnlx3+1|+c

X

=(8-10)i+B—-2)j+@—-3k=—2i+j+k

. J10 -2
0 r=04A+2B =2 |+1| 1
- 3 1

10 — 21
Lethe( 2+/1)

3+41
. 10-21-3 7 =22
CP=|2+1-12 |={-10+2
3+1-3 A
7—22 -2
-10+1)-{ 1 ]=0
A 1
—14+41-104+1+1=0
64 =24
ﬁ =4 17
10 —2(4) 2
Pl 24+ |= (6)
3+(4) 7 18
_5-1 )
a= 5=
T=4x3=12
21 - T
i Sn=—
n " 6
The particle starts at the centre and is initially moving
left, which can most simply be modelled by the
negative sine curve.
— 325 (nt)
X = sin 6
19

206

i

If there are n students then there will be (7)
handshakes.

ii

Let P(n) represent the proposition.

P(2) is true since 2 people involves 1 handshake, and

(=1

If P(k) is true for some arbitrary k > 1 then k students
will involve (%) handshakes

RTP P(k + 1) k + 1 students will involve
(*4) handshakes

Consider a group of k students, who have shaken each
others hands, which involves (’2‘) handshakes from
P(k).

The k + 1t" person joins them and shakes hands with
each of the k students already there.

The number of handshakes is

k p = k! N

(2>+ S2G-2i "
k! + 2k(k - 2)!
T 21 (k=2)
(k= Dk + 2k(k — 1) (k = 2)!
- 21 (k — 1) (k= 2)!
(k= 1Dk! +2k!

20 (k= 1)
Ckl(k—1+2)
T2k —-1)!

_ (k+1)!
T 21 (k—1)!
_(k+1
-(*)
=RHS
“PR)=>Pk+1)

~ P(n) is true for n = 2 by induction
_(4e3i) — e*ﬂi X 4e3i — 46(371!)L'

_ x+2 _a + b
T (x+3)(x+4) x+3 x+4

x+2

x2 4+ 7x+ 12
(-3)+2

GO
,_ D2

(4)+3
x+2
f X2
X2+ 7x+ 12
j‘ 1 2 2 d
o x+3 x+4)%

= [—ln|x+3| +21n|x+4|]

0
=(—In4+2In5)—(—In3+2In4)

=—In4+In25+In3—-1In16
-1 75
!
1
= — cosecl = —
cosec 6 x
1+ cot? 8 = cosec? 8
2 1
1+y _F
1—x?
V=0
V1—x2
y==%
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20

21

22

23

24

i

x = 2 + sin 4t + V3 cos 4t

% = 4 cos 4t — 4v/3 sin 4t

% = —16sin 4t — 4+/3 cos 4t
= —4%(2 + sin4t + V3 cos 4t — 2)
=—4%(x - 2)

=~ the particle is in SHM.

vZax = n2(a? — 0)
Vmax = 4 X2 =8ms™?!

Suppose n® — 1 is odd and n is odd. *
Let n = 2k + 1 for integral k
and—-1=Qk+1)3-1

=8k3+12k? +6k+1—1

= 2(4k3 + 6k2 + 3k)

=2p
~n3—1iseven #

for integral p since k is integral

Which contradicts (*) since n® — 1 cannot be both odd
and even, hence if n® — 1 is odd then n is even.

i
.2

In polar form the roots are z; = 1,z, = c1s?n and z; =

. 41
cis—.

3

. L 2m\% . am .

Since (c1s ?) = cis—, z, Is a square root of z.

i

The second square root is the first multiplied by
negative one, sO w = —z, = % - ?i

il

w is the square root of a cube root of unity, so is a sixth
root of unity, ~ n = 6.

e2%
—dx
.f\/e"+1
- ez"XZudu u?=e*+1
N x

u € 2udu = e*dx
=2fexdu 2udu

dx =—
e

=2f(u2—1)du
S s
=3 u+c
2./(e* +1)3
R GERST.

This is the unit circle extended vertically parallel to the
z-axis, which gives a cylinder.

1000 Extension 2 Revision Questions © Steve Howard

207

25

26

27

28

29

(0.4+0.2)% = (029 — T) — (T — X 0.49)
0.6% = 0.29(1 — 21)
po90—20

If the package is on the point of moving ¥ = 0
~1=2u=0
uw=20.5

Let P(n) represent the proposition.
P(1) is true since (3(1) + 1) x 71 — 1 =27 = 9(3).

If P(k) is true for some arbitrary k > 1 then (3k + 1) x
7% — 1 = 9m for integral m

RTP P(k+1) (3k+4)x 71 —1 = 9p forintegral p

LHS = (3k+1+3)x 7(7%) -1

=7[@k+1) x 7] +21(7%) - 1

=7[Bk+1) x 7% - 1]+ 21(7%) + 6

= 7[9m] + 3[7%*1 + 2] from P(k)

= 9(7m) + 3(3q) for integral q since 7! + 2 is
divisible by 3

=9(7m+q)

= 9p since m, q integral

= RHS
~P(k)=>P(k+1)

~ P(n) is true for n > 1 by induction
i

1—z=1-—3cosf —3isinf
=1-—3cosf + 3isin@

1 _ 1
1—2z 1-3(cosb +isin@)
1

“(1-3cos0) —3isind
(1—-3cosH) +3isinf

= (1 =3cos8)%+ (3sinh)?
(1 —-3cosf) + 3isind

T 1—6cosH +9cos26 +9sin? 6
_ (1 —3cosf) +3isind

10 — 6cos6

o1 1 _ 3siné
MM T=Z) T 10— 6cos0

f(tan" x —sec* x) dx
= f(tan2 x — sec? x)(tan? x + sec? x) dx

= f(—l) (2sec?x — 1)dx

=—2tanx+x+c¢

1~4+1~7=(5+1)£‘+(—1+3)j+(—3—5)l~c

=6i+2j—8k
u—v=06-1i+(-1-3)j+(=3+5)k
=4i—4j+2k

(utv)-(u-v)=OW+ @D+ (-8)(2) = 0

~ u + v is perpendicular to u — v.
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32

33

34

35
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dv 36
—=- 2kv?
vy (g + 2kv?)
dv_ (g+2kv?)
dx v
dx v
dv~ g+ 2kv?
0 v 4
J; g+ 2kv? v
u v
- fo g2
ANSWER (C)
Note: the 2 is actually irrelevant in the question as it would
be absorbed by k.
If both integers are odd, let the integers be
2m + 1,2n + 1 for integral m, n.
p=0C2m+1)2m+1)
=4mn+2m+2n+1
=2Q2mn+m+n)+1
= 2p + 1 for integral p since m, n integral # 37
~ if both integers are odd then the product is odd.
By contrapositive, if the product is even then at least
one of the integers must be even
Conversely, one or both of the integers is even, let the
integers be 2m + j and 2n, where m,n are integral and
j=0,1.
=(@2m+(2n)
= 4mn + 2nj
=2(2mn + nj)
= 2p for integral p since m, n integral
-~ if at least one of the integers is even then the product
is even
-~ the product of two integers is even if and only if one
or both are even
z, — z, is the vector from P to Q, so ﬁ
ANSWER (B)
fcosecx dx t= tanf
5 dy = 2dt
:f1+tx 2dt =TT
2t 14t2
_[adt
Tt
=In|t| + ¢
= InftanZ| +
= In |tan 2 c
2-4 38
ut+iv=|2+21
3+21

2—21 3
(2+22)-(1) -0
3+ Ak 0

6—31+2+21=0
A=8

Lety = 0,x = 125,V = 25,9 = 10 and h = 130.

0= tand (125) — "2 125 (1 4 tan? o) + 130
= tan 2 % 252 + tan +

125tan6 — 125 — 125tan® 6 + 130 =0
125tan?0 — 125tanf —5=0
A = (—125)?
= 18125
-~ there are two solutions for tan 6, so it is possible to
clear the base of the pyramid.

208

Let P(n) represent the proposition.

P(1) is true since

LHS = sin(m + x) = sinm cos x + cosm sinx
=0+ (—1)sinx;

RHS = (—1)!sinx = (—=1) sinx

If P(k) is true for some arbitrary k > 1 then
sin(km + x) = (—1)*sinx

RTP P(k + 1) sin((k + D) +x) = (-D** sinx

LHS = sin(kn +(r+ x))
= sin(km) cos( + x) + cos(km) sin(m + x)
=0 x cos(m +x) + (—1)¥ x (=1)*sinx from P(k)
= (—=1)**sinx
= RHS
“PU) > Pk+1)

~ P(n) is true for n > 1 by induction

Im

0
ii
1 < |z| < 3 (closest and furthest points on the circle are
the real intercepts.

1 1
—sin™?! 5)<argz< sin™? 5 ) tangents fromz =0

oS

< <-
Sargz<g

iii
|Py| = |P;| =3 exact triangles
nzy = ﬁ(cos% + ising) and z, = \/§(cos (_g) +

isn(-)

iv
212 + 222

N ”) ’
COS— l Sll’l
6

(

DYwisn(-1)
[ +COS( T+ isin(-2)]

71' T
= [COS—+ zsm3 + cos— —isin 3]

)

u = sinx dv—Zx
dx .
fz"smxdx Z——cosx v 131_2
= sinx _ 1 fZ"cosxdx dv
an " In2 u=cosx ——=2%
dx
du . 2%
= Tsinx v=is
=2xsinx_i[2xcosx+ 1 fZ"smxdx]
In2 In2| In2 In2
_szinx_Z"cosx_L 2% sinx dx
In2 In2 2 In2 2
] 1 2¥%sinx 2*cosx
"<1+1n22)1: In2  In22
In?2 (2*sinx 2*cosx
:ln22+1< n2 1n22>
2*(In 2 sinx — cos x)
- 22 + 1
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39 Let the vector be u=(x,y,z)
X = |'L~L| cosa,y = |1~1| cosf,z= |1~1| cosy

2
|u| =xz+yz+z2

2 2 2
|u| cos?a+ |u| cos? B + |u| cos?y

. cos?a + cos? f + cos?y =1

40 7= (0.1x 10+ 10)e™% — 0.1 x 10
=11e 10t -1
Lety =0
11e710t =1
el = 11
10t =1In11
t=In11+10
= 0.24 seconds
1 1 4
M LHS—RHS=-+— -
Xy x+vy
v+ y) talx+y) —4xy
xy(x +y)
_xy+y*+x%+xy — 4xy
xy(x +y)
_x*=2xy+y*?
xy(x +)
_ -y)?
xy(x +)
>0
1 1 4
Ast-2
X y x+y

3
42 4= V2cis <Tn>

3m
sarg(-14+1i) = vy
arg (z°) = 9argz

11m 11m 31 31
AdIX—=—=2m+—==
36 4 4

T 3m

ANSWER (C)

44

|
6—21 —5+2u
<—3+2,1>= 15— 3u
-2+ 31 34+u
—2431=34+u » u=31-5

sub in x:
6—A1=-54+23B1-5)

6—1=61—15
7A =21
A=3
6—(3) 3
ont:| —3+23) | = (3)
—2+43(3) 7

1=33)-5=4
—5+2(4) 3

on¥,:( 15—3(4) =(3>
3+ (4)

ii
-1
(z) (O E R T

3

2
K_s)’:m:m

1

cosf = i xVid
_E=D@+ @3+ (D)
- 14
5
T 14
6 =111°
iiii
Leti=1

[
Il
I 1
Nwm
N——
+
|
UJNH
N——
Il

5
)
1
. 5 3 2
w-(5)-()-()
1 7/ \-6
The projection of AB onto ¢, is

)G

43 i

B 1
Im,n=fxmln”xdx a=nlnn 1x><;

:xm+1ln”x_ n fxmln"‘l
m+1 m+1

x™ 1 In™ x n_,

m+1 m+1 ™t

oy =

fxz In? x

=1,

x3In?x 2

=5 T3l

_ x*In®x 2<x3lnx 1 )

I
3 3\ 3 320
x*Inx 2x3Inx 2 ,
= +—fx dx

3 9
x3In?x 2x3Inx 2<x3>
= +c

3 9 19
x3In?x 2x3lnx 2x3

3 9 Tz te

3

1000 Extension 2 Revision Questions © Steve Howard

209

2
22+ (32412 <_13>

4+12-6 (2
=71\
1

10
7
15
7
5
7
The vector from B to ¢,
10
7
<2> 15
=|—-4|- -
7
4
7
| 13
7
47

-~ the shortest distance

-2

= 6.99 units
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45 |v| =./(—2cos2t)? + 12 48 x—a=0for[0,2]

~a<0
=+4cos?2t+1
Let|v|=\/§ 1—yx—a#0
s“dcos?2t+1=3 Vi—a#1
1 x—a#+1
c0522t=5 ra<-l,a>1
1 The integral is defined only if a < —1.
cos2t =+—
V2
Zt_rr 3 B ©
—4,34.- 49 x—s<13c
m 37 - -
¢ =55 y= ﬁtan(t) - tan(t) = V2y
v = 4sin(2t) i tanz(tg + 1 = sec?(t)
Lett == (V2y)" +1=x?
° x2-2y2 =1

. 4 . 4 .
13 = 4sIin 4];
- : -2
=2V2i ms 50 The scales are calibrated for g = 10, so they measure
the force in Newtons and divide by 10 to give the mass.
As the lift accelerates the net acceleration exceeds g,

46 P(1)istrue since LHS = — =~ so the higher reading of 55kg is seen, representing
RHS =3 (1-5=—) =1 550 N.
2 20+ 3 50(g + a) = 550
. . 104+a=11
If P(k) is true for some arbitrary k > 1 then Z = 1ms-2
1 1 1 1 1 L _2
+ +...+ =—(1-——— The elevator initially accelerates at 1 ms™.
1x3 3x5 Qk-D@Rk+1) 2 2k + 1
RTP P(k+ 1)
Lol ! + ! 51 ( —2y)* 20
1x3 3x5 " Qk-1D@k+1)  2k+ 12k +3) x* —4x?y +4y* 2 0
_1/ 1 x* 4+ x%y + 4y? > 5x%y
) 2k +3
. . 2 1 1 .
LHS==(1—- from P —t—
S z( 2k+1)+(2k+1)(2k+3) rom P(k) ©
1 1 1 2 o' tw+o®
=2\ mritekr e+ 3) =T W8
11_ 2k +3 i 2 0 tw+l
2 QRE+1)QRk+3) (Qk+1)(2k+3) - 1
_ 1 : 2k+1 =0
2 2k + D2k +3)
_ 1 1 1
) 2k + 3 53 2 4
= RHS fZsz “10x+10%"
2 P(k) = Pk + 1) ,
[ —T
~ P(n) is true for n = 1 by induction J.ZSX2 —10x+1+4+9
_ Zf 5 d
a7 i “5) Gr-1nz+32
(cos® +isin@)3 =cos30 +isin30 (1) _
2 1 5x—1
=cos36 +3cos?fsinbi =§><§tan_1 3 +c
= (cos® @ — 3 cosfsin? 9)
+i(3cos?0sinf —sin0) (2) 2 (5x-1
Equating real and imaginary parts of (1) and (2): = {gtan 3 )¢

cos 36 = cos® 0 — 3cos A sin® @ and sin 36 =
3cos?6sin@ — sin® 6

= cos 36
_ 3cos?@sinf —sin®f  cos®
" cos30 —3cosHsin2@ cos30

3sinf (sin 9)3
cos 6 cos 6

sin 62

1_3(c050>
_3t—1t?
T 1-3t2

iii
3tand —tan®60 =0
~tan36 = 0 from (ii)
30 = kr forintegral k
km
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54

55

56
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i
dr
—=(- Zsmt)z +(20052t+cost)]

(2eos(5) + eox(§))

when t = g
dr

a= (2o (@)er

3
- (15);

-1
3k
3. =
1) C=0
—3k+4+2V3=0
_4+2V3
T3

iii
1
x=2cost+1 —>cost:E(x—1)
y =sin 2t + sint
= 2sintcost +sint

=sint(2cost+ 1)
=sint X x

~sint =X
X

sin®t +cos?t =1

2 1 2
(%) +<—(x—1)> -
X 2
2 x2-2x+1
P some
x
4y% + x* — 2x3 + x? = 4x?
4y? = 3x2 4+ 2x3 — x*

Let P(n) represent the proposition.

P(1) is true since %(xez") =e? +x-2e%* =
(2x + 1e?* = 2171 (2x + 1)e?*.

If P(k) is true for some arbitrary k > 1 then
2k=1(2x + k)ezx
RTP P(k+1)

k+1
LHS = W (xezx)

_d(d
- (@)
= % (2% (2x + k)e?*) fromP (k)

= 2k"1 x [e2%(2) + (2x + k) x 2e2¥]
= 2k"1 x 2e2¥[1 + 2x + k]
=2kQ2x + k + 1)e?*
= RHS
“Pk)=2Pk+1)
= P(n) is true for n > 1 by induction

(erX) —

(erx) =2kQ2x + k + 1)e?*

dx k+1

211

57

58

59

60

z°+1=0
n(z+ D@ =23 4+22—-2z4+1)=0

ii

z =—1 = cosm+isinm is one root, and the other roots
2

are spaced by < S0 the roots are:

1 (+”)+' i (+”) +37) s isin(£ 38
, COS I35 L Sin I3z ,COS| = 5 tsin| = 5

o) o) o (-2 cn )
() s (D) o 22) 5 ) <o
_1+COS( )i (Z) s (2) - i (5) + co ()
isin(3) + cos( ) - s () =0
ZCOS<T[)+2COS< >—1=0

Jx cos(x? + 4) dx
1

= Ef(Zx) cos(x? + 4) dx
1

= Esin(x2 +4)+c

i

AB=(1-2,-1-2-4-5) = (-1,-3,-9)
AC=(3-23-210-5) = (1,15)

14B| = /(=12 + (=3)2 + (-9) =91

lAC] = J(DZ+ (12 + (5)2 =27 =3V3
(-1,-3,-9)-(1,1,5)

cos ZBAC =

V91 x 3v3
_EDM+EDD + NG
3v273

2BAC = 171°19’

=(8-26-23-5)=(64,-2)

AD - 4B = (6)(—1) + (4)(=3) + (-2)(=9) = 0
AD - AC = (6)(1) + (A1) + (=2)(5) = 0
~ADis perpendicular to both AB and AC

4
324+42=5¢= tan’lg =0.927

x = 5cos(2t — 0.927) + 2

= —10sin(2t — 0.927)

¥ = —20co0s0.927
= —22(5cos(2t — 0.927) + 2 — 2)
=-2%(x-2)

The particle is in SHM.

%
|

iii

% = —10sin(2t — 0.927),
10 ms~1.

This occurs at the centre of motion, which will occur for
the first time when cos(2t — 0.927) = 0.

2t—0927—

so the maximum speed is

N|=lN|

+0.927
t_i

=1.25 seconds (2dp)
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61

62

63

64

65

66

Let P(n) represent the proposition.

P(8) is true since LHS = 3(8)%+3(8) + 1 = 217; RHS =
31 =256

If P(k) is true for some arbitrary k > 8 then 3k? + 3k +

1<2¥

RTP P(k+1) 3(k+ 1?43k + 1) + 1 < 2k

LHS =3(k+ 1)?+3(k+1) +1
=3k?+6k+3+3k+3+1
=3k*+3k+1+6k+6

<2k +6k+6 from P (k)
<2¥+2k fork>8
<2k+1
= RHS
~P(k)=>Pk+1)
~ P(n) is true for n > 8 by induction
i
|w| = 2,arg(w) = —g by inspection
ii
W=1+iV3
wi=(1-i3) =1-2V3i—3=-2-2V3i
1 1 ><1+\/_z 1+v3i 1 V3,
—_= = = — —1
wo1-+v3i 1++3i 1+3 4 4

fez —e* 4
e*+1 x

J‘ (e*(e* +1) — 2e%) dx

e*+1
=J‘<ex—

2e*
e*+1 dx

=e*—2Inle* +1|+¢

(¢-b)-a=0 - ac-ab=0 @

(c-a)-b=0 - bc-a-b=0@

@-@: brcac=0
(b-a)-c=0

50% = 1000 — 100
900
50
=18 ms™

X =
2

k(k+1D)(k+2)(k+3)+1

= k> +k)(k*+5k+6)+1

=k* +5k3 + 6k? + k3 + 5k?> + 6k + 1
=k*+6k3+11k% + 6k + 1
=k*+3k3+ k% +3k3+9k? +3k + k> + 3k +1
= (k? + 3k + 1)?
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67

68

69

70

i
w=(1-3DQ2+)=2+i—6i+3=5-5i

|zw| = /52 + 52 = 5v2
arg(zw) = —tan™?! NNoor
glaw) = 5)” 4

" zw = 5V2 (COS (— %) +isin (_ %))

V2(cos x — i sinx) _1-3i
2+i ~ 5
5v2(cosx —isinx) = (1 —3i)(2 + i)

s b
s cosx —isinx = cos (_Z> + isin (_Z) from (i), (ii)

- on(f- 1)

C
a
.~.x=Z
e*+1 e*+1 a b
2x —Sex+6:(e"—3)(e"—2):ex—3+ex—2
e™P+1 3+1
Tems_2 3-2°
b ln2_|_1:ﬂ:_3
em2_3"2-3
e*+1
fmd"
4 3
=f<m—m)d"
4e™* 3e™*
- f<1—3e—x_1—2e—X)dx

4 3
= glnll —3e7¥| —Elnll —2e7*|+¢

Let m = —1 be represented by the vector (_11)
. (A -1
One possible vector is r= (3) + A( 1 )

—10 — 0.05v2
v2 +200
20

i
dv 172 + 200

dx 20
dv v? 4200
dx ~ 20v
dx _ 20v
dv~  v2+200

_ J"’ 20v 4
=), v +200"
u
=10 [ln(v2 + 200)]

v
= 10(In(u? + 200) — In(v? + 200))

200 + u?
= 10loge { 550572
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72

73

74

75

Let P(n) represent the proposition.

P(0)istrue since Fg =22 +1=3; F, =22 +1=5
andFp=F, —2-53=5-2

If P(k) is true for some arbitrary k > 1 then Fy x F; X
FyX..XFyq=F,—2

RTP P(k+1) FyX Fy X Fy X .. X Fy_qy X Fy = Fyyq — 2

LHS = Fy X F; X Fy X ...X Fy_q X Fy
= (Fy — 2) X F;, from P(k)
= (22" +1- 2) (22" + 1)

= (22 -1) (2% +1)

2k+1

=22 g
=Fyp1—2
= RHS

2 P(k) = P(k+1)

~ P(n) is true for n = 0 by induction

. T 3.
elm —e2l = —1—j=+2e" %"

3
~~T—\/§,9——T

Jx*” x2+ 1dx
u? =x2
3 udu
=|x 'H'T 2udu = 2x dx
:fxzuzdu udu
dx = ——
x
:f(uz—l)uzdu
=f(u4—u2)du
_u5 u3+
"5 37
x? +1)5 241)3
:\/( - )_\/(X3 )+c

x = 2sin 2t - sin 2t =

y = 3cos2t - cos2t =
sin? 2t + cos?2t =1

B

Which is an ellipse
ANSWER (D)

w|\<N|><

Letd =45°g=10,V =5
2

y = tan45°x — (1 + tan? 45°)

2 X 152
— 2
X 45x
at impact:

2, x?
*715% T 100
49x% 0
900 *~
9\,

*\900”* =
_, 900
""49
=0,1837

The ball will travel 18.37 metres horizontally before

impact.
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76

77

78

79

80

Suppose neither m nor n are divisible by 3.
Let m = 3j + pandn = 3k + q for integral j,k and p,q =
lor?2.
mn = (3j+p)(3k +q)

= 9jk + 3jq + 3kp + pq

=3Bjk +jq +kp) +pq

= 3c + pq for integral c since 3,j, k, p, q are integral
Now pq = 1,2 or 4, so not a multiple of 3, so mn is not
a multiple of 3.
~ if m and n are not divisible by 3 then mn is not
divisible by 3.
~ if mn is divisible by 3 then m or n must be divisible by

3 by contrapositive.

(a +ib)? = 21— 20i
=25-20i—4
25— 20i + 4i?
(+(5-20)°
~z=%4(5-20)

fx cos 4x? cos 2x? dx
1

= fx X E(cos 2x2 + cos 6x2) dx

1 1
:EfxCOSszdx+Efxcos6x2dx
—1f4 2x%d +1flz 6x2%d
=g | 4xcos2x?dx + x cos 6x2 dx
_sin2x2 sin 6x2

=g tT *°

i The first firework starts at (1,0,0), rising in a right hand
spiral, completing one turn every 2w seconds and rising
one hundred metres per second. The second firework
starts at (—1,0,0), rising in a right hand spiral,
completing one turn every m seconds and rising one
hundred metres per second. They rise at the same
rate, with the second firework spinning more quickly.

ii After © seconds the first firework will have completed
half a turn while the second firework has completed a
full turn, so they collide at (cosm,sinm,1007) =
(~1,0,314).

i
Let# =0,y = Vy

0=—-g—kVr
V= —% ms~!

i

Normally we are dealing with horizontal or downward
flight and the particle is moving in the positive direction.
In this case we have defined the upward direction as
positive, so we get a negative terminal velocity as it is
moving in the opposite direction.
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81 Let P(n) represent the proposition. 85 dv

v— = v* 4?2
dx
P(2) is true since x2 —y2 = (x — y)(x +y) = m(x + y) dv — 4w
for integral m since x, y are integral. dx
dx 1
If P(k) is true for some arbitrary even k > 2 then x* — dv U3V+Z
y* = m(x + y) for integral m x—2= J- o
1 Vit
RTP P(k+2) x¥*2 —yk+2 = p(x + y) for integral p 2o J"’ 1 v \u
1 \v vi+1
LHS = x%(x*) — y2(y*) 1
= x2(x* = y¥) + (x2 = y2) (y¥) = [lnv - Eln(v2 + 1)]
=x%(m(x +y)) + (x + y)(x — y)(¥*) from P(k) 1 g
= (x+ ) (mx? + (x — y)y¥) =Inv=gIn@i+1) - 04372
= (x+y)p since m,x,y, k are integral _ 1 202
= RHS R O
“ P(k) = P(k +2)
202
) . . x=1In a1 +2
~ P(n) is true for even n > 2 by induction vi+1
82 4(a +ib) — 3(a— ib) = 1?1' 86 Suppose there is a finite number of odd integers (*)
18 2+ Let the largest odd integer be k
a4+ 7hi = : : k+2 is also odd, so we have another odd integer
2—i which contradicts (*)
W -~ there are infinite number of odd integers
+
=4-7i
.'.a:4’b:—1 87 i
0C is 04 rotated g anticlockwise, since the sides of a
83 '—1 rhombus are equal, and 2C0A = g
- X
f 1+xdx :-ﬁzﬁxcisg
. T
1—x 1—x -'-(1)2=(J)1CIS§
f 1 + x
i
\/_—x %=%+Q=OC+OA=wZ+w1
f 1 AC=0C—-0A=w; —w
= + ><( 2x)(1—x)5>dx
<V 1- 1 s iii
=sin™?! x+§x2(1—x2)§+c i(wy + wy)
. . T
=sinlx+y1—-x2+¢ =l<0)1+0)1CIS§)
= w,; <c1s 2) (1 + c1s§)
84 i
3+p = wq 01s +c1s—
PA=(3B—-(-p),-2—-06-2p)=| -2 S
6—2p —w1<1+cos +lsm?)
3+p 2 s
2 _(2)=0 w1<l co 6+lsmg)
6—2p -1 \/§ 3.
6+2p—4-6+2p=0 =w |\ - +31
4p =4
1 V3,
p=1 :“5“’1<‘5+7l>
. 1 V3
oo . . =\/§w1<—+—i—1
AAPB is right angled isosceles with AP = AB 2 x 2
— 4 =30, (cis— - 1)
~PA=|-=2 %
. 4 =\/§<w1 cis§—a)1)
PA| =42+ (-2)2+42=6
I 2 =i§(w2 - wl) .
( 2 ||=+v224+22+12=3 ~ AC is at right angles to OB (and V3 times its
-1 magnitude).
2
. 0B =04 dv
..OB—OAi2< 21> a8 u = In|cos x| azcoseczx
=(3,-2,6)+2(22,-1) flnlcos x| cosec? x dx du — _tanx v = —cotx
=(-1,-6,8),(7,2,4) dx

= —In|cos x| cotx — ftanxcotx dx

= —In|cos x| cotx — fdx

= —In|cosx|cotx —x + ¢
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90

91

92

93
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04A+0C=0B+0D
04 —0B =0D-0C
BA=CD
~ BA and CD are parallel and equal in length
~ ABCD is a parallelogram (one pair of sides equal and
parallel).

