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Section I

10 marks

Attempt Questions 1´10

Allow about 15 minutes for this section

Use the multiple-choice answer sheet for Questions 1´10.

1 Let a and b be real numbers.
Which of the following is equal to pa ` ibq2026?

A. pb ´ iaq2026

B. ´pb ´ iaq2026

C. ipb ´ iaq2026

D. ´ipb ´ iaq2026

2 It is given that 2 ` 5i is a root of P pzq “ z3 ´ 8z2 ` 45z ´ 116.

Which of the following is a quadratic factor of P pzq?

A. z2 ´ 4z ` 29

B. z2 ` 4z ` 29

C. z2 ´ 4z ´ 29

D. z2 ` 4z ´ 29

3 For which of the following integers m is p
?
3 ` iqm real?

A. 3

B. 4

C. 5

D. 6

3



4 Which of the following is equal to

ż π

4

0

sec2 x ` sec x tan x

tan x ` sec x
dx?

A.
?
2

B.
1

2

C. ln
`
1 `

?
2
˘

D. ln
π

4

5 Let P p8,´4, 12q and Qp´12, 0, 8q be points in three-dimensional space.
Which of the following points divides PQ internally in the ratio 1 : 3?

A. p´3,´3, 11q

B. p3,´3, 11q

C. p´1,´2, 8q

D. p1,´2, 8q

6 Which of the following is equal to

ż π

3

π

4

1

sin2 x ` tan2 x
dx?

A.

ż ?
3

1

1

tpt ` 2q
dt

B.

ż ?
3

1

1

tpt ` 1q
dt

C.

ż ?
3

1

1

t2pt2 ` 2q
dt

D.

ż ?
3

1

1

t2pt2 ` 1q
dt

4



7 The complex numbers a, b and c form a right-angled triangle with
right-angle at a when plotted on the Argand diagram, as shown below.

Im

Re

c

a

b

Which of the following is a correct expression for c?

A. a ` i

ˇ̌
ˇ̌a ´ c

a ´ b

ˇ̌
ˇ̌ pb ´ aq

B. a ´ i

ˇ̌
ˇ̌a ´ c

a ´ b

ˇ̌
ˇ̌ pb ´ aq

C. a ` i

ˇ̌
ˇ̌a ´ b

a ´ c

ˇ̌
ˇ̌ pb ´ aq

D. a ´ i

ˇ̌
ˇ̌a ´ b

a ´ c

ˇ̌
ˇ̌ pb ´ aq

8 Let k ą 0 be a real number and suppose Argpz`kq “ π

6
and Argpz´kq “ 2π

3
.

Which of the following is equal to |z|?

A. k

B. 2k

C. 3k

D. 4k

5



9 Which of the following statements is true?

A. @r P R, Dn P Z such that 0 ď r ´ n ă 1

B. Dn P Z such that @r P R, 0 ď r ´ n ă 1

C. @r P R
`, Dn P Z

` such that 0 ď r ´ n ă 1

D. Dn P Z
` such that @r P R

`, 0 ď r ´ n ă 1

10 Consider the complex number

z “
ˆ
1 ` i?

1

˙ ˆ
1 ` i?

2

˙
¨ ¨ ¨

ˆ
1 ` i?

2026

˙
.

The argument of each factor of z can be estimated using the small angle

approximation arctan x « x. After these estimates have been made, argpzq

can be approximated using lower rectangles under the curve y “ 1?
x

.

According to this method, which of the following is the best approximation
of Repzq?

A.
?
2026 cos

`
2
?
2026

˘

B.
?
2026 cos

`
2
?
2027

˘

C.
?
2027 cos

`
2
?
2026

˘

D.
?
2027 cos

`
2
?
2027

˘
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Section II

90 marks

Attempt Questions 11´16

Allow about 2 hours and 45 minutes for this section

Start each question on a new page.

Question 11 (15 marks) Start a new page.

(a) Express p4 ` iqp3 ´ 2iq in the form x ` iy, where x and y are real. 1

(b) Solve 4z2 ´ 4z ` 17 “ 0. Give your answers in simplest Cartesian form. 2

(c) Express ´2
?
3 ´ 2i in the form reiθ, where r and θ are real and r ą 0. 2

(d) Evaluate

ż
1

0

1 ´ x2

1 ` x2
dx. 2

(e) Using a suitable substitution, or otherwise, find

ż
1

xpln xq2
dx. 2

(f) Find the vector with magnitude 12 and the same direction as ´
r
i´ 2

r
j ` 2

r
k. 2

(g) Sketch the set of all z satisfying |z ` 3 ´ 2i| “ |z ` 1 ` 2i|. 2

Label the intercepts with the coordinate axes.

