2026

SYDNEY
BOYS
HIGH
SCHOOL

YEAR 12
TASK 4
TRIAL HSC

Name:

NESA Number:

Tick next to your teacher’s name

AF PSP
JJ JT
AYW

Mathematics Extension 2

General
Instructions

e Reading time — 10 minutes

e Working time — 3 hours

e Write using black pen

e Only NESA approved calculators may be used

e A reference sheet is provided with this paper

e All answers, unless otherwise stated, should be left in simplified,

exact form

e Marks may NOT be awarded for messy or badly arranged work

e For questions in Section II, show ALL relevant mathematical

reasoning and/or calculations as answers that rely totally on

calculator technology may

Total Marks: 100

e Attempt Questions 1 — 10

not necessarily receive full marks.

Section I — 10 marks (pages 2 — 8)

e Allow about 15 minutes for this section

Section IT — 90 marks (pages 9 — 16)

e Attempt all Questions in Section II

e Allow about 2 hour and 45 minutes for this section

Examiner:

FExternal Examiner




BLANK PAGE



Section I

10 marks

Attempt Questions 1 — 10

Allow about 15 minutes for this section

Use the multiple-choice answer sheet for Questions 1 — 10.

Question 1

3 1
Which is the correct expression for / de?
2+ 2r +4

3 2 rz+1
A ZIn(a? +2z+4) — —t —1( )+C
2n(x r+4) 7 an 7

2
B. 3In(z2+ 2z + 4 ——tan_l( )
C. ;ln(xz+2x+4)—2tan_l( >

In the diagram, AOAB is a right-angled isosceles triangle and OBCD is a square. Let A

D. 3In(z?* + 2z +4) — 2tan™! (

Question 2

represent the complex number o and D represent the complex number [3.

Im(z)

Which of the following is correct?
A f+a=ia
B. p—a=1«a
C. V28 + a =i«
D. \/§B — o =i



Question 3
A particle moving in simple harmonic motion centred at the origin attains minimum
acceleration of —3 m/s? and a maximum speed of 4 m/s. At what position does it attain three

quarters of its maximum acceleration?

1
A. x:—6
3
1
B. m:——6
3
C.z=4
D.x=-4
Question 4

Let u be a complex number with |u| < 5. What is the minimum value of |2u + 3 + 4i|?
A. =5

B. 0

C. 10

D

.15



Question 5

Let Arg (z) be the principal argument of z. How many possible real values of k can satisfy
Arg (zw) = Arg (2) + Arg (w) + km

for complex numbers z and w?
A 2
B. 3
C. 4

D. 5

Question 6
A ball is held stationary on a slope by a horizontal force F' and is subject to gravity Fj, and

the normal force NV as shown.

Which of the following is equal to F'- N7

A |F||E]
B. |F?

C. —|F[| £
D. —|F?



Question 7

Let P(2) = ap,2" + ap_22""2 + -+ + az2® + ag be a polynomial with integer coefficients, where
n is an even positive integer.

P(z) is known to have zeros at z = 2 + /3, 2 = —/3 and z = —4 + 2i.

What is the minimum possible degree of the P(z)?

A6
B. 8
C. 10

D. 12

Question 8

2a
f is an even continuous function. Which of the following is not always equal to / f(x)dx?
0

A
o L

B. /_0 f@) + fla— x)] dz

a L

f(x)+ f(2a — x)} dx

C. /0 )+ f(—20— x)} da

a L

D. All of the above are equal.



Question 9
A particle is initially placed at a random position on the z-axis. The particle’s velocity v as a
function of x is shown in the diagram below.

Moy

T Tg x

b

A4

At what range of initial positions will it experience positive acceleration?
A 0<z<xporay<z<uzg
B. z<xo0raz;<z<uxs
C.O0<z<zgoraz<ax<xyorx>ug

D O<zx<zgora<xz<uzg



Question 10

The diagram shows triangle APQR.

Ais on PR such that PA: PR=1:4.

B is on QR such that QB : BR = m : n where m,n are odd positive integers.