The ball is subject to gravity, part of which is balanced
by the normal force from the ramp, while gsina acts
against the motion of the ball.
X = —10sin 30°
=-5
dv

dt

The velocity drops by 5m/s/s so it will be stationary
after 1 second, which is the time it takes to reach its
highest point.

If m2 —n? is odd then (m + n)(m —n) is odd, using the
difference of two squares.

~m+nis odd and m —n is odd, since only two odd
numbers have an odd product, the sum and

difference of m and n are both odd.

Conversely, if m +nand m — n are both odd then (m +
n)(m—n) is odd, since the product of two odd
numbers is odd.

~»m? —n? is odd, using the difference of two squares.

~ m? —n? is odd iff the sum and difference of m and n
are both odd

The interval joining (—2,0) and (2,0) subtends an angle
at the circumference is %' so the angle subtended at the

centre is g so we want three quarters of the
circumference.

94

95

96

ANSWER (C)
u=x"m1D ? = 2%
— —-(n-1) ,2x X
In—l = fx e dx du B ( 1) . B 1 .
- "t v=se
e’ n-—
=5t fx‘"ezx dx
e?* n-1
In—l = W + Tln
n—1 e?*
2 T Tt
e 2
L=
n (n—Dxv1 p—1"1

215

i

t=1+2t » t=-1

The two particles do not share the same x-value for
any positive t, so they do not collide.

1]
t=1+2t, (1)
tZ=1+6t, (2)
t3=1+14t, (3)
(2) —3(1): t2 —3t; =-2
t?-3t;+2=0
t-22G-1D=0
=12
subin(1): 1=1+2t;, - t, =0

2=1+4+2t, »t, =
check (3): 13 =1+ 14(0)
25=1+14 !
- 2
The paths intersect at r =i +j +k and r = 2i +4j +
8k

N =

i

If the velocity and acceleration are both negative then
the particle is to the right of the centre moving towards
the centre.

]

The particle is moving towards the centre so the
magnitude of the acceleration is decreasing and the
magnitude of the velocity is increasing. Since they are
both negative ¥ > x.

P(2) is true since LHS = 2 x (12 + 22) — (12) = 9;
RHS=13+23=9

If P(k) is true for some arbitrary k > 1 then

k—1 k
kak—ZSR:ZR3
R=1 R=1

RTP P(k +1)
k k+1
(k+1)><5k+1—ZSR :ZR3
R=1 R=1
k-1
LHS = (k + 1)(S, + (k + D?) — ZSR -5
R=1
k-1
:kak—ZSR+(k+1)3
R=1

k
= Z R*+ (k+1)® from P(k)

R=

1
= Z R3
R=1
= RHS
~Pk)=>P(k+1)

~ P(n) is true for n > 1 by induction
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97 i )
(re®?)” = ™ for 4k = —2,-1,0,1,2

r5e50i — 2mki
r=1,50 = 2nk
2wk

4t 2w

22 =1=z-)z-Rz-Niz-8(z-¢

=<Z‘”(z-(m(-%")“m(-%")))(z (m(?)“sm(%)))(z (°°S( ) tan( ) o~ (e (2) ()
con(22) g 22)) (o= (s (2) o (22)) (= () - (22)) (- s () 02

=(z-1)

—-1) 2 2n+22n+.22n 2_y 4-7r+ 24-7r+.24n
z z zcos|— cos* | = sin® { = z zcos|— cos* | = sin® { —

4m
— 2z cos 5 +1

2
(z—1)|2z%—2zcos (g) + 1) (zz
iii

a+pf+y+d+te=——

98 f% dx

I = P —
on cos? (x - %)

[l
= 0SeC X 2 X

= f sec? x dx

T
1
= |tanx
T
s

=1-(-1)
=2

e

Lt

99 x = Asint

=(1 2 t
y = +A cos

2
2
x% + y? =Azsin2t+(1+z> cos?t
LetA=2
2
2

=4sin’t + 1+E cos?t

= 4(sin? t + cos?t)

=4
~if A= 2 then r is the circle centred at the origin with

radius 2.
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100

101

[
m%m<»m@mm@»mmmw«wm@wmﬁvm@>
<

d
=—(—2x% + 4x + 16)
dx
=—4x+4
=—4(x-1)
-~ the particle is in SHM.

1

v? =n?(a® - (x—c)?) (1)

—4x% + 8x + 32 = 4(8 + 2x — x?)

=223* - (x—1)?

The amplitude is 3

iii

The maximum acceleration occurs at the leftmost

extremity of motion,sox =1—-3 = -2
¥max = —4(=2—1) = 12 ms™2

2k +2 Zk

2k+3
_ @kt 2)(2k i 1) - 2k(2k + 3)

2k + 1)(2k + 3)
_ Ak* + 6k + 2 — 4k* — 6k

2k + D2k +3)
2

LHS — RHS =

T Ck+1D2k+3)
>0
2k+2 2k
Y >

“2k+37 2k+1
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103

104

105

106
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i 107
Letz = cosf +isin6
z"+ 2z = (cosf +isinO)" + (cosf +isinh) ™"
= cos(nf) + i sin(n@) + cos(—nb) + i sin(—nh)
= cos(n6) + i sin(n@) + cos(nh) — i sin(nh)
= 2cos(no)
i
5z —23+6z2—z+5=0
522 —z+6—2z"1+5272=0
5(z2+z ) - (2t +z7H)+6=0
5(2cos20) — (2cosf) +6 =0
10(2cos?6 —1) —2cosf +6=0
20cos?60 —2cosf —4=0
10cos?8 —cos@ —2 =0
,_ 1+ /CD?=310)(=2)
cosf = 2010)
149 108
)
_ 21
T 52
sin@ = +4/1 — cos26
V21 V3 _
=t = t > respectively
2 21 1 V3
nZz=——=4 —i, —+ —i 109
5 5 27 2
2x
.
V3 —2x2 —x*
X
Y
V4 —(1+x2)2
L xr+1
= cos : c
x =+t o t=x2
_ 1
YT
_ 1
Y= +1
yx2+1) =1
ANSWER (A)
R=mg=10%x10=100N
miX =F —0.2R
10X = 60 — 20
X=4
The box will move, with an acceleration of 4 ms2. 110

Let P(n) represent the proposition.

P(0) is true since [, x%e ¥ dx = [ e *dx =

- [e”‘]: ——(0-D=1=1

If P(k) is true for some arbitrary k > 1 then
fooo xke™* dx = k!

RTP P(k+1) f, x**le~*dx = (k+ 1)

LHS = ka“e”‘ dx u = xk+t v =e™*
o d dx
u
p (k+Dxk v=-e*

=— [xk“e’x] + (k+ l)f xke % dx
0 0

=—(0—-0)+(k+1) xk!
= (k+1)!

= RHS

2 P(k) = P(k+1)

from P(k)

= P(n) is true for n > 1 by induction
217

AOA, A, is isosceles, with 04,4, = 2?" and |04,] =
[04,] =1

AOA; A5 is congruent to AOAA,, so A1A, X AjA; =
(4,42)*

Using the Cosine Rule in AOAA,:

(414,)*
= |04, |2 + |04,]% — 2|04,] X |0A4,| cos 204, 4,

2m
=124+12-2x1x1Xxcos 3
=2-2(-cos3)
= cos 2
=242 !
- 2

=3

In3 x
f dx
x

1
= f—(lnx)3 dx
x

AB=(5-2)i+(2-(-1)j + (10 -5k
=3i+3j +5k
i

/2 3
r=0A+/1AB=<—1>+/1(3>
- 5 5
i
|AB| = /32 +32 + 52 = V43
AD = (-1-2)i+(1-(-1)j +(4-5)k
=-3i+2j—k

|aD| = (:3)2 +22+(-1)2 =14
3 (=3)+32) + (G)(-1

cos £BAD =
V43 x V14
-8
2BAD = cos ! | —
V43 x 14
=109°
iv

0C=0D+DC=0D+AB=|1 |+|3])=|4
4 5 9

i

i =g — kv?

ii
Leti=0,v=Vy

0=g—kV#
kVi=g
g

VT: E
iii

dv v?
Vax T9T
dv g - kv?
dx v
dx v
dv g — kv?

vow
x=f0 g——kvzdv
1 0
_ - a2
=or In(g — kv )]
v
=2 1 In(g — kv?)
=2 \Ing —In(g —kv

_11 g
2k "\g - kv?
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112

113

114

115

LHS — RHS
_xz+y2 xz+2xy+y2

2 4
2x% + 2y% — x? — 2xy — y?

1+@+D)+@+D)%+..+(1+ D
_1(@+pr0-1)

1+i—1
@+ -1

i
100
_ (\/iasz) -1
i
250 cis25m — 1

i
25041

i
= (250 + 1)i

Jtan2x+tanx+sec2x—2
x

tanx — 1
_ J‘tanx(tanx — 1)+ 2(tanx — 1) + seczxd
- tanx — 1 x

sec®x
:f<tanx+2+7>dx
tanx — 1

= —In|cos x| + 2x + In|tanx — 1| + ¢
tanx — 1‘

+2x+c
cosx

In the parallelogram 0ABC

Let 04 = CB—uand O0C=A4B=v

The diagonals are

AC=0C-04A=v—u C

andﬁ=ﬁ+ﬁ=g+g. 0
=futo] +|o-u

uf
O Y R Y

u- u+2u v+v v+u u—2u v+v

i fol o
— [04]" + |4B|" +[cB|" + |oc|’
~ the sum of the squares of the diagonals of a

parallelogram equals the sum of the squares of its
sides.

— 2 — 2
|oB|” + |AC|

r(t) = (20t + ¢y)i + (30t — 4.9t% + ¢,)

Lett=0,x=0,y =10

20000 +¢;=0 > ¢ =0

30(0) —4.9(0)2 +c, =10 —» ¢, =10
s~ r(t) = 20ti + (30t — 4.9t% + 10)j
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218

116

118

Let P(n) represent the proposition.
P(1) is true since 16 x 321 4 21 x 22M-1 =90 =
30(3).
If P(k) is true for some arbitrary k > 1 then 16 x
32k=1 4 21 x 22k=1 = 30m for integral m
RTP P(k+1) 16 x 32k+1 + 21 x 22k*+1 = 30p for
integral p
LHS = 9(16 x 3%F71) + 4(21 x 22k-1)
=9(16 x 32k~1 4 21 x 22k71) — 5(21 x 22k°1)
=9(30m) — 5 x 3 x 2(7 x 22¢72) from P(k)
=30(9m — 7 x 2%k72)
= 30p since m, k are integral
= RHS
“Pk)=>Pk+1)
~ P(n) is true for n > 1 by induction

_4+3iX2—4i
T244i0 2—4i
_8-16i+6i+12
22442
20—101
20

2

1

ozl = |12+ (=2
|z| 1 +< 2)

~| G

_a+3ix2—ai
T 2+4ai 2—ai
_2a—a2i+6i+3a
22 4+ g2
_5a+(6—a2)i
a?+4
_ 5a +6—a2,
T2 +4a T azrat
_,6—a?
5a

argz = tan

_6—a?

a’+5a-6=0

(a+6)(a—1)=0

~a=-61

~ a =1 is the only solution, since z is in the first
quadrant.

2-1D)+3 1
“(-D?+4 5
equating coefficients of x?: a+b=0 — b= —%
equating constants: 4a +c =3 - ¥;+ c=3 -c= %
2 2x+3

o (x+1Dx2+4) x
11 x-11
5 <x+1_x2+4)dx
2x 11
sf <x+1 25 %7+ 4 x2+4>dx

11 m]?
== ln|x+1|——ln|x2+4|+—tan 1(—)
5 2 2 0

< ln3——ln8+%x(Z))—(O—%lnél-—o))

°5

1 11m
g(ll’l3 +—ll'1— ?>
1 11n
g(ll’l >
1< 11n)

g In—
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119

120

121

122

1 4t+p
<5t+4p)= 7t+q

3 t—q
3=t—q-> t=q+3 (1)
1-p
1=4t+p—>t:T (2)
1_
.'.from(l),(Z):q+3=Tp ->49q+12=1-p (3)
p—q

St+4p=7t+q >t=

1- 4p —
« from (2), (4): Tp = pz 9

1-p=8p—2q
2¢+1=9 (5

9
(3)—-2(5):10=1-19p > 19p=-9 5 p=——

€))

19
bin(5):2g+1=9 i 2 100 >0
. = —_— - = —— = —_-—
Sub I Lo 2q 19) 7417719 7917 g
sub in (1)
t= 50+3—7h
T 19 719
= 22 min 6 seconds (nearest second)
1 1
5 14 =5 ’ 4 o = 1
trap )=\ \) T ) T 1
3
3 3

%= 10e_%

y= (\/§x10+10\/§)e_%—\/§x 10
=10V3 <Ze_% - 1)

y

" i
an— = —
4

t
10\/§(Ze V3 — 1)

L 2v3-1
eV3 =

V3
¢ 24/3-1
V3 V3
t=\/§ln<2\/\§/§_1>

= 0.61 seconds

Let the numbers be s and % where p,q,m,n

are integral
p.m_p_n
[
q n g m
n

qm
a
=3 for integral a, b since p, g, m, n are integral
-~ the product of two rational numbers is rational

i
z=+3+i=2 (cosg +i sing) by inspection

ii
z7 + 64z

~ (2(cos+isin)) -+ 642 (cosZ+ isin2)
= COS6 lSlIl6 COS6 lSlIl6

— 128 m . 7m 128( T n)
= cos6 + isin 3 + C056+151n6

= 120](-cosg—tsn) + (s tsn)
= cos —ising cosz +ising
=0
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123

124

125

126

127

2x3 2
d u=x°-1

f(xZ—l)z *

3 du du = 2x dx
B Zu_z 2x d du
:J.x—du SF?;

u2

u+1
:J. 5 du

u

=Inlul ——+c¢
u

=lIn|x?2—-1| - +
n|x | 1 c

x2 —

The height, z = cos t, goes from 1 to —1, so t goes from
0 to m.

The x and y components are a circle that starts with a
radius of 0, expands to a radius of 1 at t :g (halfway),

then shrinks back to a radius of 1. Multiplying the
standard unit circle parametric equations by sint
achieves this.

ANSWER (A)
i
v . dv
E=tslnt u=t —=sint
x
£ du
v—u=| tsintdt —=1 v =—cost
o dt
t t
=—[tcost] +fcostdt
o “Jo
t
=—tcost+[sint]
0
v=—tcost+sint+u
ii v
dx =—t —=
— = —tcost+sint+u u t dx cost
dt du
—=-1 v =sint
dt

t t t
x:—[tsint] +fsintdt+](sint+u)dt
0 0 0

t

:—tsint—[2c05t+ut]
0
= —tsint —2cost +ut + 2

Suppose x < 0.

x°—4x*+3x3 —x?2+3x— 4

=5 +3x3+3x) — (dx* +x% + 4)

<0 sincex®+3x3+3x<0,4x*4+x%2+4>0forx
<0

~ifx < 0then x5 —4x* +3x3 —x2+3x — 4 < 0.

aifx5 —4x*+3x3 —x2+3x—4>0thenx > 0 by

contrapositive.
_1+% T 1
el 1.2l =2 ==
e e
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128

fsecé x dx

= fseczxsec4xdx
= fseczx(tanzx +1)%dx
= fseczx(tan‘*x +2tan®x + 1) dx
= fseczx(tamx)4 dx + 2 fseczx (tanx)? dx
+ fseczxdx
tan®x 2tan®

x
= + 3 +tanx + ¢

0<sin?t<1-50<x<1
—1<sint<1->-1<y<1

129

sx=y*for—-1<y<1 y A
This is part of a concave L1
right parabola with vertex
at the origin.
0 g
=11)

130 A1\

dx \2

1 S

—(vz—uz)zaf dx

2 0
S
]
0
v? —u? = 2as

v?2 =u? + 2as

v?2—u?=2a

131 Suppose V7 =

q have no common factor except 1 (*)
p2
e

2

gfor integral p, q is a solution and p and

LT =

7q% =
Now the LHS is a multiple of 7
~ p? is a multiple of 7

~ p is a multiple of 7

Let p = 7m for integral m
+7q% = 49m?
qZ — 7m2

Now 7m? is a multiple of 7
~ q? is a multiple of 7
~ q is a multiple of 7 #

Now p and q have a common factor of 7 which
contradicts (*), hence /7 is irrational

3+1i

1+2i
C 340 1-2i

T1v20 1-2i
3 6i+it2

12 422
5—5i
= +2
=1+ —i
A+ —il=Vva+2
Ja+D)2+ (12 =vV1+2
14244+ 22 +1=21+2

132

+ 1

A+1=0
AA+1)=0
1=0 —
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133

134

135

136

220

dx x =tan6
x2 x2 + 1

&.

dx = sec’6 do
J seeZ 944
tan2 6 x/tam2 0+1
J‘ sec? 6
tanZ secH
J‘ sec@
ta n2 0

J‘ cos 6 cos”0 1o
cosf sm2 0

= J.cos 0 (sinf)~2de

_ 1 VxZ+1

sin @ X

BA=—AB =

=JD2+ 12+ (-1)2=+3

. 0—(—1)_1 1\
BP=< ) >=<_1>,
3-8 _s5

=12 + (-1)2+(=-5)2 =27 = 3V3

|54

-1 1
1))
— =1/ \-5/
cosf = Bx3V3
_EVO+OED + EDES)
9
_1
3
iv

1 -1 / 0
:~C<1> an D< 3 P(z)
0 1 3
v (6)-(2)
3 1
T
n:g —>T———12hours
E

=~ the oysters need to be underwater for at least
zx 12 = 10 hours during each cycle, so above water
for less than two hours. The maximum height at which
at which they can survive will occur 1 hour either side
of low tide, so let t = 5.

5t
x; =3 cos? +2

=—0.60 m (2 dp)
The maximum height of any living oyster is -0.60
metres.

True. Any number divisible by 6 is also divisible by 2
and 3, so must be composite
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137 z+ 2iz=—-4-3i 141 i
x+ iy +2ix —2y =—4-3i

x—2y=—-4 (1) 1
2x+y=-3 (2) 1 3\2 3 1.1
(D) +2(2): 5x=-10 > x=-2 us =y3u; = [3|32)=|32) =31=3274
ANSWER (C) 1
3 7\ 7 111
Uy =4/3uz = 3<34>=<34 =38=32"4"8
e+3
138 f In|x — 3| dx u =In|x — 3| E=1
4 dx .
du 1 i
dx x-3 ver
X X Let P(1) represent the proposition.
e+3 11
= [xlnlx - 3|] po 3dx P(1) is true since u; =372 =31"1=1
4 Z
“¥x-3+3 If P(k) is true for some arbitrary k > 1 then u;, =
—((e+3)—0) —dx - ryr= k=
x—3 3127k
e+3 3
:e+3—f (1+—>dx “k
A x—3 RTP P(k+1) ugy, =312
e+3
=e+3—[x+3ln|x—3|]4 LHS=uk+1
=./3uy
=e+3—(((e+3)+3)-(4+0)
-1 ( ) =3 x 312" from P(k)
= 4/ 31+1-21k
— \/3q2-21-k
139 Let the midpoints of AB,CD,BC,DE, MN and PQ be =v3 —
M,N,P,Q,R and S respectively. =/32(1-27%)
Let 04 = a,0B = b efc =31-27"
- - p = RHS
B C “P() > P(k+1)
y R N =~ P(n) is true for n > 1 by induction
iii
D = 312"
A asn— 0,2 - 0,u, »3170->3
Q
E 142 z = 2e% the circle centred at z = 0 with radius 2.
1/1 The restriction —% <6< g gives the arc between
fz m+n E(E a+b C+d)) arguments—%andg.
l(a thtct d) Adding 1 moves the arc 1 unit to the right.
q\Z "2 2 Z
1 1/1 1
§=§<lj+€) 5(5(5’*5)*5(‘1%)) Y ,
1 /
—_ / z
_4(?+f+ﬁi+f) Fg 3
— 1 1, /3
RS=S—T=Z(€—a>=ZAE 0 ;\\3: T 3;
~ o~ ~ o~ ~ 3
The interval is parallel to AE and one quarter its length. 2 /
140 =-10
a(l, 143 sin3 dv
Ezv =-10 u = sin3x dx_x "
1, d——3c053x v=_n+1
Ev =-10x+c¢ B 1
(n—1)xn-1
Letv=20,x=0
1 I sin 3x 3 J‘ cos 3x
= — X
=(20)2 = —10(0) + ¢ —» ¢ =200 " (-Dxvt n-1) xnt
2 sin 3x 3
==t/ n1

1 n=—1Dx1 n-1
Evz = —10x + 200

Letv=20
0 =-10x + 200
x =20

The mine shaft is 20 metres deep.
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144

145

146

i 147
2+ 2 5u
<3+2,1>= 9
—442 —3+42u
3+21=9 51=3
2+(@3) 5
cis[ 3+2(3) =<9)
-4+ (3) -1
i
from(iyu=1
2+(0) 2
Ais | 3+2(0) =<3) 148
—4+(0) —4
5(-1) -5
Bis 9 = ( 9 ) 149
—3+2(-1) -5
2-5 -3
cA=| 3-9 |= <—6>
—4—(-1) -3
|C4| = J(=3)2 + (=6)% + (—3)2 = V54 = 36
—-5-5 -10
CB=| 9-9 =< 0 ) 150
-5—(-1) —4

|CB| =102 + 02 + 42 = V116 = 2v29
CA - CB = (—=3)(=10) + (—6)(0) + (—3)(—4) = 42
2
c0s2ACB = ———
3v6 x 2v/29
£ACB = 57°57"
i
1
Area = > |CA| x |CB| x sin 2ACB

1
=X 3v6 x 2v/29 x sin 57°57"

= 33.54 unit?
x =3cos’t
1

=3 <§ (1 + cos Zt))

= 3 + 3 2t

=5 tcos
X = —3sin2t
X = —6cos 2t

3

= _4<ECOSZt>

=-22 <§+§c052t—§>
2 2 2

3 151
— _22 S
- ()

The particle is in SHM with ¢ = g and a = g

152
Suppose the product of a rational and irrational number
is rational
Leta = % and ab = % where p, g, m,n are integral and
b is irrational (*)
d Xb=—
r n
_m
=
c
= 7 for integral c,d since p, q, m, n are integral
This contradicts (*) since b cannot be rational and
irrational.
~ the product of a rational and irrational number is
irrational
153
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(a + b)(a+ wb)(a+ w?b)

= (a? + abw + ab + b?w)(a + w?b)

= a® + a?bw® + a’bw + ab?w® + a?b + ab?w? + ab?*w
+ b3w?

=a®+a’b(w? +w+ 1)+ ab?(w+ w? +w) + b3

a® + a?b(0) + ab?(1 + w? + w) + b3

a® + ab?(0) + b3

=a3+ b3

x3>x%forx>1
sol<b<a

The spheres have respective radii of 1 and 3, so the
centre of the smaller sphere must lie within 2 units of
the centre of the larger sphere to lie entirely within the
first sphere. This sphere is x? + y? + z? = 4, so if the
centre (a, b, ¢) is on or inside this sphere we have a? +
b% +c? <4

i
24+2x—x%2=0
x2—2x—24=0
(x—6)(x+4)=0
x=-—4,6
The particle is oscillating between x = —4 and x = 6.

i
6-(1) _

a=

iii

v =24 +2x —x?
=12(5* - (x— 1)?)

n=1,c=1

sk=—-(x-1)=1-—x

v? =1%2(5%2 — (x — 1)?) from (iii)
The maximum velocity occurs at
-~ v2 =52

max

~ the maximum speed is 5 ms™?!

[x2 = x|+ |x = 1] = |(x? = x) + (x = 1)|
> [x2—1]|
2 |(x+Dx -1

22+ (z+1)?=0
222 4+2z+1=0

-2+
zZ =

22 —4(2)(1)
2(2)

f dx
(x2+ 1D tan"1x

1
2
- f%dx
tan~1x

=Inltan™ x| + ¢
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154 ef+et>0,50x>0
x2=e?+2+e7t (1)
yi=e¥-2+et (2)
-
x% —y? = 4,for x > 0, which t=is the right branch of the
hyperbola cutting the x-axis at 2, with y = +x as the

asymptotes.
X
155 i
mx = —0.8mg
X¥=-0.8x10
= —8ms™?

The car decelerates at 8 ms™2

d(1\_ g
ax\2" )~
1
70?328 = -
v? —32%2 = —16x
_322-1?
ST
Letv=0
SLLIY
T m

156  P(1) is true since LHS = 12 x 2 = 2; RHS =
(DA+1)(1+2)(3(1)+1) -2
12

If P(k) is true for some arbitrary k > 1 then
12X 2+22x3+...+k?(k+ 1)
k(e +1)(k+2)(Bk+1)

12

RTP P(k+1)
12X 2+22x3+...+k?(k+ 1) + (k+ D%k + 2)
(k4 Dk + 2)(k +3)(3k + 4)

12

Lhs = KA DE+DEEHD) oo

12
_ (k+1)(k+2)

(kBk+1) +12(k + 1))

= W(%Z + 13k +12)

Zw(k‘l- 3)(3k +4)

(ke + 1)k +2)(k + 3)(3k +4)
- 12

= RHS
~P(k) = P(k + 1)

~ P(n) is true for n > 1 by induction

157 , . (@+20)? 1+4i—4x3—i
AR =300 7347 3-i

(= 3+4l)(3—l) 043412044
- 10

_—5+151 —1+3i
2

ANSWER (D)
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158

159

160

€4X
fmdx

e +1)— (e +1)+1
= f exx +1

1
— 2
_J-<e x—1+m>dx
e—2x
=f<ezx—1+—1+e_2x>dx

1
:zezx —x—zln|1+e‘2x| +c

dx

2A0C = cos_1< @31 112 )
VIZ+32+ 12 x/(-1)2 + 12 + 22
<(1)( D+ W+ (1)(2)>
V11 x V6

-1

=C0Ss —
V66
= 60°30’

Areaypc = % X |ﬁ| X |R| X sin 2AOC

1
=E><\/ﬁ><\/6><sin60°30'

=3.5355...
~ Areagycp = 2(3.5355...)
= 7.07 units?