(h) It is given that 2 ´ i is one of the zeroes of P pzq “ z3 ´ 12z2 ` 37z ´ 40. 2

Find the other two zeroes, giving reasons for your answer.

7



Question 12 (15 marks) Start a new page.

(a) Show that nPr is divisible by r. 2

(b) Use the identities sin θ “ 1

2i

`
eiθ ´ e´iθ

˘
and cos θ “ 1

2

`
eiθ ` e´iθ

˘
2

to prove that 1 ` tan2 θ “ sec2 θ.

(c) Find the area of the quadrilateral formed by z,´z, 2iz and ´2iz if |z| “ 4. 2

(d) Evaluate

ż
3

´6

1?
45 ´ 12x ´ x2

dx. 2

(e) Let
r
a “

¨
˚̊
˝

2

´1

1

˛
‹‹‚and

r
b “

¨
˚̊
˝

1

´1

2

˛
‹‹‚. 2

It is given that |2
r
a ´

r
b| “ |

r
a ´ 2

r
b| “

?
10.

Calculate the exact angle between 2
r
a ´

r
b and

r
a ´ 2

r
b.

(f) A particle of mass 6 kg moves in a straight line subject to a force 2

F “ 1

v ` 3
newtons. At time t seconds, the displacement of the particle

is x metres and the velocity is v ms´1.

The particle was initially at rest at the origin.

Find x when v “ 4 ms´1.

(g) Find

ż
8x ` 2

p3x ´ 2qpx2 ` 2q
dx. 3

8



Question 13 (15 marks) Start a new page.

(a) By writing 1´i and 1´i
?
3 in mod-arg form, find the exact value of sin

7π

12
. 3

(b) It is given that if x2 divides y2 then x divides y for all integers x and y. 3

Suppose that n is a positive integer and that
?
n is not an integer.

Prove by contradiction that
?
n is irrational.

(c) Evaluate

ż
e

1

cospln xq dx. 3

(d) The points A, B and P have position vectors
ÝÝÑ
OA “ 3

r
i ` 4

r
j ` λ

r
k, 3

ÝÝÑ
OB “ 5

r
i ` λ

r
j and

ÝÝÑ
OP “ ´

r
i ´ λ

r
j `

r
k respectively.

Find the possible values of λ if =AOP “ =BOP.

(e) A particle is moving in simple harmonic motion with a period of 6π seconds 3

according to the equation x “ a cospnt ` αq, where x is the displacement

in metres, a ą 0, and 0 ď α ă 2π.

When t “ 2, the particle’s displacement is x “ ´2 metres and its velocity

is v “ 1 metre per second.

Find a and α correct to four significant figures.

9



Question 14 (15 marks) Start a new page.

(a) Use mathematical induction to prove that
1

13
` 1

23
` 1

33
`¨ ¨ ¨` 1

n3
ď 3

2
´ 1

2n2
3

for all positive integers n.

(b) Evaluate

ż π

4

0

sin3 x sec6 x dx. 3

(c) Two boxes of masses m1 kg and m2 kg are connected by a light inextensible 3

string running over a frictionless pulley. The tension in the string is T

newtons. The m1 kg box slides down a frictionless plane at an angle of α

to the horizontal, and the m2 kg box slides down a frictionless plane at an

angle of β to the horizontal, as shown below.

α

β

m2

m1

Show that the acceleration of the connected body is

a “ g

m1 ` m2

´
m1 sinα ` m2 sin β

¯
.

(d) (i) Use De Moivre’s Theorem to prove that 3

cos 7θ

cos θ
“ 64 cos6 θ ´ 112 cos4 θ ` 56 cos2 θ ´ 7.

You may let c “ cos θ and s “ sin θ to simplify your working.

(ii) Hence, by using a suitable substitution, solve x3´7x2`14x´7 “ 0. 2

(iii) Without using a calculator, evaluate cos4
π

14
` cos4

3π

14
` cos4

5π

14
. 1
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Question 15 (15 marks) Start a new page.