P

Q

If the point W divides an interval UV so that UW : WV = a : b and the position vectors

o
of U and V' are u and v respectively, then OW = a4 v+ U.
a+b a+b

Let X be on AQ such that AX : X@Q = z : y where z,y are positive integers that add to

47. By finding two different expressions for P—Xz , what is the minimum value of 7



Section 11
Attempt Questions 11 — 16
Allow 2 hour and 45 minutes for this section

Answer each question in the appropriate writing booklet.

Extra writing booklets are available.

In Questions 11 — 16, your responses should include relevant mathematical reasoning
and/or calculations.

Question 11 (15 marks) Use a SEPARATE writing booklet.

(a) Let r = —149i and s = 6 + 3i. Evaluate

(i) 2r +5; 1
3

|3 1

) | >

(b) (i) Find the values of constants A, B and C such that 2

10 A +Bt+(]
t+2)(2+1) t+2 £2+41°

(ii) By using a suitable substitution, deduce for some positive integers p and ¢, that 4

3 5si
/ ,Smx dr =m+In Py
o l+2sinx —cosxz q

State the values of p and q.

(c) Sketch the values of z for which |z —2i| <1 and 0 < arg(z+ 1 —2i) <

NS

are all satisfied simultaneously.

-3

By use of a diagram, or otherwise, find the size of angle ZBCA to the nearest minute.

2 —4
(d) Points A, B and C' are on the Cartesian plane such that 1@ = ( ) and /ﬁ = ( 5 ) 2



Question 12 (14 marks) Use a SEPARATE writing booklet.

(a) Two blocks, of mass 2 kg and 1 kg are initially stationary on a frictionless ramp as shown.
A light, inextensible rope joins the two masses and is hooked under a frictionless pulley.

The masses are then released.

2 kg

15”

(i) Assuming the rope is taut, find the acceleration of the 1 kg mass, leaving your answer

in terms of g and 6, where 0 is an acute angle.

(ii) Find the range of values of # such that the rope remains taut.

(b) (i) Find /(936”” +e”) du.

1
(ii) Hence, or otherwise, find / de.

6—2:1: _ l’2

Question 12 continues on page 11

— 10 —



Question 12 (continued)

(c) A particle moves horizontally in a line on the z-axis. It initially is moving at a speed of
u m/s away from the origin such that u > 1. It experiences a pushing force numerically
mk
equal to — N due to the ground. There is also drag numerically equal to mkv N acting
v

on the particle.

e 1
(i) Show that d—g —k (; - v).

1
(ii) Prove that the time taken for the particle to stop is T' = o In(u? —1).

(d) Let U and V have position vectors u and v respectively.

—
(i) Show that XU = u — proj, u.

(ii) Hence, or otherwise, prove that ||v|u — (u - v)0| = |u||v|sinf where 0 is the angle

between the vectors u and v.

End of Question 12



Question 13 (16 marks) Use a SEPARATE writing booklet.

(a) For all positive x, a function f satisfies

T T

25(0) = (1) =} +otna

T T

(i) Explain why 2f (1) — fla) = — ln_$

(ii) Evaluate /2 f(z) dx.

Question 13 continues on page 13

—12 —



Question 13 (continued)

(b) A 5 g flare is shot at 45° with speed 104/2 from the origin and is programmed to detonate

when it reaches its maximum height.

Ny
O
P2
There is air resistance numerically proportional to the velocity squared, R = —k( ,2),
Y

acting on the flare, where # and 3 are the horizontal and vertical velocities of the flare
respectively. Let k= 2.5 x 107 and g = 9.8 m/s?.

—0.0522
(i) Show that the acceleration vector g of the particle is ¢ = v o -
—9.8 — 0.05y2
.. t
(ii) Prove that x = 201n <1 + 5)

14(5 — 7tan(0.7t))
7+ 5tan(0.7t)

(iii) Prove that during the upwards motion, y =
(iv) Hence, find the time until detonation, to 2 decimal places.

(v) Prove that the vertical displacement of the flare is

y = 201n [cos(0.7t) + gsin(0.7t) :

(vi) Hence, find the position at which the flare will detonate, to 2 decimal places.

End of Question 13

— 13 —



Question 14 (16 marks) Use a SEPARATE writing booklet.