— 2c0s(20-2)

x = 2cos 2
= —4sin <2t —E)

v 4

-8 <2t ")
x CcoSs 4

v? — xi
~ (cssn(ar-
= sin 2

~foes(a ) (cos(e )

= 16sin? <2t - Z) + 16 cos? (2t — )

- o{ar o) o -5
16<sm <2t 4+cos 2t 2

=16

-l>|=l

ii

m s
Lett=0 - x:2cos(—z)=2coszzxff
Lett=m— x=Zcos(2n—E)=2cos%n=2cos%=\/§

-V (n.V2)

V2 / :

T
\/§=2cos<2t—z)

(2-9)=7
cos(2t——)=—
4 2
2--==
4 2
2t="
2
T
T4
T_Zn_
_2_1'[

-~ the particle first returns to its starting point after one
quarter of its period.

iv
Each period the particle travels 4 times its amplitude,

so 8 metres.

% = 12.5, so the particle takes 12.5 times its period, or

251
—— seconds. )
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162

163

164

165
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LHS—RHS 165
—a 24+b?>+c?—ab—bc—ca

[(a —2ab + b?) + (b% — 2bc + c?) + (c? — 2ac + ¢?)]

Nl»—\'\"

[0+0+0]

= 0

~al+b?+ct=ab+bc+ac

Equality occurs when @ = b = ¢, so if a® + b% + ¢ = ab +
bc + ac thena = b = ¢ so AABC is equilateral.

. (ix)?  (ix)3
e TR TR
2 3
=1+xi— ?+§l
x? x* x3 xS
=1- §+I +|x— —+§ i

=cosx + isinx

13x3 +x2+12x— 12
X
o (24+4)(x2+2x+4)

_J‘l x—3 N 2x 4
Tl \xT+2x+4 x2+4 *
1 %(2x+2)—4 2%
=f 5 +— dx
o \ x*+2x+4  x*+4
J‘l 1>< 2x + 2 4 + 2x p
_ z — X
o \2 x2+2x+4 (x+1)z+(\/§)2 x2+4
1
1 4 x+1
=|=zIn|x?+2x + 4 ——tan_1<—>+lnx2+4]
[2 [ | 73 73 [ |0
<11 7 4t -1 2 +1 5)
=(=zIn7-—=tan"'—=+1n
2 V3 V3

<114 4t‘11+14>
—|sln4——tan"' —=+1In
2 V3 V3
T - et 12+151214+4(”)
n an”~ T — no—InZ—1In — | =
V3 V3 V3\6
15\/_+4<nt_12>
=In—+—=(-—tan™' —=
8 " /3\6 NE

P lies on AB then AP = kAB.
OP — 04 = k(OB — 04)
OP = (1— k)OA + kOB
=104+ (1-N)0B forA+k=1

X=g—kv 166
Letx=0v=T
0=g—kT
=9
=%
167

224

dv i
de_g v
dv g-—kv
dx v
dx v
dv  g—kv
T
_fz v d
_Og—kv
%‘E(g—kv)‘i'g

= ’ 1+‘g>< K d
T\ gk
v g 0

= [E+ﬁln(‘g —kv) ]Z

2
_ g T g kT
—(0+k21ng) <2k+k21n<g 2))

T
=—=lng—— 9 ln(g—g)——
k? k? 2k

T2 < g ) TZ
=—1In g— - 2—
g /2 g

dv
Ezg—kv
de 1
E_g—kv
g dv
t=f g kv
k.fg kv
=% [ln(g — kv) ]Z
2
_1 | | kT
ieoen(e-3)
1
=i(mg-m(g-3))
1
:Ean
(a +b)? — (a — b)?
=((a+b)+ (a=b))((a+b)—(a—Db))
= (2a)(2b)
= 4ab

= 4p for integral p since a, b integral

-~ if a and b are integers, then
(a +b)? — (a— b)? is divisible by 4

(a+ib) +2(a—ib) =|a+ib+ 2|
3a—ib =|(a+2)+ib|
equating real and imaginary parts
3a =|(a+2)+ib|
9a? =a’+4a+4
8a2—4a—-4=0
2a>-a—-1=0
Ra+1D)(a—-1)=0
1

=—-1
“=73

Since z = —% +0i = —; does not solve the original
equation, z = 1 4 0i = 1 is the only solution
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168 J sin 2x + cos 2x dx 172 AODA is right angled (diagonals of a kite are

cosx perpendicular)
_ J‘Zsinxcosx+2c052x— 1dx - 0D =§|w| (exact triangles)
cosx 0B =2 x 0D =+3|w|
= J-(Z sinx + 2 cosx — secx) dx 2DCB = £DCO = % (angles of a kite are bisected by the
= —2cosx + 2sinx — In|tanx + secx| + ¢ diagonal.s) . ) . .
~ AOBC is equilateral (isosceles triangle with apex
angle 7)
169 LetOP:?,OA:getc LCOB:%
2A0C = % (angle sum AAOC)
LAOB—T[ r_r
) 3;6
.'.a?)=\/§wcisE
V3 i
=+/3w 7+E
PA-BC+PB-CA+PC-AB _w(3+30)
~(a=p)-(c=0)+(-0)-(a= )+ (c~2) o
= ~ - 0C = OB cisz
(b-q) -3 T
=a-c—a‘b—p-c+p-b+a-b—b-c—p-a+p-c - 3WCISECIS§
~~ L~ Ly~~~ s L~ LT
+b-c—a-c—p-b+p-a :\EWC‘SE
=0 ) ) = V3wi
170 J=g—ky 173 f;x
. _29 .. m_g sinx + cosx x
initially y —}smg—z 1 2dt t =tanE
y=g—k(z)=o T i Te gy = 29t
Since acceleration is zero the particle maintains a 1 tzdt1+t2 1+1¢2
constant vertical velocity, = Zfi
g 2t+1—1t?
_gt T 2—(t-1)2
YT % ~ zf dt
T WzHt-n2-t+ 1)
171 P(1)is true since LHS = (—1)! x 1 = —1; RHS = =if< T )dt
CD'Wa+ V2J\t—1+4v2 1+4+V2-t¢
2 1
=?(ln|t—1+\/§|—ln|1+\/§—t|)+c
If P(k) is true for some arbitrary k > 1 then 12 f—14y32
X _
—D*k(k + 1 = —In|—T ¥ 4 ¢
3 (e = COKERD N T
r=1 x_
RTP P(k + 1) _ 1Pz 1+‘/§+C
“ (~1F* 1k + 1)(k +2) V21442 - tan
Z(—l)rr2 =
2
r=1
X 174 i . .
LHS = Z(—nrrz + (1) (k + 1)? < 1 )(2) =0
r=1 X —4 2
-D*k(k+1 - —-8=
_CEDTKGHD |y ges 192 from PG 2q+2 2220_6
Dk +1 - _
SR D e+ 1) 9=-3
Dk +1 i
_ DX )(—k—z) ii
W2 11-22 —5-3u
DR+ D+ 2) 241 |=|11+2u
- 17 — 42 p+2u
= RHS 11-24=-5-3u - 3u—21=-16 (1)
~P(K)=>P(k+1) 24+A=11+2u - 2u—1=-9 (2)
) . ) ) 22)-(): p=-2
~ P(n) is true for n = 1 by induction subin (2): 2(=2)—-1=-9 - 1=5

217-405)=p+2(-2) > p—-4=-3 -op=1
iii

11— 2(5) 1
2+(5) |= ( 7 )
17 — 4(5) -3
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175 1 178 ftan_lxdx w=tan"lx E: 1

¥=—-(v+v3) dx
dv x du 1
—_— - 3 = 1y — _ —_—= =
vdx w+v? xtan™" x fl+x2dx dx 112 V=X
dv 2 1
d—=—(1+v) =xtan 'x—=In|1+x?| +¢
x 2
dx 1
dv~  1+v?
_ v dv 179 Since the spheres are touching, the distance between
- L, 1+ 02 their centres are 1+2=3,1+3=4and 24+ 3 =35, so
u a 3:4:5 triangle which is right angled at A.
= [arctan(v)] ~ AB 1 AC s0 AB -AC = 0.
v
= arctanu — arctanv
= arctan(tan(arctanu — arctan v)) 180 i
— arct tan(arctan u) — tan(arctan v) dv
=arcan(q + tan(arctan u) tan(arctan v) dr g~ kv
u—v dt 1
= arctan( ) —=
1+uv dv g-—kv
. J"’ dv
i = _
dv 0o g —kv .
= @) L (g — ko)
=—|In(g — kv
dt 1 k[ v
T =+ 3 1
v vV =1 (ng ~In(g — kv))
tz_LU.,.US kt =Ing —In(g — kv)
u/q v In(g—kv)=Ing — kt
=fv <;_1+y2>dv g_kU:ge_kt kt
1 u kv=g—ge™
= [lnv—iln(1+v2)] v=%(1—e"“)
v
1 1
= <]nu—Eln(l+u2)>—<lnv—§ln(1+v2)> ii
1 1 dv i
=—<lnu2+ln(1+v2)——ln(1+u2)—lnvz) Vax - 97
2 2 dv g—kv
1 (21 +v?) dx v
T2 \w2(1 +u?) dx __"

log u?(1+v?) dv gv—kz
=108 |2 2 = d
v2(1 +u?) X fog—kv v

176 Suppose n is a composite integer and has no prime
v 1 —k
divisors less than or equal to n ) = f <—— -9« >dv
0

If k is a divisor then 2 is also a divisor v 0
k =[E+%ln(g—kv)]
v

n_n g v g )
_< — = i — - = —
K= /n (0+k21ng) <k+k21n(g kv)
kv
<Vno # -9 g _\_xw
kz| ™" <g — kv g
Now if% is prime then this is a contradiction of (*) since
here we have a prime divisor < y/n, and if ~ is 181  InAAXB,AX + BX > AB (1) (triangle inequality)
k Similarly in ABXC and AAXC:
composite it can be broken down into yet smaller prime BX+CX >BC (2)and AX +CX > AC (3)
. . . o M+@+@3):
divisors which still contradict (*). 2(AX + BX + CX) > AB + BC + AC
. ime divi AB + AC + BC
all composite integers n have a prime divisor k where AX + BX 4 CX > .
k<n
182 Let n = 3k + j for integral k and j = 0,1,2
177 C can be in two positions, C; and C,, forming a square 1+ o™+ 0™
with diagonal 4B. =1+ w3t + @bk+2)
The diagonals of a square are equal and bisect each =1+ (w3)* 0w/ + (0 w¥
other at right angles. =14+ w/ +w?
LetM=%(2—i+8+i):5bethemidpointofAB. Ifj=0thenl+w"+w?=1+1+1=3

~if n is a multiple of 3 then 1 + 0™ + w?" =3
fj=1thenl+ o+ =1+w+w?=0
fj=2thenl+ 0+ =1+w?+0*=1+w?+
w=0

~if n is not a multiple of 3 then 1 + @™ + w?" = 0

MB=8+i—5=3+i
MG, =i(3+1)=3i—1:2C =5+3i—1=4+3i
MC,=—i(3+i)=-3i+1 +2C,=5-3i+1=6-3i
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183 _ Py 1 dv 1
In—fxn 2x + 1dx u=x" —=Q2x+1)2
et —1><2(2 +1)%
il v=5x3(2x
_\/(2x+1)3
B 3
nJ@x + 1)
:x(+)—gfx"‘l(2x+l)\/2x+1dx
_x" (2x+1

) 2n

—f—?fx”v2x+ 1dx
n

- §fx”_1\/2x + 1dx

_x" (2x+1)3 2n n

In_ 3 _?n_gl‘n—l
2n+3 x"(2x+1)3 n
3 " 3 T3t
I&_x"\/(2x+1)3 n I
T 2n+3 2n+3 "1
N B
184 LetOA=a,0B=betc A
(c=a)-(a-b)=0 c
c-d-b-c—a-d+a-b=0 D
ab+c-d=b-c+a-d (1)
AB? + CD?
—,2
=|4B| +|cD|
=(b-a) (b-a)+(2-¢)-(¢-¢)
=b-b—2a-b+a-a+d-d—2c-d+c-c
=C-C+b-b+a-a+d-d—2(a-b+c~d)
:c-c+b-b+a~a+d~d—2(b-c+a-d) from (1)
=c-c—2b-c+b-b+a-a—2a-d+d-d
=(c—b)-(c—b)+(a—d)-(a—d)
SRR S SR < 2
=|c—b| +|a—d|
Z,2 —2
= |BC|” + |D4|
= BC? + DA?
185 The horizontal speed is constant, and matches the
speed at the maximum height.
Let the initial velocity be 5v and the initial horizontal
velocity be v.
v
cos@—g
1
0 =cos™1(=
Ccos <5>
= 78°28'
186 (ad —bc)®> =0

a?d? — 2abcd + b?c? = 0
a?d? + b?c? = 2abcd
a?c? + a?d? + b%c? + b%d? = a?c? + 2abcd + b%d?
(a? + b?)(c? + d?) = (ac + bd)?

227
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187

188

T T
z =iV2 =\/f<cosi+ isin—)
2

2
T T
Zy =—.=—=\/§(cos—+isin—)
1-1i ﬁcis(—%) 4 4
ii
Zy = W2z,
Z1
w=—
Z2
T T
= 2cis<E)+\/§cis<Z)
= E+isinE
cos4 7
iii R
v2{p
Q
V2
iv

|z,| = |z,] = V2 so OPRQ is a rhombus.

~ OR bisects £P0Q

1
~arg(zy + z,) = argz, + 3 (argz, —argz,)

1
=3 (argz, +argz,)

_1(11 n)
=2\z7%
_3m
8 2 1+
. i
Zl+22=l\/§+?><)1+i
21+
=1\/§+12+12
=1+ (1+v2)i
3 1++v2
.'.tan<—n>= \/_= +\/§
8 1
3a
f(x—a)dx u=x—a
2a _
_ Fu) du du = dx
0
-a
ol RCERICTE I,
a
=f fla—v)dv dv = —du
a du = —dv

=| fla—x)dx
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i
[ro| = (t + %)2 + <t —%)2
1 1

242+ +t2-2+—
t? t?

e

il

x2=t2+2+tlz,y2=t2—2+tlz

ox2— yz =4

This is a hyperbola with branches to the right and left,
with vertices at (—2,0) and (2,0)

domain (—oo, —2] U [2, )

range (—oo,0)

iv

2 2
Vf(t):(z—t—z)£+<2+t—2){

2 2
rg(t) = (2t+?+c1)£+(2t—?+c2)j
Lett =1,15(t) = 4£'

w2424+ =4->¢,=0
2=24¢;=0-c¢,=0

2 2
0= (2o -,

1

t+?
ru(t) = 1
z -
t

2 1

2t+? t+?

rp(t) = 2 ]=2 1

- 2t — ? t— ?
~ 0,A and B are collinear, so the position vectors are

parallel.

= 21,(t)

For the upward flight:
. . mg + kv
mxy = —mg — kv = Xy i—
For the downward flight:

. . mg—kv
mxp, =mg — kv - {p =———

ANSWER (A)

m

False. 3% + 2 = 245 which is divisible by 5.

Let z = et
"Z= e—GL
1
=
1

228

193

194

195

f cosx J
————dx
1+ sin2x

= tan"I(sinx) + ¢

Let O be the centre of the circle, and 0P = p,ﬁ =a

etc. 4

PA% + PB* + P(C?

l B
— 2 — 2 — 2 ¢
= |PA|" + |[PB|" +|PC|

._(<‘~‘e)'<%’3)+(’3’3)'<13’~’>+<E’3)

1a

e
—2a-p+p-p+b-b-2

1

S S TS~
1SS
3
—+
3
3
—+
ra
e
|
N
a

.lj+ 'lj

fef+ " e 3] 20 (e n )

=r2+1r2+7r2+3r3—-2p-(0)
= 612

Ig(t) =-gj

v(®) = ()i + (gt +¢;)j

Let ¢ = 0,(0) = V cos(6) i +Vsin() j

¢, =V cos(8),c, =Vsin(6) )

1~7(t) =Vcos(0) i + (—gt +Vsin(8))j

r(t) = (Vcos(8) t + )i+ (V sin(@) t — %gt2 + 04){'
Lett=0,r(0) = hj

c3=0,c,=h )

1
~1(t) =Vcos(d) ti + <V sin(0) t — Egt2 + h)j

x
X—VCOS(G)t %t—m
2
=V sin(0) X —1 _* +h
y V cos() 2 9 V cos(8)
2
_ g sec?(6) 5
= h+tan(6) x 72 x
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196 i
(cos @, + isinf;)(cos B, + isinb,)
= c0s 6, cos O, + i cos Oy sin @, + i sin O; cos B, + i% sin H; sin O,
= cos 6, cos 8, — sin 0, sin 6, + i(cos 6, sin B, + sin O, cos 6,)
= cos(0; + 0,) + isin(6;, + 6,)

i
Let P(n) represent the proposition.

P(1) is true since cos 0, + isinf; = cosf; + isinb,

If P(k) is true for some arbitrary k > 1 then

(cos B, + isin6;)(cos O, + isinh,)...(cosb + isinf) = cos(f, + O,+...+6;) + isin(0; + 0,+...+6;)

RTP P(k+ 1)

(cos 6, + isinB;)(cos O, + isinb,)...(cos O + isinb)(cosOyyq + isinby,q)

=cos(f; + O+... +6; + Opyq) + isin(B; + O,+... 40 + Oy4q)

LHS = (cos 0, + isin6;)(cos b, + isinbhy)...(cosO + isinb;)(cosOyyq + isinbpyq)
= (cos(0; + 0,+...+6)) + isin(0; + 0,+...+6,))(cos Oy + isinOiq)
= cos(0 + O,+...+80)) cos O, + i cos(8; + ,+...+0)) sin O + i sin(f; + O,+...+6)) cos O + i% sin(f;

cos(f; + 0,+...46,) + isin(6; + 0,+...+6,)
= RHS
“P(k) =Pk +1)

= P(n) is true for n > 1 by induction

cos(0y + 0,+...4+0;) cos 0, — sin(0; + 0,+...+0,) sin 0, + i(cos(6; + O,+...+0)) sin Oy, + sin(0; + O,+...+6;) cos 6;)

197 A+4ixl—li 199 v
T+4 1-A |AX| = /162 + (—4)? + 122 = V416 = V16 x V26
A— A%+ 4i + 42 _
R Nl e =426
12 + /122 _
_ 51 +1(4 ;Zl )i vi
+
-6+ 3u
, — )2 = =
“4-A=0 - 4=42 Yisonr=| 4—4u
~ -y
198 x% —4x+2 . [10+6-3u 16 — 3u
(x —2)3 dx “YX=| 0—4+4u |=|—-4+4u
B (x—2)2-2 11+1+u 12+ pu
=) e & 16—3u\ /4
1 —4+4u|-{-1]=0
=f<x_2—2(x—2)_3>du 12+ u 3
1 64—12u+4—4p+36+3u=0
=ln|x—2|—2x<—z>(x+1)"2+c 104—13u =0
1 k=8
:lnlx—2|+7+c . 16 —3(8) -8
(-2 ZVE =|—4+48) :(28)
12 + (8) 20
199 i [YX| = /(—8)2+282 + 202 = V1248
-6 —2 =2 2
( 4 ) by inspection [YX|" +|ax|" = |4Y]|
-1 77| = |(#Z6)" + (Viz#s)’
i =408
4
—1)|=V42+(-1D2+32=+26
% 200 2m
-4 )| =32+ (-492+12=+26 )
1 2mgsin @
4 3 (T A 0
—1)-[-4|=12+4+3=19 mgsm(g—@) \
3 1
0 19 19 o
c0s0 = ———== —_
V26 % V26 26 27?
iii -
., —6 4 10 mg sin (— - 9) = 2mgsin @
0X=| 4 |+4(-1]=(o0 2 o
_1 3 11 cosf = %smB
tanf = =
v 6= %6°34’
. 10 — (—6) 16 B
AX = 0-4 =|-4
11— (-1) 12
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REVISION EXERCISE 9 — MIXED TOPICS — CHALLENGING

1
Let a, b, cy > 0. Prove that a®b + b?c + c%?a > 2abc.

2 Solve for p, q,r over the complex numbers, given:

p+tqg+r=1 pq+pr+qr=9 pgqr =9
3 .
. sin(tan 8)
Find fm daeo

4 The lines between A, B and C are the vertices of a cube and form the edge, diagonal of a side and
diagonal of the cube itself. Find the volume of the cube, given:
04 = (0,5,2),0B = (8,2,7) and OC = (11,0,1).

5 A particle is moving in simple harmonic motion, with amplitude of 10 metres and a period of 10
seconds.

i Prove that it would take the particle %cos‘1 G) seconds to travel from one of the extremities
of its path to a point 4 metres away.
ii At what speed, to the nearest whole integer, would it pass through this position?

6 Prove n(n + 1)(n + 2)(3n + 5) is divisible by 24 for n > 1 by induction

7 Solve the following pair of simultaneous equations for the complex numbers z and w:

2z+3iw=0 ¢y
A-Dz+2w=i—-7 (2)

8 i 5
Given that xy = x + 1, evaluate [ x dy

9 The points A(1,3,1),B(0,—2,3),C(2,4,3) and D form the parallelogram ABCD, where the vertices
are in that order around the parallelogram.

i Find the coordinates of D.

ii E,B and D are collinear, with B the midpoint of ED. Determine the coordinates of E.
iii The point F is such that ABEF is also a parallelogram. Find the coordinates of F.

iv Show that B is the midpoint of FC.

v Prove that ADBF is another parallelogram.

10 A particle is projected from a point 0. After 5 seconds its horizontal and vertical displacements are
60m and 57.5m respectively. Assume g = 10 ms™2 and ignore air resistance. Find its initial
velocity. The equations of motion are

1
x=vtcosf and y = —Egt2 + vt sin 6
11 For real x,y prove that if y3 + yx? < x3 + xy? then y < x.

12 Show that (3 + i)™ + (3 — i)™ is purely real.

13 Find [ gy

1-tan? x
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14

15

16

17

18

19

20

21

22

23

A rectangular prism with sides of length 2, 8 and 16 units has both ends of one of its longest
diagonals along the x-axis, and its centre is at the origin. Prove for any point P on the surface of
the prism |OP| < 9.

The acceleration of a particle moving in a straight line is given by ¥ = 1 + In x. Given that the
particle starts at rest 1 cm to the right of the origin, find the velocity when x = e2.

1 1

Prove x™ + x"2 4 x" %4, + ——+——+—>n+1, forx > 0,n > 0 by induction.
X X X

[Hint: separate base cases are required to prove the result for n even or odd].

The complex roots of iz? +v/3z—1 =0 are a and .
i Find a and g in Cartesian form
ii Show that a2+ 1 =0

Evaluate
J“E Ze%

. 3 dx

Find the cartesian equation of the path of a particle whose position vector is
r(t) = (sec(t) — 1)i + (tan(t) — 2)j for 0 < ¢ < %

A projectile is fired horizontally with an initial velocity of ¥ ms™* from a position H metres above
ground level. The acceleration due to gravity is g ms™2, and air resistance is negligible. Show that

the horizontal range is V\/%.

Given the arithmetic mean is greater than or equal to the geometric mean, if a, b, c > 0 then prove
a’ + b7 +c7 = a*b® + b*c? + c*a’

74,2, and z; are three complex numbers which satisfy z; + z, + z3 =0
z, and z, are indicated in the Argand diagram as shown in the figure below. Im

Z1

i Copy the diagram and sketch on the same diagram a possible
location for z5. Explain your decision.

ii Given that the arguments of z;, z, and z3 are «, f and y respectively, 0 Re
and their moduli are 1, k and 2 — k respectively, where 0 < k < 2.
Express z;, z, and zz in modulus-argument form.

iii Prove that

cosa+kcosB+(2—k)cosy=0 2,
{sina +ksinf+(2—k)siny=0
iv From (iii), by eliminating « or otherwise, prove that
2+ Q2-k)?2?+2k(2—k)cos(B—y) =1
v By considering |cos(B8 — y)| < 1, find the range of values of k.

Find [(2x cosecx — x? cotx cosec x) dx
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24 Prove that |a| b+ |b| a is perpendicular to |a| b — |b| a for any two non-zero vectors a and b.

25 A particle moves in a straight line with displacement in centimetres from the point x = 0 at time t
seconds given by x = C cos 2t + D sin 2t, where C and D are constants.
i Show that the motion is simple harmonic by showing that the acceleration has the form

% = —n?x, where n is a constant.

ii Itis known that when ¢ = g,x = g and x = —5.

a Find C and D
B Find the amplitude of the motion.

26 Letw,x,y,z > 0.
i Prove that£+§ =2

y
ii Deduce that 222~

w+y+z w+x+z w+x+
AL + Y > 12

+

w x y z
iiii Henceprovethatifw+x+y+z=1,then%+%+§+§2 16

27 The points A(w) and B(¢) are on the Argand diagram such that ZAOB = 2% and AAOB is isosceles

3
with |0A| = |0B|. Prove that (w + ¢)? = w¢

elogz x

28 Find [

X

29 i Find the vector equation of the line passing through A(x4, y1,2:) and B(x,, 2, Z2).
ii Hence prove that the cartesian form of the line through A and B is
X% _YThNh _ 74
X2 =X1 Y2=V1 2277
iii Rewrite the following line in vector form, and hence find two points through which the line

passes.
x—=3 y+2 L
—2 3 °
30 A particle moves in a straight line with acceleration given by ¥ = (4x — 2)ms™2, where x is the

displacement. Initially the particle is at the origin with velocity 1 ms™1.

i Ifthe velocity at time t seconds is v ms™1, show that v? = (1 — 2x)2.
ii Hence show that ¥ = —2v

iii Find expressions for x and v in terms of ¢t.

iv Show that the particle approaches, but never reaches, x = %

5 4 3
31 Prove n? + n? + % - % is an integer for n = 1 by induction.

32 The diagram shows an isosceles triangle ABP in the Argand diagram, Im4

with base AB and £APB = a. PM is the perpendicular bisector of AB P
and so bisects 2APB. Suppose that A and B represent the complex
numbers z; and z, respectively.
i Interms of z;,z, and a, find the complex numbers represented by :
a the vector AM
p the vector MP 4
ii Hence show that P represents the complex number

1(1 cot?) +1(1+- )
> teotz )z +5 Ecot= )z,

N[ R

Re

v

B(z3)

A(zy)
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33

34

35

36

37

38

39

40

41

42

43

44

45

. 1+sin 2x
Find [ —————dx
cos x+sin x

The point P(x,y, z) is twice as far from (0,0,0) as it is from (3,0,0). Prove that P lies on a sphere,
and find its centre and radius.

A particle is in simple harmonic motion between x = 2 and x = 6, taking 8 seconds to move from
one extremity of its motion to the other. Sketch a graph of its acceleration as a function of
displacement.

Prove that there are no rational solutions to x3 + 3x + 5 = 0 using contradiction

The points K and M in a complex plane represent the complex Ima
numbers a and S respectively. The triangle OKL is isosceles M

and £0KL = 2?” The triangle OLM is equilateral.

Show that 3a? + g% = 0.

xeV2x%=1 gip(V2x?-1) d

Find [ s

X

What is the difference between the parametric curves f(t) = (t,t,t2), g(t) = (t?,t% t*) and
h(t) = (sint,sint,sin? t)?

A particle of unit mass moves in a straight line. It is placed at the origin on the x-axis and is then

released from rest. When at position x, its acceleration is given by ¥ = —9x + (Z_SX)Z. Prove that the

particle moves between two points on the x-axis and find these points.

Proveﬁﬁ\%+\%+\/—1§+...+%ﬁ32\/ﬁ — 1, n > 1 by induction.