(a) A particle moves in simple harmonic motion according to the equation 2

v2 “ 8 ´ 10x ´ 3x2. Find the centre of motion and the amplitude.

(b) (i) Let n be an odd positive integer, and let ω “ cos
2π

n
` i sin

2π

n
. 2

Show that 1´ω`ω2 ´ ¨ ¨ ¨ ` p´1qk´1ωk´1 ` ¨ ¨ ¨ `ωn´1 “ 1´ i tan
π

n
.

(ii) Deduce that 1 ` ω2 ` ω4 ` ¨ ¨ ¨ ` ωn´1 “ 1

2

´
1 ´ i tan

π

n

¯
. 1

(c) Let In “
ż

r

0

xn` 1

2

?
r ´ x dx, where n ě 0 is an integer and r ą 0 is real. 3

Show that In “ p2n ` 1qr
2n ` 4

In´1 for n ě 1.

(d) (i) Suppose that the line
r
r “

r
a ` λ

r
b intersects the sphere |

r
v ´

r
c| “ R. 2

Show that |
r
b|2λ2 ` 2λ

r
b ¨ p

r
a ´

r
cq ` |

r
a ´

r
c|2 ´ R2 “ 0.

(ii) Deduce that if R is the shortest distance between the line and the 2

centre of the sphere then R2 “ |
r
a ´

r
c|2 ´

ˆ
r
b ¨ p

r
a ´

r
cq

|
r
b|

˙
2

.

(iii) Hence, or otherwise, show that R “ |
r
a´

r
c| sin θ, where θ is the angle 1

between
r
b and

r
a ´

r
c.

(iv) Use (ii) to find the shortest distance between the lines 2

r
r1 “

¨
˚̊
˝

2

´1

0

˛
‹‹‚` λ

¨
˚̊
˝

2

0

0

˛
‹‹‚ and

r
r2 “

¨
˚̊
˝

2

5

´3

˛
‹‹‚` µ

¨
˚̊
˝

5

0

´3

˛
‹‹‚
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Question 16 (15 marks) Start a new page.

(a) Let P pxq “ anx
n ` an´1x

n´1 ` ¨ ¨ ¨ ` a1x ` a0 be a polynomial of degree

n ě 0, where a0, a1, . . . , an are non-negative integers.

Suppose that P pxq is equal to a prime number for every integer input x.

(i) Show that P pa0q “ a0. 3

(ii) Deduce that P pxq “ a0 for all real x. 1

(b) In the diagram below, the triangle △ABC is intersected by the line EDF . 4

The point F lies on the line AB extended.

A B F

E

D

C

r
a

r
b

Let
ÝÝÑ
AC “

r
a and

ÝÝÑ
AB “

r
b.

Using vectors, show that

ˇ̌
ˇÝÝÑAF

ˇ̌
ˇ

ˇ̌
ˇÝÝÑBF

ˇ̌
ˇ

ˆ

ˇ̌
ˇÝÝÑDB

ˇ̌
ˇ

ˇ̌
ˇÝÝÑCD

ˇ̌
ˇ

ˆ

ˇ̌
ˇÝÝÑEC

ˇ̌
ˇ

ˇ̌
ˇÝÝÑAE

ˇ̌
ˇ

“ 1.

Question 16 continues on the next page
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Question 16 (continued)

(c) Let n be a positive integer.

It is given that for non-negative real numbers x1, x2, x3 . . . , xn,

´x1 ` x2 ` x3 ` ¨ ¨ ¨ ` xn

n

¯n

ě x1x2x3 . . . xn. (Do not prove this.)

(i) Show that
nn

n!
ě 2n´1. 3

(ii) Let txu be greatest integer that is less than or equal to x. 2

For example, t3.14u “ 3 and t2.718u “ 2.

Let fpxq “ xx

txu!
for x ě 1.

Show that fpxq is increasing for x P ra, a ` 1q, where a ě 1 is

an integer.