1
(a) Let I, = / 2*(Inz)" dz, where a > 0 and n is a non-negative integer.

3 n
a’(Ina n
g —1I,_1, and state the values of n for which this is true.

(i) Prove that I,, = — -
3 3

(ii) Define J, = lim I,,.
a—0
(—=1)"n!

ot for n > 0.

Hence, deduce that J,, =

(b) A mass m kg is shot upwards at initial speed u m/s in a medium that applies a resistive
force numerically equal to mkv N, where £ > 0 is the constant of proportionality and v is
the velocity of the mass in m/s. The acceleration due to gravity is ¢ m/s?. Take upwards

as positive. Prove that the object’s displacement satisfies v — u + gt + kx = 0.

(c) The probability density function ¢(z) of a standard normal variable Z ~ N(0,1) is given
2

by 0(2) = =

zZ
e 2, for —o0 <z < o00.

o0 €

You may assume that E(Z") = / 2"¢(2) dz = lim 2"¢(z) dz.
oo e—oo [

(i) Explain why E(Z?) = 1.

(i) Hence, or otherwise, prove that F(Z%) = 3.



Question 15 (14 marks) Use a SEPARATE writing booklet.

(a) Let z,w be complex numbers that satisfy

|z —=5—3i| =1 and |lw—2—4i| = 1.

Find the range of values of Arg (z — w), where Arg denotes the principal argument.

(b) Let n points Py, Ps, ..., P,, which are represented by the position vectors P1,D2s -5 Pn

respectively, lie on a straight line [.

Prove by mathematical induction, for n > 2, that the point represented by

u=Mp1+Aap2+ -+ Aupn

is collinear with the n points, where A\i,..., A, € Rt and A\ + \y +--- + A\, = L.

(c) (1)

Let a, b and ¢ be real numbers. Prove that if asinxz + bcosx = ¢ has no solutions for

all real z, then a® + b < 2.

Particle P is released from rest 4 m to the right of the origin, and follows motion

governed by the equation #; = 8 — 4x;.
Particle () undergoes simple harmonic motion centred at the origin. @ is released
T seconds later from the origin, with the same period and amplitude as particle P

and negative velocity.

For what range of values of T" during particle P’s first oscillation should ) be re-

leased so that the two particles never meet?

— 15 —



Question 16 (15 marks) Use a SEPARATE writing booklet.

-3+5

(a) Let g = 5

(i) Show that 82 + 38 + 1 = 0, and hence, prove that 372 + 387! +1 = 0.
(ii) Let B, = 8™+ 8~ ". Deduce that B,, = —3B,_1 — B, _».

(iii) Hence, briefly explain why B, € Z for all positive integers n.

(b) Consider the polynomial P(z) = 22" — 1.

(i) Prove that the zeros of P(z) are z = ay, = cos 6y + i sin by,

2k
where 0), = T
2n +1

for k=0,1,2,...,2n.
(ii) Prove that oy = aopi1—k-

(iii) It is known that

Hﬂ:ﬂxﬂxﬂxmxﬂqxﬂ
k=1

Hence, or otherwise, prove that

22"+z2"_1+---+z+1:H(z—ak)(z—a_k).
k=1

k
(iv) Let Ay, =5 — 4sin? <2n—7lr—1)'

Show that Ay = (o — B) (1 — o' 871), where f is the value from (a).

km

2n +1

(v) Hence, or otherwise, prove that S = H [5 — 4sin? ( )] is an integer.
k=1

You may assume the result from Question 16 (a) (iii).