Prove e™* = cosx + i sin x by substituting the functions f(x) = e**, g(x) = cosx and h(x) = sinx
into the Maclaurin series:

i 1O, 7O

fx) =£f(0)+ 1 x+ TR 30 X3+,

sin3 x

Find [ dx

cosx—1
Ifa=i+mj+kandb=mi+ j+k, and the angle between the vectors is g find possible values
for m.

10 1

Vi1-t2 + (1-t)2’

Foro<t< % the velocity in metres per second of a particle is given by v = During

the given time interval find:
i The distance travelled by the particle.
ii The maximum velocity attained.
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46

47

48

49

50

51

52

53

54

Prove a® —b"* <na®(a—b)for0< b <a

Given ae'® + be'f = rei?,

acosa+bcosf a sin a+b cos 8

r

i Prove cos8 = andsin@ =

ii Prove r = \/az + b2% + 2ab cos(a — B)
iii Hence prove |z,| + |z,| = |21 + 23|

Use integration to prove fﬁdx =log, x*+¢
Prove that the medians of an equilateral triangle are also the altitudes. L

M
0

A block of mass 5kg is to be moved along a rough horizontal surface by a force of F newtons,
inclined at an angle of 8 with the direction of motion where 0 < 8 < %

N A

Reoooiiiii. 0%

v mg
The motion is resisted by a frictional force of R newtons, which is proportional to the normal
reaction force of N newtons exerted on the block by the surface, such that R = 0.2N.
Assume g = 10 ms™2.

i Show that F = L newtons, when the block is about to move.
5cos 0+sin @

ii Calculate the minimum value of F needed to overcome the frictional resistance between the
block and the surface.

Prove — # — + = by contradiction for real x,y # 0.
x+y x y

The points z = x + iy on the curve x2 — 2x + y?> — 2y — 2 = 0, y # 1 can also be represented by

arg (Z2) = +6. Find the complex numbers z; and z,, and the angle 6.
z—2;

dx
secx—1

Find [

Two model airplanes race around a circular course, with the second airplane taking off T seconds
after the first plane. Their position vectors are r,(t) = sint i + cost j + sint k and

r,(t) = sin(2t — @) i + cos(2t — a) j + sin(2t — a) k, where time is measured in seconds from

when the first airplane took off. They collide when they have both completed one and a half laps.
Find T given the first plane takes 20 seconds to complete one lap.
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55

56

57

58

59

60

61

62

A body of unit mass is projected vertically upwards, under gravity, from the ground in a medium
that produces a resistance force of kv?2, where v is the velocity and k is a positive constant. The
acceleration due to gravity is g.

i If the initial velocity of the body is vy, prove that the maximum height, H, of the body above the
ground is given by

ii In a second projection vertically upwards of the body, it is noticed that the maximum height

1
reached is 2H. Show that the initial velocity was (e2*# + 1)2v,.

i Show that
(n+9)2%(n+10)2 —n?(n—1)2

=52n+ 9)(n? + 9n + 45)

4
ii Prove by mathematical induction that for positive integers, n > 1
2
n
13 +234+33+...+n3 = T(n + 1)?

iii Hence prove
nd+(m+1)3+ M+ 25+ +(n+9)% =52n+9)(n? + 9n + 45)

If zy = 2i and z, = 1 + 3i are two complex numbers, describe the loci of z such that
z =z, + k(z, — z;), when
i k=1
i 0<k<1
iii k is any real number
Z—a
)

iv When 0 < k < 1 the locus can also be written in the form arg( B) =0.Find o, and 6.

1

Find [ s dx

(1+x2)2

The parametric equations x = cost,y = sint gives a unit circle, and as t increases from zero the
point moves anticlockwise from (1,0). Find the parametric equations of a circle where as t
increases from zero the point moves clockwise from (v/3,1), on a circle centred about the origin.

The only force acting on a particle moving in a straight line is a resistance A(c + v) acting in the
same line. The particle is of unit mass, its velocity is v, and 1 and ¢ are positive constants. The

particle starts to move with velocity u (> 0) and comes to rest in time T. At time %T its velocity is

iu . Show that

. 1
lc=-u
8

ii at time ¢, 85 =09~ _1

Prove by contrapositive that if 2" — 1 is prime then n is prime, forn > 1.

You are given a™ — b™ = (a — b)(a™ 1 + a™?b + a™3b3+... +b™ D)

w is a non-real cube root of unity.
i Find the value of — + =
w w
ii Show that
1+2w+3w? 142w+ 3w?

+ [
2+ 3w+ w? 34+ w+ 2w?
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63 i Giventhatl,,,; = folxzn’rle"2 dx where n is a positive integer, find a recurrence relationship

for I,4 interms of I, _4.
ii Hence evaluate Is.

64 Given |1~1|=2,|1~7|=3,|\1/|=1,1~1-E=2and11/-(1~1+1~7)=—1, prove|1~1+1~7+\ﬂf|=4.

65 A particle of unit mass is projected vertically upward under gravity with a speed v in a medium
where resistance is k times the speed, where k is a positive constant. If the particle reaches its
greatest height H, in time T, show that v = gT + kH.

66 Prove 1 + V2 4+ V3+...+y/n < 4“—;3\/5 for n > 1 by induction.

67 Let @, B and y be the roots of the cubic equation x3 + Ax? + Bx + 8 = 0, where 4, B are real.
Furthermore a? + f? = 0 and g2 + y2 = 0.
i Explain why g is real and @ and y are not real.
ii Show that a and y are purely imaginary.

iii Find A and B.
68 .
T Xsinx
Evaluate [’ ~———
69 Itis given that a = b + c where a = 2i + 3j + k. Furthermore b is in the direction i + j + k, and b
and c are perpendicular. Find b and c.
70 A particle of unit mass is projected vertically upwards under gravity, the air resistance to the
2
motion being ‘gkiz where the speed is v, and k is a constant.
i Show that during the upward motion of the ball ¥ = —-% (k? + v?), where x is the upward
displacement.
2 2
ii Hence, show that the greatest height reached is ’;—gln (1 + %) where u is the speed of
projection.
7 i Forab > 0 prove that X> > Vab
ii The generalisation of the result in (i) is W > Ma;a,a3...a,. Use this result to prove
n
thatn! < (nTH) for n = 1. Do not use mathematical induction.
72 i Given zis aroot of az® + bz? + cz + d where a, b, c,d are real, prove Z is also a root.
ii Find all three roots of z3 — 622 + 13z — 20 given 1 + 2i is one of the roots.
73 Given a, § are the roots of ax? + bx + ¢ = 0, prove:

cosx (2asinx + b)

dx = alnlasin?x + bsinx +c¢c| +¢
(sinx — a)(sinx — ) | | !

74 Find a relation linking a and b ifr = (1 —+asin t)i + (1 — %cos t)j is the vector equation of a

circle.
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75

76

77

78

79

80

Particles of mass m and 3m kilograms are connected by a light
inextensible string which passes over a smooth fixed pulley. The
string hangs vertically on each side, as shown in the diagram.

The particles are released from rest and move under the influence v
m

of gravity. The air resistance on each particle is kv Newtons, when
the speed of the particles is v ms~1 and the acceleration due to
gravity is g ms~2 and is taken as positive throughout the question
and is assumed to be constant. k is a positive constant.

i Show that the equation of motion is:

. mg—kv

2m
ii Find the terminal velocity VV or maximum speed of the system 3m

stating your answer in terms of m, g and k.
iii Prove that the time elapsed since the beginning of the motion is given by:

2m ( mg >
t=—In{———
k mg — kv

iv If the bodies attain a velocity equal to half of the terminal speed, show that the time is equal
m%m&

i Given the product of two consecutive positive integers is divisible by 2, prove by induction
that the product of 3 consecutive positive integers is divisible by 6.
ii Hence prove that the sum of the cubes of any 3 consecutive positive integers is divisible by 9.

Z and W represent the complex numbers z and w respectively. If [z] =2 and w = ZZLS find the
locus of W.

The length of an arc joining P(a, f(a)) to Q(b, f(b)) on a smooth continuous curve is given by

b d 2
f:f h+<1)dx
a dx

Use the formula to prove that the circumference of a circle of radius r is C = 2nr.

A(0,6,12)

A triangle has vertices 0(0,0,0),4(0,6,12) and B(18,36,0).
Find the equations of the three medians and show that
they are concurrent.

B(18,36,0)

0(0,0,0)

A stone is projected from a point on the ground and it just clears a fence d metres away. The
height of the fence is h metres. The angle of projection to the horizontal is 6§ and the speed of
projection is v m/s, and air resistance is negligible. The displacement equations are

x =vtcosf and y = —%gtz + vt sin 6
i Show that
2o gd?sec? 6

2(dtan8 — h)
ii Show that the maximum height reached by the stone is

d?tan? 0

4(dtan@ — h)

iii Show that the stone will just clear the fence at its highest point if tan 6 = %h
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81

82

83

84

85

86

87

88

89

90

91

sin(2"*1q)

Prove cosa cos2a cos4a...cos2™a = -
2"+l sina

for n = 0 by induction.

If z, + z, + z3 = 0 and |z,| = |z,| = |z3| = 1, then find the value of z? + zZ + z2

Evaluate

J‘l tan~!x p
———dx
_11+sin?x

A
A cardioid is defined by the following pair of parametric equations

x = 2cosf — cos 260

y = 2sinf — sin 26
for 0 < 6 < 2m, as shown below. 1
The cardioid curve and the vertical line x = 1 intersect in the 1st
quadrant at a point P. Find the coordinates of the point P. —

A particle of unit mass is dropped from rest in a medium which causes a resistance of kv, where
v ms~1 is the particle's velocity and k is a constant.

i Show that the terminal velocity, V; is given by V. =%

ii Find the time taken to reach a velocity of %VT.

iii Find the distance travelled in this time.

Given a, b, c are positive real numbers with a > b and ¢? > ab, prove by contradiction that
a+c b+c 50

Vaz+c¢? VbZ2+c2

Solve the equation
22‘(1—2i)+ i 2-3i
5z 142 z

Find the smallest value of [, (x2 — a)” dx as a varies.

The parametric equation of the Astroid curve is given by
x = acos3t,y = asin®t. Prove the cartesian equation of the curve is

3x2 3y2
—_ — =1
1’4-'-,4

A particle is projected from the origin at an angle of a with an initial velocity of V, and it passes
through a point (in, n). Air resistance is negligible.
i Prove that gm?tan? a — 2mV2tana + gm? + 2nV?2 = 0, where g is the acceleration due
to gravity.
ii Prove that there are two possible trajectories if
(v2 - gn)2 > g%(m? + n?)

v

Given the sequence a,, 11 = %(an + ai) forn>1anda; = 1:
n

271—1
i Prove % = (:g) by induction

ii Hence find the limiting value of a,, as n — .
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92

93

94

95

96

97

98

99

Show that the equation 2z3 — z = 7 is solved by any complex number whose cube is equal to its
real component, and thus that z = 0, +1 are all solutions.

Which expression must be equal to ['[f(a — x) + f(a + x)]dx?

a 2a

A f flx)dx B f fx)dx

0 0

a a

C 2 f f(x)dx D f f(x)dx
0 -a

arccos(t)

Find the two ends of the curve with position vector r(t) = | 1 + sin(nt) |.
) V=t

A particle of mass 1 kg is projected from a point O with velocity u m/s along a smooth horizontal
table in a medium whose resistance is RV? Newtons when the particle has velocity V m/s, R being
constant.

i Find its velocity as a function of t.

ii An equal particle is projected from O simultaneously with the first particle but vertically upwards
under gravity with velocity u in the same medium. Show that the velocity V of the first particle

when the second is momentarily at rest is given % = %+ %tan‘1 (%) where Ra? = g.

i Ifx>0,y>0showthatx +y > 2xy
ii Hence show thatif x > 0,y > 0,z > 0 then
x+yv)y+2)(z+x)=8xyz
iii If a,b,c are the sides of a triangle with semi-perimeter S = %(a + b + ¢) then Heron'’s formula
states that the area of the triangle is given by A = JS(S —a)(S—=b)(S —c).

(a+b+c)abc
16

By choosing suitable values for x,y, z show that 4% <
A
B

i Use the results z + z = 2Re(z) and |z|? = zZ for the complex
number z to show that |a|? + || — |a — B]?> = 2Re(ap).

ii The diagram shows the angle 6 between the complex a
numbers a and S. Prove that |«||8] cos @ = Re(af3)

v

i Prove

S (GNP J /3

fi (ror@) (s ()

ii Hence or otherwise evaluate
2 sin x
I = —dx
1 . 1
2 X (smx + sm;)

The vectors u and v are defined as u = a + 2b and v = 5a — 4b, where a and b are unit vectors.
Given that u and v are perpendicular, determine the acute angle between a and b.

1000 Extension 2 Revision Questions © Steve Howard 239 Howard and Howard Education



100 A projectile fired with velocity VV and at an angle 45° to the horizontal, just clears the tops of two
vertical posts of height 8a® and the posts are 12a? apart. There is no air resistance, and the
acceleration due to gravity is g.

i Ifthe projectile is at the point (x,y) at time t, derive expressions for x and y in terms of t.
ii Hence show that the equation of the path of the projectile is y = x — gvizz.

iii Show that the range of the projectile is %2.
iv If the first post is b units from the origin, show:

V2
a —=2b+ 12a?
gb?
B 8(12 =b— W
v Hence or otherwise prove that V = 6a./g

101 A, and B, are two series given by:
Ap =12 +52+ 92+ . +(4n—3)2
B, =32+7%+11%+...
i Find the nth term of B,
ii IfS,, =A, — B,, prove that S,,, = —8n?
iii Hence, or otherwise, evaluate:
1012 — 1032 + 1052 — 107%+...+19932 — 19952

102 i By considering the expansion of (cos 8 + isin8) and de Moivre’s theorem, show that
cos360 = 4cos30 —3cosh

ii Deduce that 8x3 — 6x — 1 = 0 has solutions x = cos 8, where cos 360 =
iii Find the roots of 8x3 —6x — 1 =0 in the form x = cosa, for 0 < a < 2m.

. T 271 41
iv Hence evaluate cos (;) cos (?) cos (?).

N | =

103 Prove the following recursion formula holds:

x™+ 1 ogh x n
m+1 m+1

fxm log? x dx = fxm log?~1 x dx

ii Evaluate [ x3log3 x dx

104  The shortest distance, d, from the point B to the line AC satisfies:

d?=(b-a) (b-a)- (b=e)-(e=o)

Do NOT prove this.
The point E lies on the interval AB, and is 2 units from the line AC. Find E using the points
A(2,1,4),B(3,1,1) and C(2,3,2).

105 A particle of mass m is attracted towards the origin by a force of magnitude ’;—? for x # 0, where
the distance from the origin is x and u is a positive constant.

i L bx —x% + 2cos~1 (B22)| = — [
i Provethatdx[ bx — x* + - cos ( 5 )]— o forx =20

ii If the particle starts at rest at a distance b to the right of the origin, show that its velocity v
is given by v? = 2u (bb;xx).
iii Find the time required for the particle to reach a point halfway towards the origin.
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106

107

108

109

110

111

Given the sequence a1 = a,(a, +1)forn > 1and a; = 1:
i Prove by mathematical induction that

n

Aper =1+ Z a?

n+1 r
r=1

(2an4q + 1)2 = (2a, + 1)2 + (2an+1)2

ii Show that

iii Hence deduce that
n+1

(2ansq + D? = (2a, + 12 + Z(Zar)z
r=2
iv Find a,, a; and a, and use them to evaluate as.
v Express as as the sum of 5 positive integers.
vi Hence prove that 32 + 42 + 122 + 842 + 36122 = 36132

i Use De Moivre’s Theorem to show that cos 46 = 8 cos* 8 — 8 cos? 6 + 1.

ii Show that the equation 16x* — 16x2? + 1 = 0 has roots x = cos%,x =— cos%,x = cosi—z
51
and x = —cos—.
12
iii By considering this equation as a quadratic equation in x2, prove Cosi_; = 2%\/5

Letl, = fol(l —x2)"dx and J, = fol x2(1 - x2)" dx.
i Apply integration by parts to I, to show that I,, = 2nJ,,_;.

ii Hence show that I, = %In—l-

iii Show that J,, = I,, — I,,+1, and hence deduce that J,, = Tmasin

iv Hence write down a reduction formula for J,, in terms of J,,_;

Prove that if three points a, b, ¢ are collinear that they must satisfy Aa + ub + vc = 0 where
A+u+v=0

A plane of mass M kg on landing, experiences a variable resistive force due to air resistance of
magnitude Bv? Newtons, where v is the speed of the plane. Thatis M¥ = —Bv?.
i Show that the distance (D;) travelled in slowing the plane from speed V to speed U under the
effect of air resistance only, is given by:
M_ [V
D1 = Eln (E)

After the brakes are applied, the plane experiences a constant resistive force of A Newtons (due to
brakes) as well as a variable resistive force, Bv2. Thatis, M¥ = —(A + Bv?).
ii After the brakes are applied when the plane is at U, show that the distance D,, required to come
to rest is given by:

M B
iii Use the above information to estimate the total stopping distance after landing, for a 100 tonne
plane if it slows from 90 m/s to 60 m/s under a resistive force of 125v? Newtons and is finally to
rest with the assistance of a constant braking force of magnitude 75000 Newtons. (Note: 1
Newton (N) = 1 kg.m/s2.

i Given e > 1+ u prove that log, x < x — 1 for x > 0 by making a suitable substitution.

.s C€1C2C3...C c1t+ca+c3+..+C
ii Show that loge< L Zufl ") <= #3 ™ —n, where ¢y, ¢,,¢3,...,¢p, > 0and u >0

C1+Cyt+Cz+.tCn c1+Cyt+cz+.ten

iii Hence if u = , show that %/c;c,c5... ¢, < o
. . 101 103 105 197 199
iv Hence use part (iii) to find a lower bound forﬁ e Tt T 99 T 10m
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112 Letz = cos @ + isin 8 and suppose that n is a positive integer.
i Use the identities z™ + z™" = 2 cosn# and 2 cos A sin B = sin(4 + B) — sin(4 — B) to show that
(22" + 2202 4 2244 4+272")sin @ = sin(2n + 1)0
ii Use part (i) and the identity cos 34 = 4 cos® A — 3 cos A to deduce that
sin 76

8c0s320 +4cos%20 —4cos28 —1=—
sin @

iii Hence show that cos%” is a root of the equation
8x3+4x%2 —4x—-1=0

113 Consider the integral I, = f01 Vx(1—x)*dx, n=0,1,2,3,... By finding a recurrence relationship
for I, in terms of I,_;, evaluate I5.

114  The sides of triangle DEF are parallel to the medians of triangle ABC as shown, and the triangles
are similar. Let P,Q, R, L, M, N be the midpoints of AB, BC,CA, DE,EF, FD as shown.

Prove that the medians of triangle DEF are parallel to the sides of triangle ABC.

115  An object is to undergo vertical motion on a bungee cord in a vacuum so that air resistance can be
neglected. The only forces it experiences are gravity, mg and an elastic force, —kmx, where x is
the particle's displacement from the origin. Initially, the object is at its lowest point given by
x = —a. All constants are positive.

i Using a force diagram show that ¥ = —g — kx.

ii By integration show that v2 = k ((a - %)2 - (x + %)2)

iii Show that the motion is described by x = (% - a) cos(Vkt) =2

116 A positive integer is said to be blue if no two adjacent digits are the same. Examples include 9, 23,
143 and 2452, but not 22, 344 or 1132. Let B(n) represent the total number of n-digit blue
integers, O(n) represent the number of odd n-digit blue integers, and E (n) represent the number
of even n-digit blue integers. Blue integers cannot start with 0.

i Explain why B(n) = 9™
ii Explainwhy O(k+ 1) =4x0(k)+5XxE(k)
iii Using induction prove that 0(n) = 9n+(_271)n1

iv Hence, or otherwise, find an expression for E(n), the number of even n-digit blue integers.

117 The equation z5 = 1 has roots 1, w, w?, w3, w*, where w = cosz?" + isinz?”.
i Showthatl+w+ w?+wdP+w*=0
.. 1\2 1
ii Show that (a) +;) + (a) +;) -1=0

iii Hence, show that cosz?” = @.

118
. dx _2 -1 X
i Show that [ ————=Ztan (3 tan 2) +c
ii Given that [;' —=— =7 show that J; —>"—dx ==

T COSnx 5
iii Ifu, = fO mdx show that u, 1 + u,_1 — JUn = 0
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119 Given P is the point on the line through 4 and B closest to the origin 0, and OP = p, 04 = a and
OB = b, prove

120 A particle of mass m kg moves in a straight line with velocity v metres per second, under a
constant force P Newtons, and a resistance R Newtons. Initially the particle has a speed v, metres
per second. IfR =5+ 3vand P = 10:

5 _3t _3t
i Showthatv=§<1—e m)+voe m,

ii Find the terminal velocity of the particle.
iii When the particle accelerates from v, to v; show that the distance travelled, x metres, is given

by:
m 5—3v,
x=3 [3(v0 —v;)+5In (5 — 3171)]

121  Theintegers a, b d are connected by the relation a = b + d.
i Use the binomial expansion of (b + d)™, where n is a positive integer, to show that a™ —
b™ (b + nd) is divisible by d?.
ii In the result of part (i) replace b by a — d. Hence show that if a is the first term, d the common
difference and [ the nth term of an arithmetic progression, then a™ — I(a — d)* ! is divisible by d?.
iii Deduce that 582 — 2692 js divisible by 9.

122 i Forz =cos@ + isinf, show that z™ + z™" = 2 cos(n8).
i Ifz +§ = u, find an expression for z3 + Z% solely in terms of u.

iii It can be shown that z°> + Zis = u% — 5u® + 5u. (Do NOT prove this).

Show that
1+ cos 100 = 2(16 cos® 6 — 20 cos® 6 + 5 cos 9)2
123 i Show
f% dx _ 21
01 +%sinx 3v3
ii Show

2a a
J- f(x)dx = J- [f(x) + f(RQa — x)] dx
0 0

f” x dx
0 1

1 +Esinx

iii Hence evaluate

124 A series of vectors v, are such that

=3,
where proj,b is the projection of b onto a. Find

s

n=1

2} v| =4 and v, - v, = 10, and vy = projy, _, Vi1,

Un
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125

126

127

128

129

i A particle P of unit mass starts from rest at a point 0 and falls under gravity in a medium where
the resistance to its motion has magnitude kv, where v is the speed of the particle and k is a
positive constant.

a Find the equation of motion of P.

B Show that the expression for its velocity v at any time t is given by

v =%(1 — e7kt)

Y Find an expression for its terminal velocity V;
ii A second particle Q, also of unit mass, is fired vertically upwards from O with initial speed wu,
so that P and Q leave 0 simultaneously.
a Find the equation of motion of Q.
B Find an expression for t when Q comes to rest.
iii Show that, at the instant Q comes to rest, the velocity of P is given by:

_ Vru
V= Vr+u
If0 < b < a, prove
(a=b)? a+b (a — b)?
< —Vab < ———
8a 2 ab < —gp
The roots of z™ = 1, n a positive integer, are
2nk | 2mk
zk=cosT+Lsm—, k=1,2,...,n

n

If z, is such that z, zZ, z3, ..., z} generates all the roots of z"* = 1, then z, is called a primitive root
of z" = 1.
i Show that z; is a primitive root of z™* =
ii Show that zg is a primitive root of z6 = 1
iii Suppose that the highest common factor of n and k is h, ie. n = ph and

k = gh for p, q integers. Show that for z, to be a primitive root of z" = 1,

then h = 1.

1

> dx . " .
Letr, = fOZ Traxt) where n is a positive integer.
i Find the value of I;
ii Using integration by parts, show that

L= 2nl, 44 1
" 2n—1 2n1(1-—2n)

iii Hence evaluate
1
| _ji dx
37 ), (1+4x2)3

Prove that the perpendicular bisectors of a triangle are concurrent.
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130 A particle of unit mass is projected upwards in a medium where it experiences a resistance of
magnitude kv? where k is a positive constant and v is the velocity of the particle. During the

downward motion the terminal velocity of the particle is V. It's initial velocity of projection is § of this

terminal velocity.
i By considering the forces on the particle during its downward motion, show that kV? = g.
ii Show that during the upward motion the acceleration of the particle ¥ is given by

172
5f=—g<1 +ﬁ>

iii If the distance travelled by the particle in its upward motion is x when its velocity is v, show that
the maximum height H reached is given by

iv The velocity of the particle is v when it has fallen a distance y from its maximum height. Show

that
V2 v?
y= 5“1 [m]
v The velocity of the particle is U when it returns to its point of projection. Show that

— =10

B LetT(m,y) i R S ) e

i Ifitis giventhat T(k,x) = m for a particular value of k, show that

Ttk,x)—T(k,x+1) =Tk +1,x)
ii Hence prove by induction that for forn > 1
n n n n
CO C]_ Cz Cn n!
Th,x) =—— —.+(=D" =
(n, x) x x+1+x+2 +=D x+n x(x+Dx+2)...(x+n)
You may assume that "*1¢, = ™C, + ™C,_;.
iii Hence prove that
"t, "C; "C "c 2™n!
(D)=
2n+1 1x3x5%..x02n+1)

1 3 5

132  Solve the equation 8x3 — 6x — /2 = 0 using De Moivre’s Theorem, leaving answers to 3 decimal
places.

133  Double factorials are defined as:
" {n(n —2)(n—4)...2 foreven integersn
' n(n—2)(n—4)...1 forodd integersn
i Prove that for even integers n = 2k that (2k)!! = 2¥k!

ii Show (2k + 1)1 2¥k! = (2k + 1)! and thus for odd integers n = 2k + 1 that (2k + 1!l = (zzkk—tcl‘)'
iii Prove
7 m(2n)!
12n = L sin?™ x dx = 2271"‘1—(71')2 A

134 The Folium of Descartes has parametric equations x = fit y= sat? LQ»

+t377 T 143’
for constant a. Find its cartesian equation.
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135 A particle is projected vertically upwards under gravity in a medium where the resistance to motion
is proportional to the square of its speed. The speed of projection is equal to the terminal velocity
V ms™1, of the particle when it falls in the same medium.
i Let x be the height of the particle above its point of projection and v ms™1 is its velocity at time ¢ .
Show that # = —-% (V2 + v2), where g is the acceleration due to gravity.

2
ii Given H is the maximum height above the point of projection, show that H = rnz

iii Given T is the time taken to achieve maximum height, show thatfor0 <t < T,

=gl ()
_g 7 an v
2v?

iv Given that >—— = 1 + sin (27‘9 t), show that the time for the particle to reach half its maximum

height is %sin_l(ﬁ — 1) seconds.

136  Prove that a positive integer n is divisible by 3 if and only if the sum of its digits is divisible by
3.You may assume 10P = 3q + 1 for integral p, q.

137  Let a be a non-real root of the polynomial z”7 = 1 with the smallest possible argument.
letd=a+a’+a*and§ =a®+a® +a®
i Explainwhya’ =1andl+a+a?+a®+a*+a’+a®=0
ii Show that 6 + § = —1 and 8§ = 2 and hence write a quadratic equation whose roots are
0 and 6.
1_u7

iii Show that 6 = — + Z and 5 = — 2 - &
iv Write down a in modulus-argument form, and show that

~[G

41 27 3 1 . 2T . 4m . T
cos— + cos— — cos— = —= and sin=—+ sin— — sin= =
7 7 7 2 7 7 7

n-1
138 et I, = fol(l —t2) 2z dtforn=0,1,2,...

n-3 n-3 n—1
i Showthatt?(1—t2)2 =(1-t?)2 —(1—-¢t?) 2
ii Using integration by parts, show that nl,, = (n — 1)I,,_, forn = 2,3,4,...
iii Let J,, = nl,[,_, forn =1,2,3,... By using the principle of mathematical induction, prove
that J, =~ forn =1,2,3,...

iv Briefly explainwhy 0 < I, < I,,_ forn=1,2,3,...

v Deduce that / T <In<\/zforn=1,2,3...
2(n+1) 2n

139  Let the interval AB, with A(x4,y1,2,) and B(x,,y,,2,), have |AB| = 2r and midpoint M (u, v, w). Let
D =ﬁ,a =E4),b =ﬁ,m=m.