(iii) Hence, show that

ż
n`1

1

xx

txu!
dx ě 2n ´ 1. 2

End of paper
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Question 1 1 mark

Solution
First note that a+ ib = i(b ´ ia).
Therefore

(a+ ib)2026 = i2026(b ´ ia)2026

= i2 ˆ (i4)506 ˆ (b ´ ia)2026

= ´1 ˆ 1506 ˆ (b ´ ia)2026

= ´(b ´ ia)2026

Hence (B).✓

Question 2 1 mark

Solution
All coe{cients are real, so the conjugate root theorem implies that 2 ´ 5i is
a root, since 2 + 5i is a root. Therefore the required quadratic factor is

(z ´ α)(z ´ α) = z2 ´ 2Re(α)z + |α|2

= z2 ´ 2Re(2 + 5i)z + |2 + 5i|2

= z2 ´ 4z + 29

Hence (A).✓

Question 3 1 mark

Solution

(
?
3 + i)m =

(

2cisπ
6

)

m

= 2mcismπ

6

This is real provided that

sin mπ

6
= 0

mπ

6
= 0,˘π,˘2π, . . .

m = 0,˘6,˘12, . . .

Hence (D).✓



Question 4 1 mark

Solution

Note that d

dx
(tanx+secx) = sec2 x+secx tanx. This means that the integral

is of the form
ż π

4

0

f 1(x)

f(x)
dx = [ln(|f(x)|)]

π

4

0 , where f(x) = tanx+ secx.
Hence, the answer is

[ln | tanx+ secx|]
π

4

0 = ln(1 +
?
2) ´ ln 1

= ln(1 +
?
2)

Hence (C).✓

Question 5 1 mark

Solution
We will }rst }nd the midpoint, M , of PQ. Then we will }nd the midpoint,
N , of PM , which will be the required answer. (This works because halfway
towards halfway is one quarter of the way.)

Using the midpoint formula in three dimensions:

M =

(

8 ´ 12

2
,

´4 + 0

2
,
12 + 8

2

)

= (´2,´2, 10)

Therefore

N =

(

8 ´ 2

2
,

´4 ´ 2

2
,
12 + 10

2

)

= (3,´3, 11)

Hence (B).✓



Question 6 1 mark

Solution
Let t = tanx so that dt = (1 + t2)dx.
The associated right-angled triangle is shown below:

1

t

?
1 + t2

x

ż π

3

π

4

1

sin2 x+ tan2 x
dx =

ż

?
3

1

1
(

t?
1+t2

)2

+ t2
ˆ 1

1 + t2
dt

=

ż

?
3

1

1
t2

1+t2
+ t2

ˆ 1

1 + t2
dt

=

ż

?
3

1

1

t2 + t2 + t4
dt

=

ż

?
3

1

1

2t2 + t4
dt

=

ż

?
3

1

1

t2(t2 + 2)
dt

Hence (C). ✓

Question 7 1 mark

Solution
To arrive at c starting from the origin, }rst travel to a and then go to c.
In other words:

c = a+ (c ´ a).

Now, c ´ a is a scale and rotation of b ´ a by π

2
radians anti-clockwise about the origin.

Recall that multiplying by i rotates a vector π

2
radians anti-clockwise about the origin.

Also, b ´ a

|b ´ a|
has unit length, so |c ´ a| b ´ a

|b ´ a|
has length |c ´ a|.

It follows that c = a+ i|c ´ a| b ´ a

|b ´ a|
.

Hence (A). ✓



Question 8 1 mark

Solution
The complex number z is sketched on the Argand diagram below:

Re

Im

Arg(z + k) = π

6

Arg(z ´ k) = 2π

3

π

6

2π

3

|z|

O´k k

z

Notice that the resulting triangle is right angled by angle sum of a triangle.
Hence, Pythagoras’ theorem applies and we have

|z ´ k|2 + |z + k|2 = |k ´ (´k)|2

(z ´ k)(z ´ k) + (z + k)(z + k) = 4k2

(z ´ k)(z ´ k) + (z + k)(z + k) = 4k2

zz ´�����k(z + z) + k2 + zz +�����k(z + z) + k2 = 4k2

�2|z|2 = �2k
2

|z| = k

We used the famous identity |z|2 = zz.

Hence (A).✓

Note: A circle geometry solution exists using the angle in a semi-circle.
Thus |z| is the radius of that semi-circle, which is k.



Question 9 1 mark

Solution
We will }rst show that options B, C and D are false.
Then we will show option A is correct.

Option B
Dn P Z such that @r P R, 0 ď r ´ n ă 1.