End of Paper

— 16 —
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Section 11 Q11 Solutions

15 Marks
(a) Let r = —1+ 9 and s = 6 + 3i. Evaluate
@) 2r+5 = 2(-1+ac) t+ (6+30) L
s o2 1BL & b= B
. FVS
3 . s
1i . T B
(i) rs| \riis|\ 1
T
. 3
s
3 =
~ I aiwer {410
=i =4E
+B» B e
(iii) Im(i =7 sl=At 2

]

(-S4i-3 »+17>
< i+ 5|
<2(->7 )

—

91

-

cov\/\ c/V\-vaf

, :
TlhCs was a_,v\gwe/red we U 10\) o
rV\CLjoz-.'b o( ;WM_

Ql1#1



(b) (i) Find the values of constants A, B and C' such that

10 A +Bt+C
(t+2)(t2+1) t+2 24+1°

1O = A(t’—fl\i—(@tkC)(t"L)
lef €t=-2
o= A () +)
o =SA
A =2
S o e &
O = 2- ¥+ @
RB= -2

ech\oJ"e con s heanXD

o= 2 +2C

ol ¢t

2C =§
e

_’. A.: 2_} B:‘L) (.:'kf
COW\W\Q——(/\r—

TUS, was dene v e A L? Pt
Mtjp,—."’\D Dp SMM\:&

Q11 #2



(b) (continued)

(ii) By using a suitable substitution, deduce for some positive integers p and ¢, that

3 5si
/ 'smx dr=7+1In Py
o 1+4+2sinz —cosz q

State the values of p and gq.

v
I:fz S5 Sy'AR A
o)

| + 251" — CoSx

= 2
Jet T°= z
X = {'(AM—’t
2
5 = 27"‘4/"\_’
}
A . 2 , — >
ar i+t | e
o= j:i(it T
T g ot
e haaa =2° x>
=¥ =1
i 26
I: 5'¢+t’— e 18 242
o Yy ab . D91 a
i+t i+t
S (1) ()




(b) (i1) (continued)
s J
] = f | O dt
S (i) (E+2)
/ <‘6‘f’7. _t7_+ |
o
I
| 2k {
P & + U, ~)cﬁ’
f <2’ Ll = £
o

(
= [z_t.q |t+l'— In\t”wl{— Q.W'tl -

zlnlln_k— ln\llrl\-r‘-fl-wvf'l " (2,/.«\(0+L'- Ih‘/’{l{f‘f%ﬁ

= 2ln3=1n2 % '—},Lz_; - 2y

ff

2 3
— | T W S | ]

:T-}-\V\q- |v\8

=N + 'V\(_q__>
8

iopel, 8 =8,
Lo mment |
g hawldl  be z%ro{d—u\j o use

Studembs 5 )
Pﬂ-v"' (i) Given Sine angd cosdine f\mcj-{ n¢

fn Aevominater  t-resuts chould e wsed,

Q11 #4



c etch the values of z for which |z — 27| <1 an <arg(z+ —7J<Z 3
(c) Sketch the val f 2 f hich | 2i| <1 and 0 < arg( 1 —2i) 1

are all satisfied simultaneously.

‘Z ZLI S\ |
“o\;\sf‘cuv\q_‘ﬁ""""\ (o 2) e ks acan © ~ W s 3"
O Lor—q(z4(-2t) 2T

9( ) ex

\\MDW 0" = C\'om (—l’l) v d bo degq, Of__:

v

COMM%ﬁ " )
I+ s 7000( +(’.(.,/’1V\(‘7A/l€ o 0{(4414 4,(/( ne g e
Cnvwe s 4o M wi A,

be [/‘\Mﬁgd S W"lé"‘om Me;

77\@7 C O

n M?M B ‘y‘ oo (",l) U paS,(

Pipreigb. T0.5)

?[ f & - chown e Mﬁ/é’ 5&wu¢(d/b‘&
/ ”
CSthowin o e Ala ¢ ~ arn. e ’«,T_

/3"‘

&~

QI1#5



2 —4
(d) Points A, B and C are on the Cartesian plane such that 1@ = < 3) and @ = ( 5 > 2

By use of a diagram, or otherwise, find the size of angle ZBCA to the nearest minute.