Prove that the equation (p - a) . (p — b) = 0is equivalentto (x —w)2 + (y — v)2 + (z —w)? = r2.

140 A particle is projected from the origin with speed V at an angle a to the horizontal. The particle is
subject to both gravity and an air resistance proportional to its velocity, so that its respective
horizontal and vertical components of acceleration while it is rising are given by:

X=—kx and y=-g—ky
i Show that
a x=Vcosa e~
B yv= (%+Vsina>e'kt —%
ii Hence show that

ax= chsa(l —e7kt)

(9 V sina 9
By_(k2+ k )(1 e ) kt

iii When the particle reaches its greatest height, show that it has travelled a horizontal distance of
V2 sin 2a

kt
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141 A circle and a chord of that circle are drawn in a plane. Then a second circle, and chord of that
circle, are added. Repeating this process, once there are n circles with chords drawn, prove that
the regions in the plane divided off by the circles and chords can be coloured with three colours in
such a way that no two regions sharing the same length of border are the same colour.

142 i Prove

cosf +isinf—1 it 6
cosf +isinf+1 ' an2
ii Find the five roots of the equation w® = 1 and express your answers in the form

r(cos@ +isinf), wherer >0and -7 < 6 < .
iii Hence show that the roots of the equation

2+2\°
(o) -1 ©
are 2itan (k?”) where k = 0,+1, +2.
iv By expressing the equation in part (c) () in the form z5 + mz3 + nz = 0, show that

T 21
tangtan? = \/g

143  Use integration to prove

f ’xildx=\/x2+x—ln(\/§+\/x+1) +c

You may assume

[—L0 oo + 7=

144 U and V are two points with position vectors u and v respectively. W, with position vector w. lies
on UV produced such that |W| = |W| The point S , with position vector s, lies on ov produced,

such that |W| =1 |ﬁ| and WS is perpendicular to UV. Prove
2
v

2
_P

2u-v —

A= >

U'U—|U

145 A particle of unit mass is fired vertically upwards in a medium where the resistance to motion as
magnitude kv? when the speed is v ms™1. The particle has height x metres above the point of
projection at time t seconds. The maximum height H metres is reached at time T seconds. The
speed of projection U ms™! is equal to the terminal velocity of a particle falling in the medium. The
acceleration due to gravity has magnitude g ms™2.

i Express U? in terms of g and k, and deduce that ¥ = —-% (U2 + v?).
ii Show that - = tan (5 — £¢)
U v 4 U
_nn X _v E _ g
iii Show that 7 = —In [\/i |cos (4 ; t)”
iv Show that at time %T seconds% = %ln [1 + \/%] and calculate the percentage of the maximum
height attained during the first half of the ascent time, giving your answer to the nearest 1%.
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146 Leta, b, A and B be positive numbers.
i Prove that

ii Let

Where a; and b, are positive real numbers.
Use (i) to prove that

k=1 k=1 k=1
iii Let S = xq + x, + x3+...+x,,, where x;, > 0 forall 1 < k < n. Use (ii) to prove that
S + S 4 S - S - n?
S—x, S—x;, S—x3 = S—x, n-1

147 Given z = cosa + i sin a, where sina # 0:

i Prove that .——— =1+ icota
ii Hence, by considering Y5_,(z cos @), deduce that the sum of the infinite series
sin @ cos @ + sin 2a cos? a +...+ sin ka cos¥a+...= cota
148 Prove

1 22n+1(n!)2
— 2\ g
o = L(l ) A=

149  The points A(1,2,-1), B@l,l) and CL_LS’Z) lie in three dimensional space.
i Find the vectors u = AB and v = AC.
ii Find proju. )
iii Hence find the shortest distance from B to the line through 4 and C.
iv Using similar steps, prove that the shortest distance, d, from the point B(b) to the line through
A(a) and C(c) is given by
2

b—a):-(c—a
@?=(b-a)-(b-a)- (£-9)-(c-9)
- T |c—a|
v Hence find the shortest distance from C to AB using the points A(1,2,—1),B(0,1,1) and
c(-132).

150 A particle is moving in simple harmonic motion about the origin, and at the end of three
consecutive seconds its displacement is x =1,x =5 and x = 5. Prove that the period of the
particle is

2m

arccos E
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REVISION EXERCISE 9 - SOLUTIONS

1

1000 ExtensP@) is:titieformsznt by mductionard

a?b + b2c + c%a = 33/(a?b) (b%c)(c?a)

> 33a3b3¢3
= 3abc

wz3—22492—-9=0
z22(z—1)+9(z-1)=0
(z2+9)(z-1) =0
(z+3)(z-3))=z-1)=0
z=1,%3i
ap=1,q=3ir=-3i

in(tan @
Jsm(an )d9

cos? 6
= J-sec2 # sin(tan 6) do

= —cos(tanf) + ¢

[4B| = &+ P A 5 = 72

|ﬁ| = 112+ (=5)2 + (-1)Z2=7V3

|Bc| =37+ 27+ (—6)2 =7
ns=17
V=s3=7%=343

i

21 10 T

— = - =—
"=s

Let x = 10cos ("?t) so the particle is starting at its
rightmost extremity. Find the time it takes to reach x =

6:

6=10 (nt)
= 10cos S

3 _ (nt)

c= cos S

- 5 (3
= ncos S

ii

‘= omsi (nt)

X = —2msin S

_5 -1
Att = —cos ( )

d= 2msi (5 _, (3
speed = Zmsin{ | —cos™ | ¢

= 5.0265...
= 5ms™?! (nearest whole)

vl lw

Let P(n) represent the proposition.

P(1) is true since (1)((1) + 1)((1) + 2)(3(1) + 5) = 48 = 24(2).

AM-GM

7

1+ )():
A+D)A=-Dz+2w]=A+D)[i—7]
2z4+2(0+Dw=i-7-1-7i
22+ 2(1+ Dw = —8 — 6i 3)
1-@3): ((—-2)w=8+6i
8+60i i+2
= X
i—2 i+2
_8i+16—6+12i
B -1-4
=—2-4i
sub in (1): 2z+3i(—2—4i)=0
2z—6i+12=0

2z=-12+6i
z=—-6+3i
xy—x=1
x(y-1)=1
_ 1
Ty-1
5 5
d
f xdy = A
3 3 y—1
5
= [ln(y— 1)]
3
=In4—-1In2
=1In2
E
B(0,—-2,3) c(2,43)
F
i A(1,31) D
OD =04 + AD
=04 +BC
=(131)+(2-04+23-3)
=391

i

OF = OB + DB
=(0,-23)+(0-3,-2-93—-1)
= (=3,-13,5)

[11]

OF = OB + BF
=0B + DA
=(0,-23)+(1-33-91-1)
=(-2,-8,3)

If P(k) is true for some arbitrary k > 1 then k(k + 1)(k + 2)(3k + 5) = 24m for integral m

RTP P(k+1) (k+ 1)(k+2)(k+3)(3k + 8) = 24p for integral p

LHS = (k + 1)(k + 2)(3k? + 17k + 24)

= (k+ 1Dk + 2)(3k? + 5k + 12k + 24)
=(k+1)(k+2)[k(3k +5) + 12k + 24]
=k(k+1)(k+2)Bk+5)+12k(k+ 1)(k+2) + 24(k+ 1)(k+ 2)
=24m+ 12k(k+ 1)(k + 2) + 24(k + 1)(k + 2) from P(k)
= 24m + 12k(2q) + 24(2q) since k + 1,k + 2 are consecutive their product is even

=24(m + kq + 2q)
= 24p since m, k, q are integral
= RHS

~Pk)=>Pk+1)

249
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10

1"

12

13

14

iv
BF=(-2-0,-8+23-3)
= (-2,-6,0)
CF=(-2-2,-8-43-3)
= (—4,-12,0)
= 2BF

=~ B is the midpoint of CF.

v
DA=(1-33-91-1)=(-2-6,0) = BF

~ ADBF is a parallelogram since a pair of opposite
sides are equal and parallel.

60 = 5vcos @
vcosf =12
57.5 = —5(5%) + 5vsin @
vsinf = 36.5
(vcos ) + (vsin B)? = v?
v? = 122 + 36.52
v=384ms!

Suppose y > x
~y(x2 +y%) > x(x? + y?) sincex,y real
3 4+ x%y > x3 + xy?
~ify3 4+ yx? < x% + xy? then y < x by contrapositive.

Alternatively
y3 +yx? < x3 + xy?
y(¥? +x%) < x(y? + x?)
y-x)(x2+y?) <0
s~y —x <0 since x? +y% > 0 forreal x,y
SYSXx

Let3+i=r(cosf +isinf) and 3 —i = r(cos(—0) +
i sin(—0))

B+D)"+@B-i)"

= (r(cos @ + isin0))" + (r(cos(—0) + isin(—6)))"

= r"(cos(nf) + i sin(n@) + cos(—nb) + i sin(—nb))
= r"(cos(nB) + i sin(nh) + cos(nf) — i sin(nh))

= 2r™ cos(nf) which is purely real.

f sec?x 4
————dx
1—tanZ2x

J‘1+tan2x

————dx
1—tan?x

= fsec 2x dx

1
= Elnltan 2x +sec2x| + ¢

The long diagonal of the prism is V22 + 82 + 162 = 18.
The rectangular prism fits inside the sphere centred at
origin with radius 9.

~loP| <09.
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15 d (1 .\ _
E;(zv =1+Inx

1 X
—v2=f (1+Inx)dx
2 1

X

172=2f (1+1Inx)dx
1

X

=2 Hx(l +1In x)]

1

_ fl"dx]

=2[x(1+1nx)—1—[x] {
1

=2{x+xlnx—-1-x+1}

=2xInx
when x = e?
v? = 2e?Ine?
= 4e?
v=2e wv>0 giveninitial

conditions

16 Let P(n) represent the proposition.

P(1) is true since x +i >2 ,x . i = 2 since the
arithmetic mean is greater than or equal to the

geometric mean.

Similarly P(2) is true since x?

1 1
+_;E >2 xz';z =2

If P(k) is true for some arbitrary k > 1 then

1 1 1
e L T e e aowy e s =l A
X X

RTP P(k+2)

1
X2 4oxk k2 okt ——

xk

LHS = xk*2 + x* 4+ xk=2 4 xk~44  +——+

1 1
— kK k-2 k-4 k+2
=x"+x +x +u.+';szﬁ';;:Eﬁ';;'+ x +

k+2
2kt 1422 4+

1
>k+1+2 xk”'xk”

>k+1+4+2
>k+3
o P(k) = P(k +2)

xk—Z

1 1
= ;;:54-;?-+;;:7 >k+3
1 1 1 1
xk=2 T k=2 + Xk + xk+2
1

xk+2

from P(k)

AM — GM Inequality

= P(n) is true for odd and even n > 1 by induction

17 i

3+ /(ﬁ)z —4() (1)

= 2(0)
_—V3+V3+4i

2i
Let (a +ib)? =3 +4i
~a’?—b*=3 2ab=4-ab
a=+2,b=+1
V3+(2+1D)
=T
2+V3+i —2+3-i

20 ' 2i
_1-(2+V3)i -1+ (2-

=2

V3)i

2 ’ 2
azl—(2+\/§)ilﬁz—1+(2—\/§)i

2

2
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18 N 22 i
J dx zy =cosa+isina
vz X "z, =k(cosB +isinp)
z3 = (2 —k)(cosy + isiny)

1 (V3 2
=——f (—4x%)e* " dx

——[exz] zZ1+2Z;+23=0
s cosa+isina+k(cosf+isinB)+(2—k)(cosy +isiny) =0
=-3 e3 —e (cosa+ kcosB+(2—k)cosy) +i(sina+ksinf +(2—k)siny) =0
% Equating real and imaginary components:
_e~¢ cosa+kcosB+(2—k)cosy=0
2 sina+ksinf +(2—-k)siny =0
19 x=sec(t)—1 - sec(t) =x+1 iv
y=tan(t) -2 - tan(t) =y +2 sina = —(ksinfB + (2 — k) siny)
sec?(t) = tan®(t) + 1 sin? @ = k?sin? B + 2k(2 — k) sin B siny + (2 — k)?sin?y

x+1D2=(@+2)?%+1
+2)?*=x*+2x+1-1
y+2=+x%+2x sincex,y=0fort>0
y=+x24+2x—-2

cosa = —(kcosB + (2 —k)cosy)
cos?a = k% cos? + 2k(2 — k) cos B cosy + (2 — k)% cos?y
sina +cos?a =1
k?(sin? B + cos? B) + 2k(2 — k)(cos B cosy + sin B siny)
+(2 —k)?(sin?y + cos?y) =1

20 x=V
x =Vt k2 +2k(2—k)cos(B—y)+(2-k)?*=1
X
:V v
j=—g 2k2—k)cos(B—y)=1—-(R2—k)? —k?
y=—gt =4+ ke~ kP - kP
¢ cos(B—y) = T
J’—H=—9f0tdt _2k*—4k+3
t2 T 2k2-4k
=_gT+H P
gx? T 2k2 -4k
=—>—=+H
202 .-.‘1+27 <1
Lety=0 2k?% — 4k
2
gx 2<—<
m=1-1 _2k2—4k_0
o _ 2HV?
g T
2H —4k? + 8k > 3 since 2k? — 4k < 0
x=V ri 4k? —8k+3<0
(2k-1)(2k—-3)<0
§$k<§
7 7 7 7 7 7 7
21 a"+a’ +a +Cf,7+b +b"+b ZW and
3
4a” + 3b7 — - <
.~.a72a4b3 2k2—4k_0
Similart 2 2k?—4k <0
4l|)r;1fr3y7 2k(k—2)<0
AT pacs 0<k<2
7 >
4c¢7 +3a’
—Zc4a3 lSkSE
2 2

Summing the above gives
a’ + b7 +c7 = a*h® + b*c3 + c*ad

23 f(Zx cosecx — x2 cotx cosec x)dx
22 i tim _ f 2x x% cosx dx
sinx  sin?x
z 2xsinx — x? cos x
= ffdx
sin? x
_ f d [ x? d
R ~ ) dx\sinx x
0 Re Xt
sinx
2 (Jefe +[ela)- (Jo| - [e]
Zy ~
‘ b-b— ‘b a-a
The sum of vectors must add to zero, so when laid tip At ey
to tail they should start and end at zero. =la b |b a
=0

t]
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25 i 27
x = Ccos2t+ Dsin2t
x = —2Csin 2t + 2D cos 2t
X = —4C cos 2t — 4D sin 2t
= —4(C cos 2t + D sin 2t)
=22
iia
2m 2m 3
Ccos?+Dsin?:\/?_
1 3 3
oL +D<£):£
2 2 2
—C++3D =43 D
26sin 2" 4 2D cos X = _5
sm3 cosg—
\/§> 1
-2C\—)+2D(—-=|=-5
(5 (-3)
—3C-D=-5 (2
V3(D) - (2):
4D=8 - D=2
sub in (1):
C=+V3(2)-Vv3 - C=+3 28
i B
2
R= /(2)2+(\/§) =7
26 1
2
F— Y >0
y x
x
——2+XZO
x
x
Ii250
x
ii 29
Similarly:
X w x z w oy w oz y z
S22+ 22—+ 22—+ =22+ - 22
woox z X y w z w z y
Summing the 6 inequalities:
X y X w x z w w oz y z
ST oo+t —+ S+ =212
X w x z x y z w z
x+y+z wH+y+z wHx+z wH+x+y
+ + + =12
w x z
iii
Letw+x+y+z=1
1-w 1-x 1-y 1-z
+ + + >12
w x y z
1 1 1 1
——1+-=14+-=1+--1>12
w x y z
1 1 1
—4+-+-+-216
w x y z
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) T m\?
=w (1—cos§+151n—)
2
5+
=w\-+—i
2 2
(1)
VLR
1 3
22, V2
_“’( 2t zl>
o, 2n+,_
=w cos3 Lsm3
_ 2m
=w wc153
_w¢
elogzx
f dx
x
1
o(1n3)
=f dx
x
| 1
en*)m2
:fi( ) dx
x
1
xIn2
=f dx
x
1
:J.xm_ldx

1
=In2xIn2 + ¢

i

X1 Xy — Xq
r= (}’1) + l(J’Z - J’1>
- Z Zy — 74
ii

(1 =Dxq + Ax,
r={0-Dy + 2y,

1=z + 1z,

wx=(1-=Dx; + Ax,
x—x; = Axy — xq)

A_x—xl 1
—%_%()

Similarly

1= ) =278 (3
Y2 = Y1 Z2 =21

Equating (1), (2) and (3):

X~% _Y™Nh _Z74

X2=X1 Ya2=V1 Z27 2

iii

x—3

= =1->x=3-21

y+2

TZA—)y_—2+3/1

z—1=A-z=1+21

3-21
r=<—2+3l>
- 142

3 -2
~(2)4(3)

1 1

3 1-3
=<—2>+A(1—(—2)>

1 2-1

3 1
The curve passes through (—2) and (1) amongst

1 2
many possible pairs of points.
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30 i 32 ia

d (1 2 =4 2 m—lﬁ—l(z —Z)
a EU = 4Xx — _2 _2 2 1
1 X
E(1;2—12)=2f (2x — 1) dx . (a) |AM|
an(—)=——
0 x 2/~ |MP|
2 _ 1= 2 _ AM a
v 1—4[x x] |1\/1P|:—I 0'{:|AM|cot(E)
0 a
vZ=4x2—4x+1 tlan(z) a
= (2x — 1)? MP == (z, — z,) cot (—)i
2 2
ii .
~ v =—(2x — 1) given initial conditions L o,
sF=4x—2=—-20x—-1)=—2v OP =0A +1AM + (MP) .

a
=2, +-(z; — 7)) + (2, — z1) cot (—)i
iiii 2 2 2

dv 1 .« 1 . a
...E=_2v :z(l_lCOtE)ZI +§(1+1C0t5)22
a1
dv 2w i
v dw 33 f1+sln?x N
t:_i - cosx + sinx
4 _fsin2x+ZSinxcosx+coszxd
th[lnv] h sinx + cosx x
v _ [ (sinx + cos x)?
2t= 0_—2tlnv ) sinx+cosx
v=e

= f(sinx + cosx) dx

t
X =f e %tdt
0 = —cosx +sinx +c

t
]
2 0

1, . 34 Va2 +y2 +22=2/(x —3)2 +y2 + 22
=—5(e?-1) X2+ y? 4 72 = 4x? — 24x + 36 + 4y?
122t 3x2—24x+3y%2+322+36=0

x2—8x+y2+224+12=0

2 x2—-8x+16+y*+z2=4
iv (x—4)2+y?+272=22
Ast o e 2t 50 Which is a sphere centred at (4,0,0) with radius 2.
1-0 1

The 2 2
The particle approaches x = % but never reaches it.

31 Let P(n) represent the proposition.

. . 15 1* 17 1
P(1) is true since TtT T %" 1.

S
3

5
If P(k) is true for some arbitrary k > 1 then k? + % o= m for integral m

5 4 3
kD) + (k1) + et1)” (kD) _ p forintegral p

RTP P(k+1) S 2 3 0 =

5 4 3
(k+1)° (k+D* (k+1)° k+1)

LHS =
3 30
kS +5k* + 10k +10k? +5k+1 k*+4k®+6k?+4k+1 k3 +3k*+3k+1 k+1
= 5 + 2 + 3 ~ 730
_k5+k4+k3 k+5k4+1Ok3+10k2+5k+1+4k3+6k2+4k+1+3k2+3k+1 1
T5 273 30 5 2 3 30

4 3 1 3 2 1 2 1 1
=m o+ k*+ 2% + ko o+ 2%+ 3K% + 2k + 5+ kP + ke + 5 — o5 from P(K)

3 30
=m+k*+4k3+4k+1
= p since m, k are integral
= RHS
~P(k)=>P(k+1)

~ P(n) is true for n > 1 by induction
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2
3% r1-16 > Z=16on=02 40 415 gpp_ >
n 8 dx\2 - X

(2 -x)?
= =) = (=) Lo [ >
x=—nx—-c= 64x Ev2=f (—9x+(2_x)2>dx
2 . m? 4 =0 6 . 2 0 2 x
= Ed = — = - = = - = —-—
x Y r=0x T3 BT
2 2—x
9x? 5 5
A ? = ((——+ >—<0+—>>
X 2 —
< ,32> 2 2—x 2
10
=-9x24-—-5
2—-x
10 -5(2 —x) —9x%(2 — x)
> = 2—x
4 x _ 5x—18x*+9x°
N 2—x
2 _ x(9x% - 18x + 5)
6,—5 2—-x
B x(9x% — 15x — 3x +5)
N 2—x
36  Suppose x = g for integral p, q is a solution and p and ¢ _xBx=1DBx -5
have no common factor except 1 * 12 X 5 1
p3 » v=0whenx=0,§only,aSU <0forx>§.
<5> 3 <5) t5=0 The particle starts at x = 0 and comes to rest at x :§
p3+3pg2+5¢3=0 before moving left again since ¥ < 0. The particle
Now the RHS is even moves between x = 0 and x = é

If p and q are odd then LHS = odd + odd + odd = odd
which is a contradiction, so no solution.

If p is odd and q is even then LHS = odd + even + even
= odd which is a contradiction, so no solution.

If p is even and q is odd then LHS = even + even + odd
= odd which is a contradiction, so no solution.

If p and q are both even then they have a common
factor of 2 which contradicts (*)

- there are no rational solutions to x3 + 3x + 5 =0

37  Splitting AOKL in half to create two right angled
triangles, we can see that |OL| = v3r, so |OM| = \/3r
as AOLM is equilateral.

LKOL = g (angle sum of AOKL)

2LOM = g (angle in an equilateral triangle)

. LKOM ="
’ )

~ OM is OK rotated anticlockwise by % and stretched by
V3.
ﬁ = aV3i
2
~3a?+ p? =3a%+ (a 3i)
= 3q?% — 3a?
=0

1 V2x2-1
(ev2x2—1) = %(sz —1) 2(4x)eV?*¥* 1 = xe ™

2x2—1

38 d

dx

Vaxi-1 gy (e\/2x2—1)

fxe
V2x2—1
1 [ 2xeVx®-1

T2) Ve —1
szz—l) +c

dx

m) dx

sin (e

= —%COS(E

39 f(t) is a parabola which has the z-axis as its axis, is
concave up, and is vertically above the line y = x.
g(t) is one half of the same parabola, restricted to
positive values of x and y, so in the first octant only.
h(t) is f(t) from (1,1,1) to (—1,—1,1).
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41

42

Let P(n) represent the proposition.

1

ﬁszﬁ—1—>1s1s1

P(1) is true since V1 <

If P(k) is true for some arbitrary k > 1 then
1

1 1 1
Vks—=+—+—+.+—=<2Vk-1
Vi V2 V3 Vi
RTP P(k +1)
N P R S A S oy S
VI OVZ V3 Wk NE+1T
1 1 1 1
Vi s—+—+—+.+—=<2Vk-1
Vi V2 V3 Vi
N S S A S S SN S
VEFT VI V2 V3 T vk O VE+IT VEk+1
x/E><\/k+1+1<1+1+1+ NER| <2\/E><\/k+1+1
VE+1 V1 V2 V3B k VE+1~ ViE+1
WVeExVkE+1) 1 1 1 1 1 VT +k+1
<=t —=+—=+..+—=+ S—F—
VE+1 Vi V2 3 k VE+1 VE+1
k+1 1 1 1 1 2/k2+k+%+1
<S—+—+—+.+—+ <
k+1- V1 V2 V3 Vi VE+1 VEk+1
1
k41l 101,010 1 1 <2\I"2+"+7
VEF1I VT V2 V3 vk Vk+1T Vk+1
2
2 (k+%) +
\/k+1<1+1+1+ +1+ L
VI V2 V3T Wk Vk+1T Vk+1
1
2(k+5)+1
1 1 1 1 1 ( 2)
VE+1<s—=+—=+—=+..4+—+ <——=7
Vi V2 V3 k Vk+1 VEk+1
1 1 1 1 1 2(k+1)
Vk+ls—=+—=+—=+.+—=+ S—-1
VI V2 43 ViE VE+1T VE+1
1 1 1 1 1
VE+1<s—=+—=+—=+..4+—+ <2Wk+1-1
Vi V2 V3 vk VE+1
ZP(k) = P(k+1)
« P(n) is true for n > 1 by induction
For f(x) = ei*
"o "o
ORVIOFSAUNSRAIHRASC IS
T 2g0ix2 (30043 4,004
e i s oi
e =e% +ie%x + T + 3 + i +...
x2 x3 x* x5 x® «7
=l4xi— it i it *

7 attatEi e T

For g(x) = cosx

g  g" 9" (@
g(x) = g(0) MRETRE Ry x? + 3 xS+

cos(0)x% sin(0) x®  cos(0) x*

cosx = cos(0) — sin(0) x — o + 3 + a0

x? x* x®
—1 — — 3 5 _
=1-0x 2!+Ox +4!+0x 6!+...
x?  x* x°
=1_E+Z_E+'" (2)

For h(x) = sinx

h'(0 h" (0 h'"(a
h(x) :h(0)+#x+#x2+ (' )x3+
) . ) s.in(O) x? (gos(O) x3  sin(0) x*
sinx = sin(0) + cos(0) x — TR 3 a0
x3 x5
—_ 2 _ 4 P 6
=0+x+0x 3!+0x +5!+0x +...
x> x5 X7
=x—§+§—ﬁ+... (3)

So we have the following equations:

. x? x* x© x3 x> X7

X — —_— —_ i —_— —_———
e —(1 2!+4_! 6!+...)+L(x 3!+5! 7!+...) (€8]

2 4 6

_ x? x* x
cosx—l—i+z—a+... )
x® x5 X7
smx:x—§+§—ﬁ+ 3
From (1), (2) and (3) we see that e’* = cosx + i sinx
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43 J sin® x dx 47 i LHS = a(cosa + isina) + b(cos B + isinB)
cosx—1 ) = (acosa+bcospB)+i(asina + bsinp)
=J-wdx RHS = r(cos + isinf) =rcosa + irsina
cosx = 1 5 Equating real parts: rcos @ = acosa + b cos 8
sinx (1 — cos“ x)
=Iﬁdﬁf COSB:acosa+bcosB
sinx (1 + cosx)(1 — cosx) r
= f cosx—1 dx Equating imaginary parts: rsin6 = asina + bsin 8
:—f(sinx+sinxcosx)dx sin0=w
"
_ N i
= — | | sinx + =sin2x | dx
2 r2 =rel x re~i®
1 . . . .
=cosx + 7608 2x+c¢ = (ae'* + be‘ﬁ)(ae““ + be“ﬁ)
= a? + abe @ Pl + ghe= @A 4 p2
= a? + b?
44 ||: 124+m2+12=+/2+m2 a
¢ \/ m J m + ab(cos(a —B) +isin(a—p) + cos(—(a - ﬁ))
|é| =\/m2+12+12:J2+m2 +isin(—(a—[3)))
©_ (Dm)+ Mm@+ (1)(1) = a? + b?
cos— =
3{ 5 \/+2i|- m2 X V2 +m? + ab(cos(a — B) + isin(a — ) + cos(a — )
m
PR —isin(a — B))
m?2+2=4m+2 =a? +b? + ab(2cos(a — B))
2—4m=0 =a? + b? + 2ab cos(a — B)
mm—-4)=0 o [2 2 _
m=0,4 ..r—\/a + b2 + 2ab cos(a — B)
iii
a5 Let z, = ael®, z, = be'f
dx 0 1 lz1] + 12zl =a+b (1)
dt ~ y1—¢z (1-1t)2 |z + z,| = y/a? + b2 + 2abcos(a — B)  from (ii)
1
2 10 1 2 2 i
Ax=f < z+(1_t)2>dt <+a?%+b?+2ab sincecosf <1
o \W1-t . <J@+b)?
1 ]2
=10[sin’1t+— <a+b (2)
1-t], « from (Dand (2)|z| + 12, = |21 + 25|
- 10((%”)‘ 0+ 1))
5(n + 6) 48 f dx
= 3 xIn7
_ 2 (dx
ii “In7) x
The velocity is an increasing function for the time _ ilnlxl ‘e
interval, so the maximum velocity occurs when t = i 12n17| |
n|x
o1 20, 20V3 + 12 =7
v = = —_-— = —-—
Ty () P 3 () |
1- (7) 2 "7 "€
=log,x%+ ¢
46 a®—b" = (a—b)(a®t+a"2b+a 3bh2+...+b" 1) 49 Let the medians of 0A4,0B and AB be L,M and N
. ) respectively.
<(a=b) (@ T+a™l+a" 1+, +a" 1) Let OA = a. 0B = b
ntimes ~ ~
<na™(a->b) |a=b=b—a
— 1
0N =3(a N b)
ON-Bi=5(a+0)(2-0)
=3 (a a—b- b)
1 2 2
=5l [2)
= 0 since |a =1b

~ ON is a median and an altitude, and similarly for AM
and BL, so the medians of an equilateral triangle are
also the altitudes.
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50

51

52

53

54
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i
Vertically:
mg =Fsin6+N — N=50-Fsin6
Horizontally:
Fcos® =R =0.2(50—-Fsinf) =10— 0.2 Fsin@
~ Fcos@ +0.2Fsinf =10
50

~ 5cosf +sind
i
Let 5cos6 +sinf = Acos(6 — a)

=52+12=+26
_ 50
B V26 cos(8 — a)

F is a minimum when cos(6 — @) is at its maximum
value of 1

50
Frin = = newtons.

1,1
Supposex—w—x+y
o1 1 1
'x+y X y
1 y+x
x+y_ Xy
“xy = (4 y)?

xy = x% + 2xy + y?
x2+xy+y2=0
taking y as a constant A = y2 — 4(1)(y?)
= —3y2
<0
~ no solutions
1

Tx+y

1 1
x Yy

x2—2x+y?—-2y—-2=0,
x2—2x+1+y2-2y+1-4=0
x-1D2+@-12=4
This is the circle centred at (1,1) with radius 2,
excluding the points (3,1) and (—1,1). The angle in a
semicircle is 7, so:
(3 1),z, = (—1,1) (the two can be swapped) and

y#+1

cosx + cos? x

9‘;

dx
_fsecx—l
_ cosx
_J.l—cosx
_ cosx 1+ cosx
_fl—cosx 1+cosx X

“1-—cos?x

X

J‘ cosx + cos? x
sin? x

= fcosx (sinx)~2dx + fcotz x dx

= —E+J‘(cosec x— 1)dx

= —cosecx —cotx —x+c¢

The planes collide at t = 30.