Counterexample to B
If such an n existed, consider r = n+2. This leads to the nonsensical inequality: 0 ď 2 ă 1.

Option C
@r P R

+, Dn P Z
+ such that 0 ď r ´ n ă 1.

Counterexample to C
If the statement was true for all positive reals r, it would be true for r = 0.5.
But no positive integer n satis}es the resulting inequality: ´0.5 ă n ď 0.5.

Option D
Dn P Z

+ such that @r P R
+, 0 ď r ´ n ă 1.

Counterexample to D
If such an n existed, let r = n+ 2. This leads to the nonsensical inequality: 0 ď 2 ă 1.

Option A
@r P R, Dn P Z such that 0 ď r ´ n ă 1.

Proof of A
For any real number r, let n be the greatest integer less than or equal to r. (In the lan-
guage of Question 16, n = tru.) Then r´n is just the fractional part of r, that is, the part
of r after the decimal point. As an example, if r = 1.723, then n = 1, so r ´ n = 0.723 is
the fractional part of r. This naturally lives in the interval [0,1), as required.

Hence (A). ✓



Question 10 1 mark

Solution

Modulus of z

|z| =
ˇ

ˇ

ˇ

ˇ

(

1 +
i?
1

)(

1 +
i?
2

)

¨ ¨ ¨
(

1 +
i?
2026

)ˇ

ˇ

ˇ

ˇ

=

ˇ

ˇ

ˇ

ˇ

1 +
i?
1

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

1 +
i?
2

ˇ

ˇ

ˇ

ˇ

¨ ¨ ¨
ˇ

ˇ

ˇ

ˇ

1 +
i?
2026

ˇ

ˇ

ˇ

ˇ

=

c

1 +
1

1
ˆ

c

1 +
1

2
ˆ ¨ ¨ ¨ ˆ

c

1 +
1

2026

=

c

�2

1
ˆ

c

�3

�2
ˆ ¨ ˆ

c

2027

���2026

=
?
2027

Argument of z

arg(z) = arg
((

1 +
i?
1

)(

1 +
i?
2

)

¨ ¨ ¨
(

1 +
i?
2026

))

= arg
(

1 +
i?
1

)

+ arg
(

1 +
i?
2

)

+ ¨ ¨ ¨ + arg
(

1 +
i?
2026

)

= arctan
(

1?
1

)

+ arctan
(

1?
2

)

+ ¨ ¨ ¨ + arctan
(

1?
2026

)

« 1?
1
+

1?
2
+ ¨ ¨ ¨ + 1?

2026

«
ż

2026

0

1?
x
dx

= [2
?
x]20260

= 2
?
2026

Hence (C). ✓













































Question 15

a Let v0

3x210x80

left3x2rightleftx4right0

xfrac234
frac234 frac53

xfrac53thereforecOM

afrac73

V23leftx2frac103xfrac83right

3leftleftxfrac53right2frac499right

3leftfrac499leftxfrac53right2right
v2n2lefta2leftxcright2right

thereforeafrac73 cfrac53

Marker’s Comments

• Generally well done

• Some students also obtained the centre of motion and amplitude using the alternative 
method below:



b

111 beginmatrixSumleftomegarightn1omega1endmatrix
as n is odd

beginmatrixwn1w1endmatrixbeginmatrixomegan1omega1endmatrix

beginmatrix
cis2pi1cisfrac2pin12cisfrac2pin1end

matrixbeginmatrix
2cisleftfracpin

right
cisfracpincisleftfracpin

right
end

matrix
2leftcosfracpinisinfracpin

right
as cos is even

sin is odd

zoverlinez2Releftzright

1itanfracpin

Marker’s Comments

• Not well done. The easiest way to prove the identity was to recognise that the sum 
was the sum of a geometric progression.



ii 1ww2ldotswn1wn1w1

beginmatrixcis2pi1w1endmatrix
0

1ww2ldotswn11itanfracpin

2left1w2w4ldotswn1right1itanfracpin

therefore1w2w4ldotswn1frac12left1itanfracpinright

Alternatively to prove

wn10

leftw1rightleft1ww2ldotswn1right0
As wneq1 I

therefore1ww2ldotswn10

Marker’s Comments

• Not well done. Students should be familiar with the technique of adding two sums. This 
technique is one of the techniques needed to prove certain identities in Y11 Ext 1 
Binomial Theorem.