A :‘) —
L BCA we nego 1o wule (R & CA

\)
7
\
W,£
Nz et

-+
/’_\
g N
\./

" ¢
(-3
A LR = (DO r (5)-F)
= oY
C*;Z\g Z% = \ ?ﬁ \\Zﬁg) Co;8
[ @ s (o e aanD

1]

= I ‘!-;'\ C.og@’
\O‘G-\CUQS = GL‘
¢
(_088 =
1o Jy |

= wsq(,f;—q—‘\ A ‘OLH‘

Q11 #6



(d) (continued)

Arpecnotively, |AG) = m‘

“ N2 - (3
4 -
(9) (»27,) ‘/—\—L\c I('-‘()‘V &)*
A = J41
cg=[© ) |cB) - [l )"
<—g z 10
(059 = (ﬁ\\L+ ('0)"—’ (WE)L
e S el
Z(io)(»r:\)
54 |
(9/ COS (S,r\
= |°47’
éomv\’le(/\ff
et : be fwwen
o whan AKWA7 Th Mi;e' - Hro
Xls > fwo vectvrs  Theg r @
- Sarne For

P
7 N ,”_:?
ﬂ/z 5 eniiie B
-k A& B

1 -k 15 "

/'/\9/'6&0('- . )
f 7’-:0“/‘4% LECAR /a6 Fead of
Some 5*"0('04/‘/ .
Wb oG

“H’LO
L;;C/ﬁ Wi
(onve ~eeols o & W

End of Q11 Solutions

Ql1#7



Section 11 Q12 Solutions 14 Marks

(a) Two blocks, of mass 2 kg and 1 kg are initially stationary on a frictionless ramp as shown.

A light, inextensible rope joins the two masses and is hooked under a frictionless pulley.

The masses are then released.

2 kg

15°

(i) Assuming the rope is taut, find the acceleration of the 1 kg mass, leaving your answer

in terms of g and 6.

a =gcosO+T
2a = 2¢gsin15° — T

a = g (cosf + 2sin 15°)

Note: This was generally poorly done.

(ii) Find the range of values of 6 such that the rope remains taut.

From 1) T =

(cos® + 2sin15°) — g X 3cosl

O Wl

= (sin 15° — cos 6)

Rope remains taut when sin 15° — cosf > 0 = 6 > 75°

Note: Pupils stated a; > a,, however their working shows F; > F, which does not give the

correct response. This was also generally poorly done.

Q12 #1



(b) (i) Find /(xe” +€%) dux.

_ / @%(&)w“%(@) da

Note: Well done.

:v+1

(ii) Hence, or otherwise, find W=

(a:+1)
\/w

/W

—sin 'ze® + O

Note: Most pupils got this but quite a few didn't recognise this is an inverse trig solution.

QI2#2



(c) A particle moves horizontally in a line on the z-axis. It initially is moving at a speed of
u m/s away from the origin such that u > 1. It experiences a pushing force numerically
mk
equal to — N due to the ground. There is also drag numerically equal to mkv N acting
v

on the particle.

d? 1
(i) Show that d_tf =k <— - U).

Note: Well done.

1
(ii) Prove that the time taken for the particle to stop is T = o In(u? —1).

()
dt v
R ) T
- " dv=k | dt
2 U 1_7)2 0
[ —9 T
U dv=2k | at
0 1—U2 0

[ln |1 — UQHZ;' = [th]g
ln‘l—uﬂ —ln(l—()?) =2k (T —0)

1 ;
Tzﬁln(uz—l),u>1

Note: Well done.

Q12 #3



(d) Let U and V have position vectors u and v respectively.

(i) Show that X_U> = u — proj, u.

oOU =0X + XU
XU =0U - 0X

H .
XU = u — proj,u, where O0X = proj,u and oU = u.

Note: Well done.

(ii) Hence, or otherwise, prove that ||v|u — (u - v)0| = |ul|v|sinf where 0 is the angle

between the vectors u and v.

_ |u—projul
lul
lu|siné = |u — proj,ul

-t

lvlu— (u-v)v]|

v

[v[lulsing = [[vlu—(u-v) vl

Note: Mostly well done.

End of Q12 Solutions

Q12 #4



Section I1 Q13 Solutions 16 Marks

(a) For all positive z, a function f satisfies

2f(z) — f (1) =%+xlnx. 0

x

(i) Explain why 2f (é) —flx) =2 — — 1
Replace % <> —
|
14(%) - f(—k) S L
Generally well done,
2§(%) - f(x) = % + Linzg~!