30=230)—a - a=30

2t—-30=2(t—-T)->T =15

The second plane takes off 15 seconds after the first.
Alternatively:

The second plane flies twice as fast, so starts when the
first plane has travelled half of the one and a half laps,

so three quarters of alap. T = z X 20 = 15 seconds.

257

55

dv Jv?
Vax - 97w
dv g+ kv?
dx — v
dx v
dv~  g+kv?

1
= ﬁ<ln(g + kvg) - lng)

1l g+ kvé
T2k g

i
Let the new initial velocity be v, .

~2H = —ln (1 + kﬂ)
2k g
”=1+Ei
vi= %(e‘”‘” -1)
v, = %(e‘“‘” —1) sincev; >0

— \/%(eZkH + 1)(62kH — 1)
%(ezw —DxJerH 1 (1)

similarly:

w= -1 @

substituting (2) into (1):
v, = v,/ ek + 1

1
= (e* +1)2y,
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56 i
(n+92%(n+10)2 —n?(n—1)2

4
_ (n* +18n+81)(n* + 20n + 100) — n*(n* — 2n + 1)

4
_ n* 4+ 20n3 4+ 100n? + 18n°% + 360n? + 1800n + 81n? + 1620n + 8100 — n* + 2n3 — n?
- 4

_ 40n3 + 540n% + 3420n + 8100

=10n® + 135n2 f 855n + 2025

=5(2n% + 27n% + 171n + 405)

= 5(2n% + 18n% + 90n + 9n? + 81n + 405)
=5(2n+9)(n? + 9n + 45)

ii
Let P(n) represent the proposition

2
P(1) is true since LHS = 13 = 1;RHS = &

T(l + 1)2 =1
If P(k) is true for some arbitrary k > 1 then 13 + 23 + 33+, +k3 = sz(k + 1)?
RTP: PG+ 1) 13423 + 34 4k% + (ke + 1) = & (1 4 22

kZ
LHS = - (k + D? + (k + D* from P(k)

2
= M[k2 +4(k+ 1)]

2
= M(k + 4k +4)
(k+1)?
T4
= RHS
~P(k)=>Pk+1)
~ P(n) is true for n > 1 by induction.

(k+2)?

iii

P+ m+13+m+2)3+... +(n+9)3

=(13+25+3%+.. +(n+9)%) - (13 + 23 + 33+...+(n - 1)3)
2 _1y2

=M(n+10)2_un2

~_ (n+9)2(n+10)* —n*(n—1)?

4
=52n+9)(n® +9n +45) from (i)

57 The question is most easily answered using the vector 59
equation of a line.
i clockwise swap sine and cosine, so
z=2i+1(1+3i—2i)=1+3i
z is the point (1,3)

The point (v/3,1) is on a circle of radius 2. The move

x =2sin(t + a),y = 2cos(t + «). When t = 0 we want

ing = _I
i x=251na—\/§—>a—3

Whenk=0z=2z =2i
For 0 < k < 1 we have the interval between (but not -~ x = 2sin (t " E) .y = 2cos (t " E)
including) z; and z,, so between (0,2) and (1,3). 3 3

iii
The line through z; and z,, y = x + 2.
iv

a = 2i,§ =1+ 3i (the two can be swapped) and 6 = .

58 1

f 1+ xz)f “
x3 (x—lz + 1)3
= [ 1) 2 ) ax

1
=(x2+1) Z+¢
1

dx

Il
—

N W

+c

=

x—2+1

= +c
1+ x2

g
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60 i 62

dv
Ez—/l(c+v)
dt 1
dv.  Ac+v)
- 1% dv
T oAl e+
— 11( ’
=7 n(c +v)
u

1
=—z(lnc—ln(c+u))

_11 c+u
_ln c

Let T, be the time until v = %

u
= 1J‘Zdv
2T ), e+

1 u
== [ln(c +7v) ]u 63
%

(ln(c +u)—1In (c + %))
n <4c + 4u>
4c+u

Letc =2
8

P N

1 %+4u
T, ==In
‘T %+u
—11 3
_/11'1
u
1 §+u
TZIII'I E
8
1

=Iln9

= 21 3
~ifc = %u the particle will reach a velocity of %u in time

ir,
2

1% d
t:--f v 64
Alyctv

_11 ’
_I[H(C-H])]u

At =1In(c + v) — In(c +u)
In(c+v) =In(c+u) + At
c+v=_(c+uert
v=(c+uelt —c

u u
=(5+u)e -5
8v = ue’t —u

v
8—=9eM —1
u

61 Suppose n is composite.
Let n = pq where p, q are positive integers greater than
1
2" -1
=201 1
= (2P)7 — 14
=((2P) = 1)((@P)a7t + (2P)972 + (2P)T3+... +1)
= jk where j, k are integers greater than 1,

since p, q are integers greater than 1

~ if n is composite then 2™ — 1is composite.
~ if 2™ — 1 is prime then n is prime, for n > 1 by

contrapositive.
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1 1_cu+w2

0w w Wl
= w + w?
=l+w+w?-1
=-1

14+2w+3w?> o 1+2w+30w? ?

X — X —
243w+ w2 w 34+w+2w? w?
_ 1+ 2w + 3w? y 1+ 2w + 3w? w2
T 2w+ 3w? + w3 @ 3w? + w3 + 2w* @
_1+2w+3w2>< 1+2w+3w2>< ,
T2w+302+1 T 3021420 ¢
—w+w
=l+w+w?-1
=-1
1 dv 2
2n X
== =9
i p 2" dx xe
1 au _ o1 _ x?
12n+1=fx2”+1e"2dx ax v=e
0
1 | 1 2
== |[x%"e* —nf x21e*" dy
b
25(9—0)—711211—1
e
=E_n12n—1
ii
I ¢ 21
s=3 3
()
T2 2 !

2
‘u+v+w|

=(u+v+w)-(u+v+w)
=u-ut+u-v+u-wt+u-v+v-v+v-w+u-w+v
‘wt+w-w

T2 2 2
+|W| +2(u-v+u~w+v~w)

+‘v

=‘u

2 2 2
= o ol +2 (b (uv))
=224324+124+2(2+(-1)

=16

|u+v+w‘=4
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65 ¥=-g—kv

; =—(g+kv)
v
E=—(g+kv)
dt 1
dv g
_Lg+kv
=% [ln(g + kv)]
1 0
= ;(ln(g + kv) —Ing)
_11 g+kv
ekT:g+kv
9
geT —g=kv
kT
gle™ —1
:¥ *

T
ol
=—|5e T
k|k 0
(L e (1
_k<<ke T)=(&~°
oy 9L e 1
..H—k<ke T %
kH—%ekT gT—g
KT
-1
kH+gT—g(ek )
~v=kH+gT from ()

66 Let P(n) represent the proposition
P(1) is true since LHS = 1;RHS = %ﬁ =
If P(k) is true for some arbitrary k > 1 then

4k+3
1+V2+V3+.. +Vk < Vi
RTP: P(k+1)

1+V2+V3+. . +Vk+Vk+1<

4k +3
LHS < VEk+Vk+1

_ (@k+3)0Vk+6Vk+1
B 6
_J@k+3)? xk+6vk+1

6
_ V16k3 +24k? + 9k + 6Vk + 1

6
<\/16k3+24k2+9k+1+6\/k+1

6
_Jk+1D)(A6k* + 8k + 1) + 6vVk + 1

6
_ J+ D@k + D2+ 6vk+1

6
_ “Ak+DJk+1D)+6vVk+1

7
Vk+1

from P(k)

6
4k +7
= Vik+1

6
= RHS
~P(k)y=>Pk+1)
. P(n) is true for n > 1 by induction.
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67

68

69

|

Since the cubic equation is not x3 =
are non-zero.

The coefficients are real, so any non-real roots must
occur in conjugate pairs.

In each equation the sum of squares is zero, and since
the roots are non-zero this means that either: «,y are
real and g8 non-real, or g is real and «a,y are non-real.
Since by the conjugate root theorem any non-real roots
must occur in conjugate pairs, - 8 is real and @ and y
are not real

0 the roots a, 8,y

i

a? = y? = —B2% = (Bi)? where B is purely real
a=y= iﬁl

~ a,y are purely imaginary.

iii
afy = -8
—-p%xp=-8
=8
B=2
ca=2Ly=-—
a+f+y=-4
A=—-Qi+2-20)
=-2
aB+ay+,By B
(21)(2) + (20)(=20) + (2)(=2i)

T xsinx ™ ( — x) sin(m — x)
o 1+ cos?x o 1+ cos?(m—x)
_J‘”(n—x)sinx
T J, 1+cos2x

sinx

s
=n| ————dx
J; 1+ cos?x
sinx

ZJ‘” x sinx d f” i d
————dx=n| ————dx
o 1+ cos?x o 1+ cos?x

f” xsinx d T tan1( ) T
—————dx = —=|tan"'(cosx
o 1+cos?x 2

0
- % (tan™1(—=1) — tan"%(1))

_ n( T n)
2\ 4 4
T4
Leth = Al+/1]+lk
c=a-—b
=2- A)i+(3—/1)j+(1—/1)k
b C—O

A2-D)+A3B - A)+l(1—l)—0
20=22+31-22+21-22=0

-322+61=0
-31(1-2)=0
A=2A+#0)
~b=2i+ 2]+ 2k,c=j—k

Howard and Howard Education



70

71

72
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gv?
i=—-g——

k2

2
gv
-~(o+%)

b i == (k7 + v?)

dv g

Ua = —ﬁ(kz + 172)
dv_ g(k? +v?)
dx vk?
dx  k? w V
dv- g kz+v?

k? v
xmaxz—gj; mdv
k? “
-5 2 2
_Zg[ln(k +v )L
k2
_ - 2 2) _ 2
—M@@+u)m@»
_k21 k? +u?
T 29 "2

k? u?
= Eln<1 + ﬁ)
i

2
(Va-vb) =0
a-2Vab+b =0
a+b=2Vab

+b
az >ab

ii
a; +a, + az+...+a,

= Yajazas...a,

n
L QAy03... 0y,

Leta; =1,a, =2,a3=3,...,a,=n

a,a,03...0, = 1X2X3X...Xn

=n! (2)

a;t+a; +az+...+a, =1+2+3+...4n
n

=E(1+n) 3)

sub (2),(3) in (1)

n n
we(287)

n

| < n+1\"
=T

i
az®+bz* +cz+d

=az3+bz?+cz+d
=azd+bz>+cz+d

=0
=0
~Z=x—lyis also a root.
ii
1 — 2i is also a root.
b
+p+y=——
atp+y 2

1+2i+1-2i4+y=6
y=4
The roots of the equation are 1 + 2i and 4.
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73

74

75

cosx (2asinx + b)

(sinx — a)(sinx — f3)
_J‘ cosx (2asinx + b) d
" ) sin2x — (a + B) sinx + af x
J‘cosx(Zasinx+b)d
= ————dx

sin2x+ésinx+£
J‘acosx(Zasinx+b)
= dx

asin?x +bsinx +c
J‘Zasinxcosx+bcosx

asin?x + bsinx + ¢
aln|asin®x + bsinx +c| + ¢;

Vasint =—(x—-1)

x—1
Va
1
Ecost:—(y—l)
cost=-b(y—1)
sin®t +cos?t =1
x—12 2
7 +(by-D) =1
(x — 1)?

sint = —

+bi(y-1)%=1
(x—1)2?+ab*(y—-1)?%=a

=~ ab? = 1 since the vector equation is a circle

sx—-1D2+(@y-1D% =a

[The path is a circle centred at (1,1) with radius

\/aor%].

i
Taking clockwise motion as positive:
(m+3m)k=(Bmg —kv—T) + (T — kv—mg)
4mx = 2mg — 2kv
P mg — kv

2m
ii
Leti=0,v=V
_mg—kV
T 2m
kV =mg
_mg
Tk
iii
dv_mg —kv
dt ~  2m
dt  2m
dv mg—kv
v 2m
t=| ———dv
o mg —kv

_ZmJ‘0 —k d
k), mg—k®

_2ml K 0
—T[n(mg— U)L

k

_2m1 mg
=% "\mg— kv

2m
= —(ln mg — In(mg — kv))
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76 i 79 Let the medians of 0OA,AB and OC be L,M and N

Let the consecutive integersbe n,n + 1,n+2forn>1 respectively.

LetP(n) =n(n+D(n+2)=n(n?+3n+2)=n°+ L =(03,6),M = (9,21,6) and N = (9,18,0)

3n2 +2n AN = (9,12, -12),0M = (9,21,6), BL = (—18,—33,6)

P(1) is true since 13 + 3(1)2 + 2(1) = 6 Let the intersection of OM and BL be X(a, b, ¢).

If P(k) is true for some arbitrary k > 1 then k3 + 3k% + 0X = uoM

2k = 6m for integral m (a,b,c) = u(9,21,6)

RTP:P(k+1) (k+1)3+3(k+1?+2(k+1)=6p BX = ABL

for integral p (a—18,b —36,c) = A(—18,-33,6)

LHS = k3 +3k?>+ 3k +1+3k*+ 6k +3+2k+2 a=9u=18-1821 D
=k3+3k?>+2k+3k*+9% +6 b =21u=36-331 )
=6m+ 3(k? + 3k +2) from P(k) c=6u=61 > p=21

=6m+3k+1)k+2 2
( X ) subin (2): 21y =36—-33u Du=—-

= 6m + 3(2q) for integral g since k + 1,k + 2 are 3
consecutive ~ X(6,14,4)

=6(m+q) 4X = (6,8,-8)

= 6p for integral p since m, q integral 2

=RHS =§(9.12,—12)
~“P(k)=>P(k+1) _Em
Hence the product of three consecutive positive 3
integers is divisible by 6, by induction. ~A,X and N are collinear.

Since X lies on OM,AN and BL the three medians are
ji concurrent.
(k=13 +k3+ (k+1)3
=k3—3Kk?+3k—-1+k3+k3+3k?+3k+1 .
= 3k® + 6k s
=3k(k? +2) t=
vcosf

= 3k(k? + 3k + 2 — 3k) 1 x )2 x o\
= 3k((k + Dk +2) — 3k) y= _z‘g(vcose) (vcos@)sm19

= 3k(k + 1)(k + 2) — 9k?

=9 sec?p +xtand
= 3(6m) — 9k? for integral m since k,k + 1,k + 2 are = Tz see xta

consecutive Letx=d,y=nh
= — k? d2
9(2m ~ k?) h=—%sec29+dtan9
gd?sec?6
77 letw=a+ibz=x+iy dtanH—h:T
sz+3><z_ i gd?sec?0
zZ zZ —
27437 2(dtan8 — h)
sy i
= lzl# maximum height occurs at the axis of symmetry
4 |Z3!_ _ vsing  vsinf
_Atsz b= 1N "4
4, 2(—39
=1+-z 1 (vsin@\? v sin
A . . 5 Ymax = =59 +v in 0
Which is a circle centred at (1,0) with radius > x 2 = = g g
4 2 v?sin?8 v?sin?6
=t
2g g
78  Consider the circle x2 +y? =r2. In the first quadrant v?sin? 9
1 -
29

we have y = (r? — x?)?
y=(?-x%) gd?sec’6  sin’@

dy 1 -1 x = X
e =3 rf—x?) 2(-2x) = - —— 2(dtan6—h)  2g
reoXx d?tan® @
- = < 7
.-.{):f 1+ x_z dx 4(dtan6 — h)
0 TZ_XZ
iii
_ [ Xt d?tan® @
= | o h=rr———
0 reox 4(dtan@ — h)
_(r 4dhtan 6 — 4h? = d?*tan® @
_fo rz_xzdx d?tan® @ — 4dhtan® — 4h?> =0
x\1" (dtanf —2h)2 =0
)
) ,
/1o tanf = —
i d
=r(3-9)
r
T2
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81 Let P(n) represent the proposition. 85

P(0) is true since LHS = cos(2%a) = cosa ;RHS =
sin(2a) _ 2sinacosa
- 2sina

" =cosa
2sina

If P(k) is true for some arbitrary k > 0 then

) A Sk = sin(2f*1a)
cos @ cos 2 cos 4a ... cos 2*a = —
RTP P(k+1)
sin(2¥*2q)

cosa cos2acosda...cos2Xa cos 2kt 1q = Y B
2 sina

LHS = cosa cos 2a cos4a...cos 2Ka cos 2¥+1q
B sin(2¥*1a)
T 2ktlsing
2 sin(2¥*1a) cos 2¥*1a
- 2k+2gin o
_sin 2k+2¢
T 2k+2gina
= RHS

“P(k) = P(k+ 1)

x cos2¥*ta  from P(k)

~ P(n) is true for n = 0 by induction

82 (i + 2, +23)2 =22+ 22 + 22 + 2(212, + 2125 + 2,23)
22422 +22 = (21 + 2, + 23)° — 2(z12, + 2,23

1 1 1
=0-—2212,23 Z—+—+—
1

Z, 73
= —2212,23(Z; + 75 + 73)
= —22,2,23(z1 + 7, + 23)
= —22,2,23(0)
=0
83 Since tan~!x is odd and 1+ sin® x is even then ‘2%
1+sin“ x
is odd.
J2 F(x) dx = 0 if £(x) is odd
) J‘l tan~1x “o
) 1+sin?x x=
86
84 2cosf —cos260 =1
2cosf — (2cos?9—1) =1
2cos?6 —2cosf =1
2cosf(cosd—1)=0
cos8 =0 cosf =1
0="3" 902
=373 =V,
hen 6 - 25inE—sin(2 ><E>
W 27 2 2
This is in the first quadrant, so P(1,2).
85 i
X=g—kv
0=g—kVr
g
Ve =<
"k
87
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dv i
a9
dt 1
dv g-—kv
t= Zik ! d
Ty gk Y
1 7
= —E[ln(g - kv)]
0
1 g
—E<lng—ln<g—k(ﬁ)>>
N
kg
2
—11 2
iii
dv i
vdx—g v
dv _g—kv
dx v
dx v
dv  g—kv
g
_fzk v dv
T o g~ kv
1
f-Lig-tn+4
=f dv
o g—kv
_fzk 1 g —k d
A k k2 g—kv
b3
g
=[—E—ﬁln(g kv)]
0
(- tnlo-5) -0~ o)
22 k292 Kz "9
g g g
=3 1z(ng-n3)
g 1
= EE(]HZ —-E>
a+c b+c
Supposev_m =S 0
o a+c < b+c
‘VZic ViRt

(a+c)Vb2+c2<(b+c)a?+ c?
(a+)?(b?+c?) < (b+c)?*(a® +c?) sincea,b,c
(a® + 2ac + c?)(b? + ¢?) < (b? + 2bc + ¢?)(a? + c?)
2ab?c + 2ac® < 2a®bc + 2bc3
ab? + ac? < a®b + bc?
ab? —a?b +ac?—bc?> <0
ab(b—a) +c%*(a—b) <0
c?(a—b)—ab(a—b) <0
(c?—ab)(a—b) <0 #
This is a contradiction since c¢>>ab and a>b, so
(c?2—ab)(a-b) >0
a+c b+c

>0

Hence — —
va?+cz  VbZ+c?

2z(1 — 2i) iz

5 tryzo 2T
22(1—2i)+ iz 1-2i 2_3
X =2
5 1+2i 1-2i :
22(1—-2i) iz+2z
_ =2-3i

5 T 1+4
27 —4iz+iz+2z=10-15i
2(x —iy) — 4i(x — iy) + i(x + iy) + 2(x + iy) = 10 — 15i
2x —2yi —4xi— 4y +xi —y + 2x + 2yi = 10 — 15
4x — 5y — 3xi = 10 — 15i

w=3x=-15 ->x=5

4x—-5y=10 -y =2
nz=5+2i
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88

fol(xz - a)2 dx

1
= J. (x* - 2ax? + a?) dx
0

5 3
1 2a
_[(Z_2% 2| _
—(5 3+a> 0)
2a 1
= 2_ 7 —_
35

.. -3 1
Minimumwhena = ——% ==
2(1 3

(1) 2[1 L4
mn=13) 73\3) 75" 15
89 3 x 5 x% 3|x2
cos’t=— — cos“t= (—) = |
a a a

cos?t+sint=1

3|x2 3y2
./ﬁ* /rl

90 i
x=Vcosa
x =Vtcosa
x
" Vceosa
y=-g

t
y—Vsinaz—gf dt
0
y=Vsina — gt
t
y=f (Vsina — gt) dt
0

. gt?
= Vt _ =
sina 2

=¥ (Fansa) e =5 (Fansa)
- Vcosa s;na 2\Vcosa

— _ 2
=xtana 2 2SeC a

2
- g% 2
—xtanza—m(tan a+1)

gx 2
=—_——tan“a+xtana —
2V2

Letx=m,y=n

2

2v2

—2nV? = gm®tan®a
gm?tan® a — 2mV?tana + gm? + 2nV2 =0

ii
There are two solutions if A > 0
(—ZmVZ)2 —4(gm?)(gm? +2nV?%) > 0
4m2V* — 4g°m* — 8gm?nV? > 0
Vi—2gVin—g*m? >0
V4 —2V2gn + g?n? > g*m? + g?n?
(vz- gn)2 > g?(m? +n?)
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91

92

i
Let P(1) represent the proposition.

21—1

P(1) is true since

A= (9 -6

@I 17
a;+V2 142 \1+v2 142

If P(k) is true for some arbitrary k > 1 then

4 -2 . (1 B ﬁ)zk—l

ak+\/7_ 1++2
RTP P(k+1)
zk
ak+1_\/§_ 1-+2
Qp1 V2 1++2
LHS_akﬂ—\/E
Apsr +V2

ak+£+2\/§
Ak
_ap+2-2V2a,
T ak +2+2V2a,
_ap—2\2a,+2
T a4+ 2V2a, +2
2
_(m=v2)

(@ +v2)°
1_\/5 2k71
1+2
_(1-42 *
“\1+v2

= RHS
«PU)=>Pk+1)

~ P(n) is true for n = 1 by induction

ii
asn - o,

2n—1
1-v2
(1+\/§> 0
a, —V2
an+\/7_>
a,—V2 -0
an -2

0

223 =2z+2
223 = 2Re(2)
z3 = Re(2)

z = 0,%1 are all solutions since their cube equals their
real component.
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a 96
J [fla=x)+ f(a+x)]dx
0

= J:)af(a—x) dx+f0af(x+ a) dx
= J;af(x) dx + f:af(x) dx

sincefaf(a —x)dx = faf(x) dx and
0 0

shifting f(x + a) a units to the right to become f(x)

= J:af(x) dx

ANSWER (B)

arccos(t) is defined for -1 <t <1
1 + sin(mt) is defined for all t

V=t is defined fort < 0

The curve is defined for -1 <t < 0.

arccos(—1) o
f(_l) = (1 + sin(—n)> = (1)
) \1

arccos(0) E 97
r(0) = (1 + sin(0)> = i
) NEO) 0

98

d—lz=—(g+Rv2)
it 1
dv~ g+ Rv?
B O dv
T——Lmdv
vR

1 u
== | ———adv
‘/Ef" (v9)* + (VRv)’

L Lt<ﬂ> '
“VR|VI CIR

1 (u . 2 R
=—tan (—)+— sinceRa“*=g -» —=—
a a/ u g a

265

i

(VE=v9)’ =0
X—2xy+y=0
x+y=2yxy (1)

i

Similarly

x+z=20/xz (2)
y+z=2Jyz (3)

(D x(2) x3):
(x+Y)(x+2)(y+2z) = 8/x2y2z2
(x+y)(x+2)(y+2z) =8xyz

iii
Letx=S—a,y=S—b,z=S—cin (i)
~(2S—a-b)2S—a—-c)(25—-b—c¢)
>8(—a)(S—b)(S—0)
©®)(a) 28(S—a)(S—h)(S—c)

S—a)(S—-b)(S—c) S%bc

2SS —a)(S —b)(S — ) < 22X

abe x 3 (a+b+0)

(VSE-aE-hS - c))z < .