vleftrxrightfrac12beginmatrixV2leftr1rightfrac323endmatrixuxnfrac12uleftnfrac12rightxnfrac12Inint_0rxnfrac12leftrxrightfrac12dx

leftfrac23xnfrac12leftrxrightfrac32right0rfrac23leftnfrac12rightint_0rxnfrac12leftrxrightfrac32dx

3int_0rxnfrac12leftrxrightfrac12leftrxrightdx expand

int_0rrxnfrac12leftrxrightfrac12xnfrac12leftrxrightfrac12dx

In32n1leftrIn1Inright

therefore2n43nleft2n1rightr3In1

thereforeInleft2n1rightrIn1
Marker’s Comments

• Generally well done



d

i Solve simultaneously

alambdabcR

thereforeaxbc2R2

leftleftutildea

subseteq
rightuparrowbrightcdotleftleftautildecrightx

underline
brightR2

therefore
leftutildeautildecright22xbcdotlefta

underline
crightx2leftutildebright2R2

therefore
left

underline
bright2x22xbcdotlefta

underline
crightleft

underline
acright2R20

fil Delta0

therefore4leftutildebcdotleftfracaleqrightright24leftfracbright2leftleftfracaleqright2R2right0

leftunderlinebcdotleftunderlineaunderlinecrightright2leftunderlinebright2leftleftfracaunderlinecright2R2right

leftutildebcdotleftfracafraccrightleftbrightright2leftfracaapproxright2R2

thereforeR2leftfracaleqright2leftfracbcdotleftfracafraccrightleftbrightright2



iii bcdotleftafraccrightleftfracbrightleftfracaunderlinecrightcostheta

therefore
R2leftfracaleqright2leftbeginmatrixleftfracbrightleftfracafraccrightcosthetaleftutildebrightendmatrixright2leftfraca

underline
cright2left1cos2thetarightleftutildeavright2sin2theta

therefore
Rleft

underline
a

underline
crightsintheta

IV consider a sphere centred at a point on r2

ie

utildeUleftbeginmatrix25mu533muendmatrixright
From

utilder1utildealeftbeginmatrix210endmatrixright 1 utildebleftbeginmatrix200endmatrixright

iaileftbeginmatrix5mu633muendmatrixright
thereforebcdotleftaLright10mu

thereforeR2left5muright2left6right2left33muright2leftfrac10mu2right2 b
y il

9mu218mu45

The minimum value of R2 occurs when

leftxfracb2aright
ubeginmatrix182times9endmatrix1



thereforemin R29left1right218left1right45

36

i min distanie 6

r1

r2

Marker’s Comments

• Part (d) was generally not well done. Students are advised to read the above 
solutions and reattempt this question until mastery, particularly part (iv). 



Question 16(a)(i) Marks
¨ Provides correct solution. 3 marks
¨ Shows a0 is prime. 2 marks
¨ Shows P (a0) is divisible by a0 and considers factors of prime. 1 mark

Solution

P (a0) = ana
n
0 + an´1a

n´1
0 + ¨ ¨ ¨ + a1a0 + a0

= a0(ana
n´1
0 + an´1a

n´2
0 + ¨ ¨ ¨ + a1 + 1),

so P (a0) is divisible by a0.

However, P (a0) is prime, since P (x) is prime for every integer input.
The only factors of a prime are 1 and itself, and a0 is a factor of the prime P (a0).

It follows that either a0 = 1 or a0 = P (a0).X
However, since P (0) = a0, it follows that a0 is prime, since P (x) is prime for every integer

input.X
So we must have P (a0) = a0 as required.X

Comments
‚ Solutions without explanations received 0 marks.
‚ Students who managed to show a0 = 1 or a0 = P (a0) but did not show a0 ‰ 1 were
given 2 marks out of 3.

Question 16(a)(ii) Marks
¨ Provides correct solution. 1 mark

Solution
From (i) we know that P (a0) = a0. Then, since a0 ą 0 (as it is prime),

ana
n
0 + an´1a

n´1
0 + ¨ ¨ ¨ + a1a0 + a0 = a0

a0(ana
n´1
0 + an´1a

n´2
0 + ¨ ¨ ¨ + a1 + 1) = a0

ana
n´1
0 + an´1a

n´2
0 + ¨ ¨ ¨ + a1 + 1 = 1

ana
n´1
0 + an´1a

n´2
0 + ¨ ¨ ¨ + a1 = 0.

The only way the last equality can hold is if an = an´1 = an´2 = ¨ ¨ ¨ = a1 = 0, because
a1, a2, . . . , an are non-negative integers and a0 ą 0.
Hence, P (x) = a0 for all real x as required.X

[To give an optional explicit argument, suppose for the sake of contradiction that ai ą 0
for some i = 1, 2, . . . , n. Then LHS =

řn

j=1 aja
j´1
0 ě aia

i´1
0 ą 0 = RHS, since ai ą 0 and

a0 ą 0. Thus LHS ą RHS, a contradiction.]

Comments
‚ This was a challenging question requiring insight. Only one student solved this part.



Question 16(b) Marks
¨ Provides correct solution. 4 marks
¨ Simpli}es r

r´1
. 3 marks

¨ Equates coe{cients of
r
a and

r
b. 2 marks

¨ Introduces relevant scalars. 1 mark
Solution

A B F

E

D

C

p
r
a

(1 ´ p)
r
a

r
b

q(
r
b ´

r
a)

(1 ´ q)(
r
b ´

r
a)

r
r
b

s
ÝÝÑ
ED

Introduce four scalars p, q, r, s P R
+ satisfying

ÝÝÑ
AE = p

r
a

ÝÝÑ
CD = q(

r
b ´

r
a)

ÝÝÑ
AF = r

r
b

ÝÝÑ
AE + s

ÝÝÑ
ED =

ÝÝÑ
AF (˚)X

Using ÝÝÑ
ED =

ÝÝÑ
EC +

ÝÝÑ
CD, equation (˚) can be written as

p
r
a+ s [(1 ´ p)

r
a+ q(

r
b ´

r
a)] = r

r
b.

Equate coe{cients of
r
a:

p+ s(1 ´ p) ´ sq = 0

s(1 ´ p ´ q) = ´p

s =
p

p+ q ´ 1

Equate coe{cients of
r
b:

sq = r

r =
pq

p+ q ´ 1
X



Now calculate

r

r ´ 1
=

pq

p+ q ´ 1
pq

p+ q ´ 1
´ 1

=
pq

pq ´ p ´ q + 1

=
pq

(p ´ 1)(q ´ 1)
X

Now we have
ˇ̌
ˇÝÝÑAF

ˇ̌
ˇ

ˇ̌
ˇÝÝÑBF

ˇ̌
ˇ

ˆ

ˇ̌
ˇÝÝÑDB

ˇ̌
ˇ

ˇ̌
ˇÝÝÑCD

ˇ̌
ˇ

ˆ

ˇ̌
ˇÝÝÑEC

ˇ̌
ˇ

ˇ̌
ˇÝÝÑAE

ˇ̌
ˇ
=

|r
r
b|

|(r ´ 1)
r
b|

ˆ
|(1 ´ q)(

r
b ´

r
a)|

|q(
r
b ´

r
a)|

ˆ
|(1 ´ p)

r
a|

|p
r
a|

=

ˇ̌
ˇ̌ r

r ´ 1

ˇ̌
ˇ̌ ˆ ��|r

b|

��|r
b|

ˆ
|1 ´ q|

|q|
ˆ

����|
r
b ´

r
a|

����|
r
b ´

r
a|

ˆ
|1 ´ p|

|p|
ˆ ��|r

a|

��|r
a|

=
|pq|

|(p ´ 1)(q ´ 1)|
ˆ

|1 ´ q|

|q|
ˆ

|1 ´ p|

|p|

= ��|p|��|q|

����|p ´ 1|����|q ´ 1|
ˆ

����|1 ´ q|

��|q|
ˆ

����|1 ´ p|

��|p|

= 1X

Comments
‚ A more elaborate marking scheme is explained below:
‚ (1 mark) Introduces 3 scalars, no more progress.
‚ (1 mark) Introduces 3 scalars, subs in incorrectly into given ratio.
‚ (2 marks) Introduces 3 scalars, correctly substitutes into given ratio.
‚ (3 marks) Introduces 4 scalars, equates coe{cients correctly, no more progress.
‚ (3 marks) Introduces 4 scalars, equates coe{cients, subs into given ratio with one error.