- A< (a+ b+ c)abc
16

i

lal? + 112 = la - I = a@ + B - (« — )(a = )
ad+pf-(a-pP(a-p§)
ad+ L —aa+af +af — BB
ap+ap

2Re(ap)

i
Using the cosine rule:
la = BI? = |al® +|B8|> = 2|al|B| cos 6
2lallBlcos 6 = |al? +|B]* — |a — BI?
= 2Re(a@p) from (i)
o |al|B] cos @ = Re(aﬁ)

Letu=1
X

. f(x)

f% x(f(x) +f(,%)>
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98 ii
I

2 sinx
———dx
1 . .1
3 x (sm X+ sm;)

2 sinl

:f e S
1 . 1
2 x(smx+sm;)

. 1
2 sinx + sinZ
dx

N

~

Il
[N —

x| sinx + sin=

1_1 2dx
T2k x
2
1 2
=—|1
2
-1 In2 -1 !
=2\ ez
1
=E(ln2—(—ln2))
=1In2
% (a+2b)-(sa—4p) =0
5a-a+6a-b—8b-b=0
T2 -7 Tz
5|a| +6§ §—8|b| =
5+6a-b—8=
6a-b=3
b_l
273
a-b
cosf = ——
4] |
1
__2
1x1
0 = 60°
100 i
x =V cos 45°
v
2
Vvt
x=—
V2
LV
.._ V
y=-g
t
y—Vsin45°:—gfdt
0
v
y_\/i g
[ (%)
y= =9
0 \V2
vt gt?
=52
ii
_V< 2x> g(\ﬁx)
Y=n\v /) 2\v
gx*
=x-T7
iii
Lety=0
2
gx
X_on
gx
x(1-72)=
VZ
x=0—

. V2
~ the range is e

1000 Extension 2 Revision Questions © Steve Howard

100 ivea
The two posts most be equidistant from the points of
projection and impact, so the range is 2b plus the
distance between the posts.

VZ
s 2b + 12a?
ivp
. gx?
Letx=b,y:8a2|ny:x—ﬁ
2
2_,_9b
8a —b—W
v
VZ
— = 2b + 12a?
g
VZ
2b =——12a?
gz
%4
—__ 2
b_Zg 6a
V2 g (V? 2
92— _e2_Y (L _ 2
~ 8a 29 6a v2\2g 6a
vZ g (V% 6a*V?

+ 36a4>

56a%V2g? = 2gV* — g(V* — 24a%gV? + 144a*g?)
56a%V2g? = 2gV* — gV* + 24a%g?V? — 144a*g®
gV* —32a%g?V? — 144a*g® = 0
V* —32a%gV? — 144a*g? =0

32a%g +/(—32a29)? — 4(1)(—144a*g?)

2
4 2D
_ 32a%g £ 40a’g
=
=36a?g since V? > 0
V = 6ayg
101 i
T, = (4n — 1)
i
Son = Ap — By
=[12 4+ 5%+ 92+...+(4n — 3)?]
—[32+ 7% +11%+...+(4n — 1)?]
=(12-32) +(52-7%)
+(92 - 112)+...+((4n - 3)2 = (4n— 1)?)
=-8-24—- 40+...+(16n2 —24n+9—16n°+ 8n
=—-8—-24—-40+...-8(2n—-1)
n
=3 (-8 —8(2n—1)) (sum of an arithmetic series)
= —8n?
iii
101? — 1032 + 1052 — 107%+... +19932 — 19952
=(12-32+52-72+92 — 112+...+97% — 992 + 1012
— 1032 + 105% — 107%+... 419932 — 19952)
—(12-3%2+52-72+92 - 112+... 4972 - 99?)
= 52(499) - 52(25)
= —8(499? — 252)
=—1987008
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102 i 104 1,0,-3)- (02—
(cos@ + isin6)® = cos30 + isin36 d? = (1,0,-3)- (1,0,-3) - [%(2)
= cos3 6 +3cos?0sinbi V0% +2%+(-2)
Equating real components: —140+9— 0 0+0+6 0+ 6]
cos 36 = cos® @ — 3 cos O sin® 6 +0+
=cos® 8 —3cos @ (1 — cos? @) 36 B
=4cos®6 —3cosf =10-% E
= E 11
ii 2 2
8x3—6x—1=0 11 2
8x®—6x=1 d= -
1
4x3 —3x = 3 A
Let x = cos @ OF = 04 + AE
1 [y
4c0539—3c059=5 _0A+§AB
1 =0A+-4B
~cos36 = 3 from (i) d
COy3 1 = i i - 2
~8x°—6x—1 = 0 has solutions in the form x = cos 8 — (214 +2 _(1,0,_3)
where cos 30 = 3
jii =(2+2|—,14—-6
30 = cos™! <l> 2w — cos™t <1> 2m + cos™ ! <—>
2) 2) 22+ 2\/_ 44 6v22
_mbn7n 11 11
733’3
g = m 5t 7w
79’9’9 ; 105 i
T T d b 2x—b
* X = €05, C0S -, COS d_x[/bx_xz-’—fcos_l( : )]
. 1 _1 b 1 2
iv =5 (bx =x?) 20— 20 + 5 [ -—= (Z)
(n') 2 4 2x — b)?
cos{g ) cos| 5 |cos{ 1_< - )
_ (n) Ve 5t
= cos{g cos| cos| 5 _ b-2x 1
7 2vVbx — x2 (2x — b)?
= CcOS— X COS 9 Xcos? 1—b—2
b—2x b
T a 2\/bx x2  VbZ— 4x? + &xb — b?
_1 —2x b
8 2\/bx;x2  2Vbx —x2
i
103 ™ bx — x
u=log2x d—:xm __ x2
f o™ x d du 1 x M+ bx — x2
x™logh x dx =2 = nlogn1 il -
e Ix = Moge Tl x X p V= __[=
+1 b-x
x™* 1 ogl x n et
S e d R i
. um
mx = —7
d (1
i —(- 2)=-£
. x™+ ogh x n . dx\2 x "y
T m+1 m+1mnt —sz—yf—x
b x°
X
fx3 logdxdx =I5 v =2 E]
_x*logix 3 1 b 1
“Ta =2”(;‘3>
=x4log3x_§ x*logZx _11 =2M(b—x>
4 4\ 4 2 bx
x“log?x 3x* loge 4loge 1
T4 Tl
41003
_x logex_3x logex+3x logex_ij‘xmdx
4 16 32 32
_ x*logdx  3x*loglix N 3x*log, x 3x™mt1 N
R 16 32 2(m+1) ¢
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106
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dx_ ) b—x
ar M\ b

dt 1 bx

—=——x
dx \/2_#
b
Vb (2 [x
t=-= [ [ ax
\/ﬂb b—x
b
b b 2x — b\]?
ZL[ bx—x2+—cos‘1( a )]
Ner 2\,
Vb b2 b2

b
=— — —— +—cos"}0
\/2_# > 4-+2cos (0)

b
- < b% — b% + Ecos*(l))

_ b (b+b ") 0+0)
S J2u\\2 2 107

_ bVb(m + 2)
2/2u
i
Let P(1) represent the proposition.
P(1l)istrue since ay 41 = ay(a; + 1) =1(1+1) =
1

1+Za§=1+(al)2=1+12=2

r=1

If P(k) is true for some arbitrary k > 1 then
k

A =1+ Z a?
=1

k+1

RTP P(k+1)
Az =1+ Z a?

r=1

LHS = Ap 42
=app1(@er + 1
= (ag+1)? + Qpsr .

=(age)? +1+ Z a? from P(k)
K+l r=t

=1+ Z a?

= RHS

~P(k)=>Pk+1)
~ P(n) is true for n > 1 by induction

ii

(2apyy +1)?

=4a?,, +4ap +1

= (2ape1)? +4ap(a, + 1D +1
=402 + 4a, + 1+ 2ap1)?
= (ap + 1)* + 2ay41)?

iii
(zan+1 + 1)2 - (Zan + 1)2 = (Zan+1)

> [(Zar+1 +1)? - (2a, + 1) ] Z(Zam)

r=1
TL+1

(Qayey +1)? = (2a, + 1)2 = Z(Zar)z
n+1
b Qages + 12 = Qay + 17 + ) (2a,)?
r=2

268

iv

a;=a;(q; +1)=11+1) =2

az; =ay(a,+1)=22+1)=6

a, =asz(azg+1) =6(6+1) =42

as = ag(a, +1) =42(42+ 1) = 1806

v

4
a5=1+2a5

r=1
=1+a?+a?+a+a?
=1+12+22+6%+422

vi

5
(2a; + 1) + 2(20[,)Z = (2as + 1)? from (iii)

2ay + 1% + (20,)? + (2a,)° + (2a,)? + (2a,)? = (2a5 +1)°

Q) + D2 + (2)* + (2(6)* + (242))” + (2(1806))* = (2(1806) + 1)?

32 + 42 + 122 + 842 + 36122 = 36132

i
(cos @ + isinB)* = cos40 + isin 46
= cos* @ + 4 cos30sinfi— 6cos? @ sin% 6
—4cosfsin® @i+ sin*
Equating real components:
cos46 = cos* @ — 6 cos? 6 sin? B + sin* 6
= cos* 6 — 6cos? 6 (1 — cos?8) + (1 — cos? 6)2
=cos*6 — 6cos?0 +6cos*0 +1—2cos? 6
=8cos*f —8cos?6 +1

i
16x* —16x2+1=0
2(8x*—8x2+1)—-1=0

1
8x*—8x%2+1= 3
Letx = cos @
1
8cos*0 —8cos?0 + 1 =3
1
cos 46 = >
40 _m 57 7 11w
73’3’3’ 3
T 57 7 11w
T12'12°12° 12
T 5 7 11n
x—cos12 12,c0512,cos 12
_ T 51 51 T
= C0S 77, C0S T, — CoS 125, —cosT>
~ the roots are x = cosl,x = —cosl,x = cosZ
12 12 12
5t
and x = —cos—.
12
iii
, 16+./162 —4(16)(1)
= 2(16)
_ 16 +v192
Y
_16+8V3
T32
_ 2t V3
T4
Since cos 8 is positive and decreasing in the first
quadrant:
0O [2=V3_V2-43
127 4 T2
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108 i L
In=f(1—x2)ndx
0
dv
_ A wr_
u=(1-x2) dx_l
du

au _ _ Z(n—l)_ _
o n(1-x2)" "(-2x) v=x

1 1

= [x(l - xz)n] + Zn_f x2(1- xz)n_l dx
0 0

=0-0+2n),,

=2nJp_4

ii ) .
= —2nf (1-x2-1)(1-x%)" "dx
0
1 1
= —Zn_f (1 —xz)ndx + Zn_f (1
0 0
I, = —=2nl, + 2nl,_,
Cn+ DI, = %n[n_1
n
=gyl
iii
1 1
Iy —Iypy = f (1-x2)"dx - f (1-x2)""dx
0 0
1
= f [(1 -x2)" - (1- xz)ml] dx
0
1
= f [(1 ) "(1-1+ xz)] dx
0

1
= f x2(1- x2)11 dx
0
=Jn
“pn=L,—2(n+1)J, from()
Cn+3),=1,

=—]
Jn 2n+3"
iv
- e
In= n+3 np1
_ 2n
= ng 3l

109 If a, lNJ,E are collinear then
b-a=k(c-a)
(k—1Da+b—kc=0
LetdA=k—1u=1v=—k
Atu+v=k—-1+1-k

=0
~ if a,b and ¢ they must satisfy a + ub + vc = 0 where
A+pu+v=0
110 i
dv. B ,
de - Mv
dv_ B
dx ~ Mv
dx M 1
dv_ B w
Do - M (Ydv
17 B v v
M[ v
=— lnv]
1151 v
= E(an —InU)
_ Ml 14
B MU
1000 Extension 2 Revision Questions © Steve Howard 269

dv_ A+Bv?
de_ M

dv A+ Bv?

dx ~ Mv

dx_ Mv
dv~ A+ Bv?
o v
D,=-M| ———d
2 fUA+Bv2 v
M (Y 2Bv

= | =4
2B), A+Bv2"’

M v
— 2
=35 [ln(A + Bv )L

M
=35 (In(A + BU?) — In 4)

_Ml A+ BU?
28"\ 4

—Ml 1+BU2
=28 "2
i
D=D,+D,

—Ml 4 +M1 1+Bu2
“B™u) 2" T2

_ 100000 90\ 100000 (. . 125 .
7125 ™60/ " 2x125 “\" T 75000
= 1102.74...

= 1103 m (nearest metre)
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112

i
Letu=Inxforx >0
~e™*>14+Inx
x=>1+Inx
Inx<x-1

i
Letx =%
m
1n<ﬁ>sc—1—1 1)
1)~ u
Similarly
ln<C—2>SC—2—1 @), 1n(3>59—1 (3),...,1n(c—">sc—”—1 )
w) = n )" w) " n

Summing inequalities (1) to (n):

C: C: C: C. C C: C: C.
1n<—1>+1n(—2>+1n(—3>+...+ln(—">5—1—1+—2—1+—3—1+...+—”—1
" " " p)~ u " u

g € ¢ c ¢ € C o
ln(—lx—zx—3><...x—">s<—1+—2+—3+...+—">—n
HoHu u [ L H

C1CC3...Cp Gttt +ey
- log, n < m -n

<c1c2c3...cn> 4 cy+egttey,
log, <

—-n
ur u
€1+ cy+c3t+. e
log.(ciczc3... cp) — loge(u™) < f" -n
€1+ ¢y +c3t+.. e
log.(cycac3... cp) —mloge(u) < f" -n

cl+cz+c3+...+cn> g+ cy ezt +ey,

loge(c1cCa...cn) — mloge < Lttt o,
n

n
cp+cy+c3+...+cC
log,(cqcyc3...¢) —nlog, <%> <n-n

¢+ ¢+ ezt
log,(c15C3...cp) < mlog, | —2——2—" "™

n
1 ¢ +c;tezt..+e
—log.(c1¢a¢35...¢p) < log, Rt L AR
n n
Lo A e SUTE
log, %/ciCoC5..- ¢, < log, e
c1+Cp+ ezt e,
~R[C1CxC3... ¢ < —
iv
S0+ + ezt e, = nRfeicc5.. 0
101 N 103 + 105+ + 197 N 199 - 50101 « 103 « 105 “ x 197 » 199
103 105 107 "7 199 101 1037 105" 107 77199 " 101
>50°V1
>50

i

(ZZn + ZZn—Z + ZZn—4+. . +Z—2n+2 + Z—Zn) sin @

=[(z"+z7) + (222 + 272 )4+ (2% +272) + 1] sin @

= [2 cos(2n@) + 2 cos((Zn — 2)9) +...+2cos20 + 1] sin @

= 2cos(2nB)sinf + 2 cos((Zn — 2)0) sin@ +...+2 cos 20sin 6 + sin 0

= (sin(2n + 1)8 — sin(2n — 1)0) + (sin(2n — 1)8 — sin(2n — 3)0) +...+(sin36 —sinH) + sinH

sin(2n + 1)6

Letn =3in (i):

(2°+z*+22+1+22+ 2% +27°)sind =sin70
sin 76

204204244274 4224272+ 1 =—
sin @
sin 76

2c0s60 + 2cos40 + 2cos20 +1 = —
sin 6
sin 76
2(4cos®20 —3cos20) + 2(2cos?26 — 1) + 2cos 20 + 1 = g
sin 76

8c0s326 + 4cos?20 —4cos26 — 1 =—
sin 6
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112 iii
8x3 +4x?>—4x—-1=0
Let x = cos 26
8c0s320 +4c0s?260 —4cos20—1=0

‘sin70_
" sing
~sin76 =0, sinf # 0
70 = 0,m, 2m, 3m,...
9_91‘[ 21
- |7| 7 JERR]

21 . .
cos7" is one root of the equation.

u=>01-x)"

dx

d 2 3
& n(l-x)" (-1 v= §x7

1
113 In=f\/§(1—x)"dx
0
2[ 3 Y oongtos
=—|x2(1—x)" +—f x2(1—x)"1dx
3 o 3J
2 2n (1
=—(O—O)+—f xVx(1—x)"Ldx
3 3 ),
2n (1t
=—?f (1—x—1DvVx(1—x)"1dx
0
2n (1 2n
=2 - 3 [ VRQ-0rax
3 0 3 0
2n 2n
:_?In_l—?l‘n—l
2n+3 2n
3 n =% In1
_ 2n
n"Toan43 !
6
3723 +37?
2/ 2(2)
===
3l2) +3
_B( 2w,
“21\2()+3)°
16 (! 1d
= — 2
105), ©°%
16 2 %1
= —— X —
105" 3|
32
315
114 Let 0A = a,0B = b etc
1 1
p=5(a+b)a=5(b+c)r=5(atc)t=5(d+e)m
The medians of AABC are:
1
BR=g(e+£)—~=2(e—Zé+s)
AQ=%(9+£)—‘1=I(—2§+§+£)
CP=—(§+9)—A£=5(ﬁ+lz—2£)
LetEF=ABR=E(¢~1—Zl~J+E)
5P )
FD = CP—E(g+~—ZE)
ﬁ:a@:’—l(—mﬂwc)
2N~~~
EN = EF + FN
1
= EF +5FD
2 2
=3(a-2b+¢)+3(a+b-2)
31
=z@-@
31
=2B4

Similarly DM = 2 4C, FL = CB

-~ the medians of triangle DEF are parallel to the sides of triangle ABC
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116

i
m¥X = —mg — kmx
X=-g—kx

i
d(1,) .
a(iv >——(9+ x)

1

x
—v?= —J. (g + kx)dx
2 —a

1 —-a
v =2 [gx + Ekxz]
x

(o i)~ o+ 20

= (ka? — 2ga) — (kx? + 2gx)

2 2
= (kaZ —2ga+ g_) - <kx2 +2gx + ‘%)

k

#{e ) o)

= (- a)eos ()
x=—Vk <% - a) sin (\/Ft)
X=-k <% - a) cos (\/Ft)

consider:
—g — kx

= =g = k( (8- a)cos (V1)

=—k (% - a) cos (\/Et)
=;C= —g — kx

_%>

=—g—k(%—a)cos(\/zt)+g

~. the motion is described by x = (% - a) cos(vVkt) =7

There are 9 choices for the first digit (since 0 is excluded), and for each digit after that there are 9 choices (since the

previous choice is excluded). So there are 9 choices for each of n digits, so B(n) = 9"

There are 5 odd digits, 1, 3, 5, 7 and 9.
If the first k digits form an odd blue integer then there are only four choices for the last digit, giving 4 x 0(k) ways for a

k + 1 digit odd blue integer to be formed from an odd k digit blue integer.

If the first k digits form an even blue integer then there are five choices for the last digit, giving 5 x E (k) ways for a k + 1

digit odd blue integer to be formed from an even k digit blue integer.

~0(k+1)=4%x0(k)+5%xE(k)

Let P(n) represent the proposition

P(1) is true since 0(1) =

If P(k) is true for some arbitrary k > 1 then 0(k) =
RTP: P(k+1): Ok+1)=

LHS=0(k+ 1)
=4x0(k) +5x E(k)

9ol+(-1)**

2

k14 (~1)k

=4x0(k)+5 (9k - o(k))

=5x9%—0(k)

k k-1
=5X9k—&

10 x 9% — 9k — (—1)k-1

2
_9><9k+(—1)k

2
_ 9k+1 + (_1)}(
= RHS
~Pk)=>Pk+1)

from P (k)

Hence P(n) is true for n > 1 by induction.
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116 iv
E(n) =9%5-0(n)

_gn DM
2
_@x9"=9"— (=)™
- 2
9+ (-
B 2
117 i
z5=1
z25-1=0

@-D(*+2+22+2z+1)=0
clw-D(e*+ 0+ 0 +w+1)=0
“1+4+w+ w?+ w3+ w* =0 since wis non—real

1\’ 1
w+—) +tlw+—]-1
w w

1

=0 +2+—+w+—-1
w w

) 1 1
W +l+—+o+—
w

'+l +1+0dtow
w?

L 2m 2
4 cos ?+2cos——1=0

5
2 —2+4/22-4(4)(-1D)

cos?: 208)
_—2%420
- 8
_—1%45
2 2 - 4
Now 0 <Z<Z.: cosZ>0
5 2 5
o 2m \5-1
~~C055— 2
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118 i
f dx
5—4cosx x
_J‘ 1 y 2dt t =tan—
= —t2 2
5_4(11+—tt2) e dx = 24
1+1¢t2

_Zf dt

T ) 545t2—4 442
_Zf dt

T otz 41

_Zf 3 it
T3/ @B2+1

—Zt 13t +
—3an c

_zt ‘1<3t x)+
—3an al’l2 c

ii
f" cosx d
o 5—4cosx x

J-ﬂ—%(S—élcosx) +%
0

- 5—4cosx dx

o1 r 5™ dx

__4_},’; dx+4—}fo 5—4cosx
1[ 1" 5/

=‘z["0+z(§)

_m 5w

RETAR)

3

Upyr +Up—g — Eun

ﬂcos((n + 1)x) + cos((n — 1)x) — gcos nx
B fo 5—4cosx dx

. . . . 5
_ [Tcosnx cosx — sinnx sinx + cosnx cos x + sinnx sinx — 3 cosnx
_fo 5—4cosx dx

5
_ ™ 2.COSNX COS X — 5 COS X
_fo 5—4cosx dx
1 " cosnx (4cosx —5)
_Efo 5—4cosx

™
:_EJ; cosnx dx
T
= —EII:E simnx .
i—%(O—O)
119 Letp=a+A(ab) N
E'(g_é): ~
(a+2(a-1))-(a-1)= : £
a (a—b)+l(a—b)~(a—b)=0
~ - o B
a-(a=b)+afe=1] =0 .
Ale-tf =a-(2-a) ’
a-(b—a
==
-
p:a+‘5 (é_g)(a—b)
e
o (2-1)](a-2)
=qa—- >
~ Ja-
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120 i

mi=P—R
dv_lO—(5+317)
dt m
_5—3v
T om
dt_ m
dv~ 5-3v
. v dv
=m
oD — 3V
t v
—=——[ln(5—3v)]
m
Vo
3t

——=1n(5 - 3v) — In(5 — 3v,)
m 3t
In(5 — 3v) = In(5 — 3v,) — pooy
3t
5—-3v=(5-3yy)e m
3t

3t
3v=5—-5e m+43y,e m
5 _3t _3t
v=s|ll—-em|+yem
3
i

Leti=0,v ="V,

_5-31;
T m
3Vp =5
V—S
T3
iii
dv_5-3v
dx ~
dv_5-3v
dx ~ mv
x mv
dv 5—-3v
1 my
Ax = ; 5_3vdv
0
1f1——(5—317)+5—m
=f 3 3 dv
vo 5-3v
_f”l m Smx 3 i
=L, 7379 5—3v) )%
0
S L W
= 3 g In v .
0

_(mvy  5m mv;  5m
= < 3 + 9 In(5 3vo)> < 3 + 5 In(5 3vl)>
3vy — 3v; + 5In(5 — 3v5) — 5In(5 — 3170)]

5—3y,
3(vg —v1) +5In <5 — 31]1)]

(b+d)" = b" + (n) b1d + (n) b 2d2 4. 4 (n) an
1 2 n

ar =+ npntd+ () a4 (1) an

a" — b — nb"1d = g2 ((n) b2y 4 (n) d"‘2>
2 n

a® — b 1(b + nd) = d? ((721) b2y (Z) d"‘2>

o a™ — b"1(b + nd) is divisible by d2.
i
a®—(a—d)" *(a—d+nd)
=a"—(a—d)"(a+ (n-1)d)
=a"—(a—-d)"IxT,
=a" — l(a — d)" 1 is divisible by d?
iiii
Letd =3,a=5n =682
sl=a+(n-1)d=5+681x3=2048
~a™—1(a—d)" 1 =52 - 2048(5 — 3)%8
= 5682 _ 911 5 9681
— 5682 _ 9692

. 5682 _ 2692 s divisible by 32 = 9
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123

z"+ 2z " = (cosO +isinf)" + (cosf +isinh)™"
cos(n@) + isin(n@) + cos(—nb) + i sin(—nh)
cos(n@) + isin(nd) + cos(nf) — i sin(nd)

= 2 cos(nd)

13
u3=<z+—>
z
1 1\ (1
=23 +3z% = | +3z| 5 | +(=
z z z
1 1
=22+3z+3(= |+
z) z

1
=z +—5+3u
z

z3 + 2_13 =u®-3u

iii

1+ cos106 =1+ cos(2(59))
=1+2cos?50 — 1
= 2cos?560

1
= 5(2 cos 50)?
1 _e\2
= ?(Z5 +z 5)
= E(us - 513 + 5u)°
1 2
= E((Z cos 8)° — 5(2cos 8)3 + 5(2cos 9))
1
=3 (32cos® 6 — 40 cos® 0 + 10 cos )
=2(16cos®6 — 20 cos® 0 + 5cos 9)2

NN

f dx
0 1+%sinx
B 1 1 2dt _x
_J;)Hitxl_l_tz t—tanE
L 1+1t2 dx = 2dt
zzf dt 1+¢2
o 1+t2+¢t
=2f1 dt
0t2+t+%+%
1 dt

]
)
S—

S
I

i

faf(Za—x)dx u=2a—x

o L du = —dx

= | f@) (=dw) da = —du
2a

J.f(x)dx+f f(x)dx
=f f(x)dx+f fQa—x)dx
0 0
=f [fx) + f2a —x)] dx
0
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123 iii

f” x dx
o 1

1 +jsinx

T
2 x mT—x

=f 1 + 1 dx
0 \1+5sinx 1+?sin(n—x)

m
2 T—X

:J- + 1 dx
0 \1+5sinx 1+isinx

2
X
1
2
f s
1
0 2
dx

+
—— \dx
1+ 5sinx

T
f7
T R
o 1

1 +?smx

=7 (32—\;T§> from (i)

2m?

3V3

124  The vectors alternate back and forth from v; and v,.
V102 10 5

cosf =, |=m=a

V| X |v2
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125 ia

X=g—kv
B
dv i
dt v
dt 1
dv  g—kv
f” dv
t=
0o g—kv

1 v
= —z[ln(g - kv)L

—kt =In(g —kv) —Ing
In(g —kv) =Ing — kt

g—kv=ge™
kv =g(1—e™*)
v:%(l—e‘k‘)
Y
LetXx=0,v="V;
0=g—-kVp
9
Vp=2
"k
i a
¥ =—(g+kv)
B
v
E=—(g+kv)
a1
dv~  g+kv

o J‘O dv
T gtk

t =%[ln(y +kv)]

u

0
1
=% (In(g + ku) —Ing)

_1l g+ku
g 1. (g+ku
v—k<1 exp( k<k1n< g >>
g gtku
=5(1-en(-n(5))
N pp—i
k g+ku
g ku
T k\g+ku
_gr u
-2(s
k+u
_ Vu
_VT+u
126 ++b
ﬁsﬁzfsﬁ
! < 2 < L s I iti
—< < — since all positive
Ja=Va+vb b P
1 4 1
—sizsz since all positive
@ (Ja+b)
2 2
b(vVa+Vb) <4ab <a(va+b)

b(Wa +VEYWa ~VB)) < tab (va - vB)* < a((va +VE) (va—VE))
b(a — b)? < 4ab (a —2vVab + b) < a(a — b)?

b(a — b)? < 4ab(a + b) — 8abVab < a(a — b)?
(a=b)?* a+b (a —b)?
< —Vab <
8a 2 ab<—gp

1000 Extension 2 Revision Questions © Steve Howard 278 Howard and Howard Education



127 i
2n . 2m
z; = cos— + isin—
n noo
N 2n . 27w
z{ = | cos— +isin— forr=1,2,...,n
n n

2mk 2k
=cos— +isin— fork=1,2,...,n
n n

Since z{ covers all possible roots of z™ = 1 it is a primitive root.

ii
2r x5 | 2mX5
+ isin

Z5 = COS

_ 57r+” T
= cos—-+isin—

5 5
7] = cos?+isin? forr=1,2,..,6
57 10m 157 20w 25m 307w

T37373'3"3"3
= 333333

2nk
:T fork = 1,2,...,6

Since z! covers all possible roots of z6 = 1 it is a primitive root.