Question 16(c)(i) Marks
¨ Provides correct solution. 3 marks

¨ Shows nn

n!
ě 2n´1, for n ě 2. 2 marks

¨ Substitutes xi = i for i = 1, 2, . . . , n and simpli}es. 1 mark
Solution
Let x1 = 1, x2 = 2, . . . , xn = n in the given AM´GM inequality:

(

1 + 2 + ¨ ¨ ¨ + n

n

)n

ě 1 ˆ 2 ˆ ¨ ¨ ¨ ˆ n

(

�n(n+ 1)

2�n

)n

ě n! (using sum of an arithmetic series)

(n+ 1)n

2n
ě n!, for n ě 1X

Now replace every appearance of n with n ´ 1, carefully noting the change in domain:

nn´1

(n ´ 1)!
ě 2n´1, for n ´ 1 ě 1

n

n
ˆ

nn´1

(n ´ 1)!
ě 2n´1, for n ě 2

nn

n!
ě 2n´1, for n ě 2X

Finally, substitute n = 1 to verify that the inequality holds for n = 1:

LHS =
11

1!
= 1

= 20

= RHS

Therefore, nn

n!
ě 2n´1 for n ě 1 as required.X

Comments
‚ Students received no marks for proof by mathematical induction. This is because stu-

dents were required to prove
(

k + 1

k

)k

ě 2 in the inductive step, which itself is a di{cult

statement requiring a second induction to prove (or a monotonicity argument).



Question 16(c)(ii) Marks
¨ Provides correct solution. 2 marks

¨ Shows that f(x) =
xx

a!
for x P [a, a+ 1). 1 mark

Solution
Note that if a ď x ă a+ 1 then txu = a by de}nition.
Hence, for x P [a, a+ 1),

f(x) =
xx

txu!

=
xx

a!
X

To show f(x) is increasing for x P [a, a+1), it su{ces to show f 1(x) ą 0 for x P [a, a+1).

f(x) =
xx

a!

=
eln(xx)

a!

=
ex lnx

a!

6 f 1(x) =
(lnx+ 1)ex lnx

a!
.

Note that since x ě 1 we have lnx ě 0, so that lnx+ 1 ě 1 ą 0.
Also, et ą 0 for all real t, so ex lnx ą 0. Finally a! is positive, since a is a positive integer.
Therefore f 1(x) ą 0, as required.X

Comments
‚ Students did not notice that txu = a for a ď x ă a+ 1.
‚ Even so, a small number of students were able to obtain 1 mark by using the quotient
rule (and using txu is constant). Their expression looked like this:

f 1(x) =
(lnx+ 1)ex lnxtxu! + ex lnx

d

dx
txu!

txu!2



Question 16(c)(iii) Marks
¨ Provides correct solution. 2 marks

¨ Uses (ii) to show
ż n+1

1

xx

txu!
dx ě

nÿ

i=1

f(i) 1 mark

Solution
From (ii) we know that f(x) ě f(a) for x P [a, a+ 1), since f(x) is increasing there.

ż n+1

1

xx

txu!
dx =

ż 2

1

xx

txu!
dx+

ż 3

2

xx

txu!
dx+ ¨ ¨ ¨ +

ż n+1

n

xx

txu!
dx

ě

ż 2

1

f(1) dx+

ż 3

2

f(2) dx+ ¨ ¨ ¨ +

ż n+1

n

f(n) dx

= f(1) + f(2) + ¨ ¨ ¨ + f(n)X

ě
11

t1u!
+

22

t2u!
+ ¨ ¨ ¨ +

nn

tnu!

ě
11

1!
+

22

2!
+ ¨ ¨ ¨ +

nn

n!
(since tku = k for integers k.)

ě 21´1 + 22´1 + ¨ ¨ ¨ + 2n´1 (from (i))

= 20 + 21 + ¨ ¨ ¨ + 2n´1

=
2n ´ 1

2 ´ 1
(using sum of a geometric series)

= 2n ´ 1X

Comments
‚ Unfortunately, no marks were awarded in (c)(iii) due to a common misconception.
Students assumed that xx

txu!
ě 2x´1 for all real x. However, from (c)(i), we only know this

inequality holds for positive integers. It was necessary to use the parts (c)(i) and (c)(ii)
together to solve this problem, as detailed above.
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