If k = qh is a factor of n = gh then multiples of k will include % of the numbers 1,2,..
numbers need to be included, so h = 1, since % =1.

128 .
J'Z
;J- 1+ (Zx)2

‘12x

e
60

Ool:lNI»—n

1
f A+ 4D 4x2)" - fz(l ¥ 4"2)_n a

[(1 +ax?)| K 2nf a+ 4x2)"+1
_ 042 i 1+4x?-1 d
T oon+l n 0 (1 + 4x2)n+1 X

1
1 2 1 2
=m+2ﬂf —anx—an
2 o (1+4x2) 0

1
L, = ot + 2nl, — 2nl, 44

(1-2n)l, = —2nl, + Py
2nly4q 1

L =
T 2n—1 2"1(1-2n)
iii
L 2nly4q 1
"7 2n—1 2n+1(1-2n)
; 1 _ 2nlpyy
nontl(1-2n) 2n-—-1
2n—1 1
iy == =+ o
_2(2)-1 1
T2 (2)2@+2
1
— _1 -
22133

3 2(1) - 11 1
- Z( 20 * + (1)2(1)+2) +

64
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.,n. For z;, to be a primitive root all

dx

dx

u=(1+ 4x2)_n

—n(1+4x%)"

(n+1)

(8x)

dv
dx

v=Xx
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129 In AABC, let L and M be the midpoints of AB, BC and ACrespectively,
and X be the point of intersection of the perpendiculars from L and M
as shown in the diagram.

Leta:ﬁ,b:ﬁetc

(x-1)-

1 Q

|
SR
Il

o o

(a-1)
x-a-x-b-1l-(a=b)=
xra—x-b-z(a+b)-(a=b)=0
xra—x-b-z(a+b)-(a=b)=0
rra=xb-z(a-a=bb)=0
f'e-f'é=%(|z|2+|é|2> @
1 2 2
similarly3~c~g—9~c~l~7=z<g +l~J ) 2)
1 2 2
W-@: x-(a=9)=5( ) ®

(x—n)~(a—c)=x-(a—c)—n‘(a—c)
1
=§'(e—£)—g(e+s)‘(fz—£)
=x:(a=c)=3(e-a-c-c)
1 2 2 1 2 2
()4 )
=0
~ NX L AC so the three perpendicular bisectors of AABC are concurrent at X.
iv
2
130 | v_=g<1_”_
For downward motion ¥ = g — kv? dy vz
Leti=0v=V _g(v?—v?)
0=g—kV? =T vr
kvZ=g dv _ g(vV?—v?)
. dy ~ Viy
1] ] dy_ VZ’IJ
Ifor upward mzotlon dv - gz —v?)
¥ =—(g+kv?) Vi
2 = | —— 4
=_g<1+kL> y QLVZ_VZ v
k92 1XV2 vo—2v n
v = —— X — JE—
=—gl1+— 2 V2 — 2
g( +kV2) o 9 Jo ;
v? = ——[ln(VZ - vz)]
=-g 1+ﬁ Zg 0
VZ
=—(In(v?) —In(v? - v?))
i 29 ,
dv v? V(U
v =9 1tz 2g \VZz—v2?
_ g(vi+v?) v
NN
2 2 Lety=Handv=U
?z_w V—Zln —VZ —V—Zln E
o vy 29 V2 -2 29 \9
E__g(vz+v2) V—:E
V2 0 v VZ—UZ 9
H=__ﬁ S — 9V2 = 1012 — 1002
gVt 1002 = 12
v : LA
= —[ln(V2 + vz)] Uz~
29 0 Y _/To
V2 VZ E:
- 2 | _ 2
2g(ln(V + 9) an)
v | 10V2 -
“24\"\ 9 n
_VZ1 10
29 "\ 9
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132

i
T(k,x) —T(k,x+ 1)
k! k!
TxG+DE+2)..x+k) G+DE+2).. x+k+1)
_ Kx+k+1)—klx
Tax(x+DE+2).(x+H)E+E+D
(k+1)!
x(x+Dx+2)...(x+k)x+k+1)
T(k+1,x)

ii
Let P(n,x) represent the proposition

. . e a1 1 x+1l-x 1
P(1,x) is true since T(l,x) =y T o x ws ) _x(x+1)
If P(k, x) is true for some arbitrary x > 1 then

koo k¢, ke, ke, k!

T(k,x) = — — —1)k =
(k, ) x x+1+x+2 - )x+k x(x+Dx+2)...(x+k)
RTP T(k + 1,x):
k+1 k+1 k+1 Kk k+1
Co G G, Cr Cr+1
T(k 1' — _ 1k _ k+1—
(k+1,2) X x+1+x+2 -+ +( D x+k+1
_ (k+ 1)
Tax(x+DE+2)..(x+k+1)
kble  ktle o k+le k+1 kg,
LHS = 1k kel 222
kx kx+1k+x+kZ :—( ) +k+gc D 95{+k+1 a1
_ G G+ cl+ G+ "G 1)k Cp-1+ ck+(_1)k+1 1Char
x x+1 x+2 x+k x+k+1
k k k k
C C C. Cy,
el i e SR o D B
x x+1 x+2 x+k
k k k k
Co G C, Ce
_ 1k 1k+1
x+1 x+2+x +-1 +( ) x+k+1
=T(k,x) —T(k,x+ 1)
=T(k+1,x) from (i)
_ (k+1)!
Taxle+DOc+2)...(x+k+1)
s P(k,x) = P(k+1,x)
~ P(n, x) is true for n = 1 by induction
iii
" "c "C "c
S A 2 (=
1 3 5 2n+1
Y "C, oD "C,
T2\, 11, 241/, n+1/,

2

_1>< n!

2711 1 1

1 2n+1n!

==X

271x3x5x%x..x(2n+1)
2™n!

:1><3><5><...><(2n+1)

cos 30 + isin 360
cos30 +3cos?0sinfi—3cosfsin?6 —sin0i
=cos®0 —3cos @ (1 — cos?8) + i[3(1 — sin? 8) sin§ — sin® 6]
=4cos® 6 —3cosB +i(3 — 4sin® 6)
Equating real components:
cos 36 = 4cos30 — 3 cosf
8x3 —6x—vV2=0

(cosB +isin@)3

8x3 —6x =2
1
4x3 - 3x = —
2
Letx = cos @
1
4c0s30 —3cosh =—
V2
36 !
cos360 = —
7
30_71 7n 91
T4’ 44
m 7n 3m
T12'12° 4
_ T 7 3
x—coslz,coslz,cos4
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133 i
kN = 2k)(2k — 2)(2k — 4)...2
=2(k)2(k — D2k —2)...2(1)
= 2kk!
ii
(2k + 1)1 2K k!
= [(2k + 1)(2k — 1)(2k — 3)...1][2(k)2(k — 1)2(k — 2)...2(1)]

= [(2k + D)2k — D (2k — 3)...1][(2k) 2k — 2)(2k — 4)...2]
= 2k + DKk - 1Dk -2)2k—3)2k—-4)...2-1

= 2k + 1)!

2k + 1)
~RE+DI = W
iii

T

Z . on
I, =] sin“®xdx

0

= m
2 2
=- [cos x sin?"~1 x] +(2n—-1) J. sin?™~2 x cos? x dx
o 0

m
2

=—(0-0+@2n- 1)1. sin?"2 x (1 —sin? x) dx
0

z z
=02n-1) f sin?® 2 xdx —(2n—1) f sin®™ x dx
o 0

L = @2n— Dl — @2n—Dlyy,
2nly, = 2n — Viyp_,
2n—1
IZn = _IZn—Z
_2n—-1 2n-3

T Ton Xgn_p s
_2n—1 2n—3 2n-5

2n 2n—22n—4'2ms

_2n—1><2n—3><2n—5>< ><11
T o2n T2n-2"2n-4777270
2n— 1D (2
=(7)f dr
ent
2n)! %
__ 2"n! x |x
2™n! o
_ (2n)! <n O)
T 22n(mn2\2
m(2n)!
=22"+1(n!)2
134 3at?
y__i+ed _,
X 3at
1+1t3 v
_3a(3)
X = y3
1+(3)
3ay
x
X =
142
x3
_ 3ax?%y
T x34y3

x%+y3 = 3axy
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u = sin x =sinx
dx
u i 2n-2
d—=(2n—1)51n XCOSX V= —COSX
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135 i
On the downward flight:

i =g — kv?
~0=g—kV?
9
k= ﬁ
On the upward flight:
i=-g—kv?
9\ 2
—o-():

UZ
--a(1+73)

=—%(vz+u2)

dv g

Ua = —W(VZ + 172)
dv_ g(VZ+v?)
dx Vv
dx Vv

E__g(V2+v2)
H= fo v,
B Vg(V2+V2)v
v:® v
=7fvvz—+vzd”
2 v
=—|1 2 2
2g[n(V +v)]0

_ Z-S(m(zvz) - ln(V2)>

_VZIn2
=29
iii
dv_ 9 /2 2
K- VZ(V +v)

dt v?
dv~  g(V2+v2)
v VZ
tz—f S A—
v g(V2 +v?)
vz v
Ty L, V24 v?
o]
=—|tan"!' =
g Vi,

dv

H J“’ Vv d
2 v g(V2 +v2) v
V?In2 3 vy v

49 g » V2+1;2dv
In2 1 v
e _- 2 2

7 Z[m(v +v )L
In2

_c_ 2 _ 2 2
> =In2V ln(V +v)

InV2 = ln( 2v? >

V242
212
— =42
V2 + p2 V2
2
-'-1+sin<—gt>=\/7
14
2
sin(—gt>=\/i—1
%4
2g N
Vt—;m (\/E—l)
t:Esin’l(\/ﬁ—l) S
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137

Letn = ag + a; X 10* + a, X 102+... +a; x 10* for integral ay, a;, a,...ay > 0.

~n=(ayg+a, +a,+...+ay) +3(ayq,+... +arqy)

= (ap + a; + a,+...+a;) + 3m for integral m since a;, q; are integral

If n is divisible by 3, let n = 3; for integral j.
~(ag+a, +a+...+ag) +3m=3j
ag+a; +a+...+a, =3G—m)

= 3t for integral t since j,m are integral

-~ if n is divisible by 3 then the sum of its digits is divisible by 3

Conversely, if the sum of its digits is divisible by 3
ay + a; + a,+...+a, = 3s forintegral s
~n=3s+3m

= 3r for integral r since s,m are integral

ag+a; X (3q;+1) +a, x (3q, + 1)+...+a, X (3q, + 1) forintegral q1,q,...qx >0

-~ if the sum of its digits is divisible by 3 the sum of its digits is divisible by 3 then n is divisible by 3

-~ a positive integer n is divisible by 3 if and only if the sum of its digits is divisible by 3.

i
a’ =1sinceaisarootofz’ =1
z7 =1
zZ7—-1=0
(Z—l)(Z6+ZS+Z4+Z3+ZZ+Z+1):0
cla—D(a®+a®+a*+al+a?+a+1)=0

slta+a’+a’+a*+a’+a® =0 sincea # 1as itis non — real

i
0+6

a+a?+a*+ad+a’+at
a+ta’?+a’+at+a’+a
=l+a+a?+a’+a*+a’+a®-1
=0-1
=-1
06 = (a+a?+a*)(a® + a® + a®)
a*+a®+a’+a’+a’ +a+a’ +a’+a'l
at+ab+1+a’+1+a+1+a*+a?
l+a+a?+ad+a*+a+ab+2
=0+2
=2
(z-6)z—-6)=0
22— (0+8)z+656=0
z2+z+2=0

ii
_C1:J12-4)@) _-14V=7 147

= 2(D) -T2 2
1 V7 1 W7
..6——54—7 andb‘——E—T
iv
_ 27T+. . 2m
lZ—COS7 I.Sll’l7
g L 17
T2 02
1 V7
+at+at=—c+—
a a a 2 2
2n+, ) 2n+ 4n+, ) 47'r+ 8n+, 8w 1+i\/7
Ccos 7 1 sin 7 cos 7 L sin 7 cos 7 1 sin 7 = 2 2
Equating real and imaginary components:
27T+ TL'+ 8m 1 471+ 2m T 1
—_— B —_—=—— . —_ —_— _—= ——
Ccos 7 Ccos 7 Ccos 7 2 cos 7 cos 7 COS7 2
.27T+.477.'+.877.' \7 .27'[+.4T[.Tl.'\/7
B e —_ = . —_— —_— _—= —
sin 7 sin 7 Sin 7 2 Sin 7 sin 7 Sll’l7 2

1000 Extension 2 Revision Questions © Steve Howard 284

Howard and Howard Education



138

(1-e)7 ~(-e)7
=(1-¢2) 7 (1-(1-¢?))

n-3
=t} (1-t%) 2

i
1 n-1
1n=f (1-t¥) 2 at
0 du

n

2

1

n-1
u=(1-1t2) 2

;(1 — tz)nT_S(_Zt)

dv_1
dt
v=t

n-171 1 (n-3) d_
=[t(1—t2)2] +(n—1)f t2(1-¢2) Z dt ad
0 0

1 n-3 n-1
:0+(n—1)f ((1—t2) z —(1-1t%) 2 )dt
0

1 n-3 1 n-1
=(n- 1)f (1-t)) 2z dt—(n— 1)f (1-t¥) 2z at
0 0

L=Mm-Dl_;—n-DI,
nly=Mm—1Dl,_,

iii
Let P(n) represent the proposition.
P(1) is true since

Ji =1l
1 1 1
=f dtxf (1-t?) Zae
0 0
1 1
=|t| X sin"lt]
0 0

=S—mx@—®

2
If P(k) is true for arbitrary k = 1 then
T
Je =klely—1 = 2
RTP: P(k+ 1) Jipq = (k + Dlyqli :g

Uk + Dyl
= kl,_,I, from (ii)

:g from P(k)
~P(k)=>Pk+1)
~ P(n) is true for n > 1 by induction
iv
0<1-t?<1for0<t<1
n-1 n-2
20 (1-¢2)2 < (1-¢%) 2

1 n-1 1 n-2
:.0<f (1-¢2) 2 dt<f(1—t2) Z dt
0 0

0< Iy <lpy
v

=nl,]I I
.]n_nnn—l_z
L1 -
nin-1 Zn

2 < from >iv)
T 2n

L, < |—
n 2n

Jner = (4 Dyl =

Nl:lﬁ
3
3

Lyyily = 50—
2n+1
71( )
12 > o from (iv)

T_cp
2(n+1) "

T
- 2(n+1)<1"<\lﬂ

En
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139 |AB| = \1/(X2 —x)%+ (2 —y1)?* + (22 — 71)?
=2Vl =)+ (2 =y + (2~ 2)?
(wv,w) = X1tX Yy1tY¥2 Z1+2;
7, R
(2-e)-(z-2) s
pp—p- a+b)+ b=0
xz+y2+Zz—p-(Zm)+x1x2+y1y2+zlzz=0
X+ x + z + 2z
x2+y2+zz—2<x<12 2>+y<y12y2>+z<12 2>>+x1x2+y1y2+zlzz=0
X +x z; +z
xz—Zx(%)+x1xz+yz—2y(y1 Zyz)+yly2 +ZZ—ZZ<%>+2122 =0
2 2 2
X +x X1 +x y1t+ ¥ i+ ¥y zZ + 7, Z1+ 7,
2_pn (A2 a2 2 _ gy (222 AT 2_gp (%2 ot
X x( 2 + 2 + y 2 + 2 +z z 2 + 2
_ X1 — X2\? (Y1—J/2)2 (21—22)2
_( 2 ) 2 2
X, + x; z 1+ z zy + 2, Z
(x— > >+(J’_ > >+(Z_ > )=Z((x2—xl)2+(y2—y1)2+(22—21)2)
x—w?+@y-—v)2+@z-—w)i=r?
140 ia
di_
e~
i 1
dx = kx
1r* dx
t= - -0
k Vposax

—kt = [ln)’c]
Vcosa

—kt =Inx — In(V cos a)
Inx = In(V cosa) — kt
X =Vcosa ekt
B
dy

B
dt g—ky

dt

d_)'/:

t

—kt =

In(g + ky)

g+ky=
ky = (g + kVsina)e™*¢

y
i a

a %4
— =V cos
dt

x =V cos

Vcosa

k
Vcosa

k

V cos

1
g+ky
e
Vsina9d +k}7

[ln(g + ky)]
Vsina

In(g + ky) —In(g + kV sina)
=In(g + kVsina) — kt
(g + kVsina)e™*¢

-9
=(%+Vsina)e’kt—g

a e*kt

‘|

t
e ktdt

ol
(e -

(1 - e‘kt)

t

1)

a

1

(-2 vsne) o)
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140  iii

Lety =0
(%+Vsina)e’kt—%: 0
%(1 —e®) =Vsing e™*
kVsina
1-e = Y e (1)
kV sin a +
ST ke — q
7 g
—kt _
¢ = kVsina+g @
sub (1), (2) inii a:
Vcosa kVsina g

= X X
x k g kVsina+g

VZ?sinacosa
~ kVsina + g
V?sin2a
= 2(g + kVsina)

141 Let P(n) represent the proposition.

P(1) is true since when one circle and a chord of that circle are drawn in a plane the
two segments can be coloured in the first two colours, and the outside of the circle in
the third colour. Say red, blue and yellow respectively (Fig 1).

If P(k) is true for some arbitrary k > 1 then when k circles and chords are drawn on a
plane then the regions created can be coloured with three colours in such a way that
no two regions sharing the same length of border are the same colour.

RTP P(k + 1) when k + 1 circles and chords are drawn on a plane then the regions
created can be coloured with three colours in such a way that no two regions sharing
the same length of border are the same colour.

To the k lines and/or circles from P(k) add a circle and a chord to that circle (Fig 2):

» For regions intersected by the minor segment change yellow to red, red to blue
and blue to yellow.

» For regions intersected by the major segment change the colours in the reverse
order, so red to yellow, yellow to blue and blue to red (Fig 3).

» There are three cases to consider:

» regions that are outside the new circle do not change colour, so no
regions sharing the same border are the same colour, from P (k).

» any region that is cut by one segment has the outside stay the same
colour and the inside change colour, so no regions sharing the same
border are the same colour.

+ any region that is cut by two segments has the outside stay the same
colour and the two inside regions change colour in opposite directions,
so no regions sharing the same border are the same colour.

~P()=>Plk+1)

~ P(n) is true for n > 1 by induction

142 i
cos@ +isinf —1

cos@ +isinf+1

1—t? 2t
_1+t2+1+t2_1
T1-—t?2, 2t

1+t2+1+t2+1

_1—t2+2ti—1—t2
T1—t242ti+ 14 t2

_2ti—2t2
T o242t
_t(i—t) 1—ti

= - X -
A+t) 1-—ti
ti+t2—t2+t3
- 1+4t2
_it(1+1¢2)
71+ ¢2

=it

=itan<
2
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142 i

_q +21'[_{_,_ +2n +4n+” +4TL’
@ =1,cos| +— isin| +—), cos{ isin| +—

.

iii
2

Let w = 2*2
2-z

2w—wz=2+2z
zZw+1)=2(w-1)

= 2itan- forw =cosf +isinf
. km
= 2itan 3 fork =0,+1,42
iv
24z > -1
2—-z)
2+25=02-2)°
324 5(2%)z + 10(2%)22 + 10(22)23 + 5(2)z* + 25

10(2%)z + 20(22)z% + 22° = 0
80z +40z3+2z°=0
25 +402° +80z =0
z(z* + 4022 + 80) = 0
The product of the roots excluding z = 0 is 80

i T . 2m . T . /4
~ 2itan (— E) X 2itan (— ?) X 2itan (E) X 2itan (E) =80
T 2m /4
—2tan (E) X (—2 tan <?>> X 2tan (5) X 2tan (5) 80
T 2m\?
<tan§tan?> =5

t T[t an 5 si t T[ t an >0
» tan—tan— = V5 sincetan—, tan—
5 5 5 5

143 f\[T

NIH

()()

x+2 1 1
f —f dx
VX 2+x 2 1 2 1 2
(=+2) -
1 _1 1 1
=—f(2x+1)(x2+x) de——f—dx
2 2 2 12
(+2) - ()
1 11 1
:—><2(x2+x)2——1n xts+x+xl+c
1 1
\/x2+x——ln x+o+ x2+x
x+1
x2+x——1n \f
x+1
x2+x—ln +c
=Jx2+x- ln(\/—+\/x+ +1n\/—+c

=Vx2+x—In(Vx +Vx + 1)

+c
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144 w=0V+VW=0V+UV=v+v—u=2v—
s=(1+D0V=_>1+Dv
W=w—s=2v—u—(1+/1)v=(1—/1)v—u

SW-UV=0
((l—l)v— )'(U— ) 0
a- 2)1; 1;—(1 2)1; u—u-v+u: u—O
(1- ,1)| | + (- 2u- v+| |
A(u v—|v|> 2u-v—|
2u~v—|
A=—=
u-v-—
145 i
When falling ¥ = mg — kv2.
Letx=0m=1Lv=Vp
0=g—kV?
)
2 2
VT—k
)
Vr= %
Tk
gZ
2 |Z
»=([F)
-9
k
When rising
#=—(g+kv?)
g
=—(9+37")
— (U7 +v?)
ji
dv g ;i 2
dt__UZ(U +v?)
dt UZ>< 1
dv~ g " UZ+v?
‘o U? dv
Ty v U? +v?
s (O
vz =l o,
t v
% = tan_ltl —tan~t (E)
-1 Z):E_g_
tan (U T
% tan (T2
[T VIR
jii
_ E_g_)
ac =Y (4 U
v [ an(E -2 ar
x = | an|7 =7
Uz (ty g T gt
=——| (-3 )tan(+ -] dt
g 0( U) an<4 U)

U? T gt
= —[ln |cos (———)
g

2

[
<ol ek )
2 o 2 )
iz (52

3-Lafaftt-2)

1000 Extension 2 Revision Questions © Steve Howard
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iv
Letv =10
an(5-27) =0 from @
an 47.[ Ug = 0 from (ii)
3yl =0
_Um

—=gln[\/§
g

=77%
The particle gains 77% of the total height within the first half of the
time.
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a’? 2ab b? 0
A2  AB B2~
a? b%* 2ab
TrEZap

.ab<1 az_"_b2
“AB T 2\A%2 ' B?

T 5[5

= =

I\ IN

Nl NPk NPk N
~/
bln
N AN
B
~——

- B~ .
AT -
£
&

I\

_ S _S=xk
Let ay = Soxp’ bk = S
2
oS S—x oS S—x
Z S x S - = N Z S -
=N T =1 T s
2
n n
S 1
Zl < Z X =(nS = (x; +x3 + x3+... +x;))
=1 =Ry

S
N
I\
o~ =

1—2zcosa

= 1—(cosa +isina)cosa
1

1—cosz(zcl—isinacosa

sin? @ —isinacosa ] )
1 sina +icosa

=— - . X — .
sina (sina —icosa) sina+icosa
sina +icosa

sin a (sin? & + cos? a)
sina +icosa

- sina
=1+4icota
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ii
k. a 1 _ .
= = =1 t 1
kzo(zcosa) 1-7 -1 —zcosa +icota (1)

(oo} [ee]
k
Z(z cosa)k = Z((cos a + isina) cos a)
k=0 k=0

[ee]
. Z(cos ka + i sin ka) cos® a

k=0
© ©

= Z cos ka cos® a + iz sinkacos*a (2)

k=0 k=0
Equating the imaginary components of (1) and (2):

Z sin ka cos¥ a = cota
k=0

u= (1—x2)n

du

dx

=n(1- xz)n_l(—Zx) v=x

dv

—=1
dx

1
148 Ly = f (1-x2)"dx
= [x(l -2+ Zn_f x2(1-x%)""ax
1 -1
1 2 2 n-1
=0-2n| (1-x2-1)(1-x%)" dx
1_1 n 1 n-1
=—2nf (1-x2) dx+2nf (1-x2?)" "dx
-1 -1
Iy = —2nly, + 2nly,_,
@n+ DIy, =2nl,,,
2n
In = mlm—z
2n 2n—2
= X —
2n+1" 2n—1"*
_ 2n x2n—2x2n—41
“2n+1 2n-1"2n-3%*"°
_ 2n x2n—2x2n—4x ><21
“2n+1 2n-1"2n-3"""737°
2n 2n 2n—-2 2n—-2 2n—-4 2n-—-4
= X — X X X X X...X
2n+1 2n 2n-1 2n-2 2n-3 2n-4
_2m2m-D2m-2)..2)°[ |
- @n+1)! il
22n(n!)2
=2 - _(1-(-1
2n+ 1)!( ( ))
22n+1(n!)2
T n+ !
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i
u= (0-11-21-(-1))=(-1,-12)
13:(—1—1,3—2,2—(—1))=(—2,1,3)
ii
u-v
proj,u = -—5v
T
_E=DE)+EDM + B
B (=2)2 + 12 + 32 (=213)
1
=5(-213)
(- 13
“\T72n2
iii
1 3
1~L—proj,~,1~t=<—1—(—1),—1—E,2—E>
—(o 31
22
3 2 1 2
|u = projyu| = 0%+ <— E) + <§>
- ?
— 2
_Vio
)
iv
 _. AB-AC—,
prO]EAB=WAC
(b-a)-(c-a)
=== (c-q)
|4
(b-a)-(c-a)\
—a)-\c—a 2
|pr0jA—C«E|2= % |E_g
=
2
(b-a)-(c-a)
|4
2 2
|AB =lb-a

=(b-a)-(2-q)

— 2 — 2
d? = [4B|" - |projAB|

S =

v
¢ (c~a)-(c—a)- (c-a)(b-49)
- b
2
—(c213) (213 - | SR L1712
D2t (D2t 22
41 2—-1+6]
=4+ +9—[ 7 ]
49
=14-—
35
6
35
Ld= ?
i
6
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150 Let the timesbe t = 0,1,2 and x = a cos(nt + a).
Att=0 acosa=1 —>cosa:i
Att=1acos(n+a)=5 —>cos(n+a)=z
s cos(n+a) =5cosa
3

Due to symmetry the particle will be at its rightmost position at t = >

Attz% acos(§n+a)=a —>%n+a=0 —>a:—%n

)= seos(3n)
an(5) - scus(n45) n
o (5) = slewncon§) s3]
as(l)<sfeseQs(l)-smefsn @]
o B <s[ (202 () - )es(2) 2 (Bl (Jon2)
a0 <sfeco (3)-co2) "2 G 2]
() s o ()1 -2(s - ()
ng‘:“’sz(z)‘?’
cos® (3) =3

n
cosn = 2 cos? (E) -1

=2 4 1
o5
_ 3
5
_ 3
n = arccos 5
2
T=—
n
_ 21
arceos(3)
arccos | ¢
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