2f(E) - f(r) : x- M2

(ii) Evaluate / ’ f(z) dz. 4

Oxz: 44(x) - 2 f(£)= % + 2% % ©
D+@: 3flx): Z + 2xInx + - /”a:%

2
fie)s [ 5+ 22z +x - 2]

2 )

onsdw 2 vinxdy = 2 [ Ly - 5 xdz] u=mx V=X
. L - 1t
= - X, ¢ “ex Ve

L

[ fo)dw= L[ tnlzl+ 2%z _% - (mzz) ik

(In2)*
L2 + 4in2 - D]

"

| 2
2n2 - 7 (n2)

+ Monyj olgebraic wistakes , mainly to do with negatives.

- 1t was difficult v awavd marks (f students conlont wen fnd (7).

Q13 #1



(b) A 5 g flare is shot at 45° with speed 104/2 from the origin and is programmed to detonate

when it reaches its maximum height.

Ny

(0]
j;2
There is air resistance numerically proportional to the velocity squared, R = —k( o
Y

)

acting on the flare, where £ and y are the horizontal and vertical velocities of the flare

respectively. Let kK =2.5 x 107* and g = 9.8 m/s?.

(i) Show that the acceleration vector g of the particle is g = (

m oﬁoakg

"

[$))
(&)
«

s
=~

2O
‘

..._[_L_ -2
[ W‘% le. Z'BX'O_4
~ _a"g _ _%m_yl W - 0.009
( -0.06%% )

=98 - 0.054*

« Qenevally well olone.

- Students neeo h explicity have m= 0.005.

QI3 #2

—0.0542
—9.8 — 0.0572

0.00

1|+

"9

kY



(b) (continued)

(ii) Prove that x = 201n (l—l—%). 3
Method | I
- . . dx
%'-— ~0-05X = d_t_
% [ . f
— dx = - 0.05 dt
flOJ'wos%° £ J .
X
[/'—.] .+ [0.05t],
o
LI E O
x I 20 ©
[ [ t+2
Y, 10 + 20 t = 20
: 20 A%
k= t+2 at

[Yoan-[; 22 at

x =20 nfs+2]]"
= 20[In (t+2)- m2] ($+2 >0)
=2 In(#)
N = 200n (1+%)
= -005%" = % . Ceneraly wel done .
fwéwswd_y?; = j:’ —0.05 dx . Method | was move popular.

[le x']:, = [- 0.06x]f . Some students had imhal Z = 10z sind5°, which
[nckily oidnt impact the proof.

nixl - D = - 0.06%
MI% = - 0.06%
£ = 10e” %< % (x=z0, x=10)
f’: e"or = [t 10at
2 [ %% = [lot]]
60-0676__ ' lé__'
ea.osx= [+ -i?._—

005}(,: ,W(%-I'l)

x=20m(E41)
QI3 #3



(b) (continued)
: .. 14(5—"7tan(0.7t))
(iii) f’rove that durlng.the up;vgrds motion, y = 7+ 5 tan(0.70)
y=-98- 0059 = d—'i

: "
K LI | g
0JZ sinds® 4.8 + 0.054> °

Y 20 dy T4t
o 19 +y* [ t]"

o -

0 - -1
I;[m" ot ]t

on—' Yy - -% -5
1 _3; 5t o+ fon >

%{ tan (tan™ 2 - %t)

o

5
= - ton (0.7¢t)

|+ %mn (0.7£)
5— Ftan (0.3t)
++ S5tan (0.3%)

. 5 - Ftan(0.7t)
4= '4[ }+5tan (0.79)

[l

. Poarug done .
. Many stundents comid integrate, but wuld ot complete the proof.

* ALL working needs o be shown for PROVE guestions.

Q13 #4



(b) (continued)
(iv) Hence, find the time until detonation, to 2 decimal places.

Detonafion when maximum height =0

56— Ffan (0.3t)
14 7+ 6 tan(0.7¢)

5- Ffan (0.7t) = 0

.5
fan (0.3¢) = =
= tan” &
0.7t n &
I -1 5
t 07 fon -
=089

* Tis gueston was supprsed to be an easy maric, espe cially fiv those whp

tonld not do previons paris.
« MANY (o third of the whort) studenits had their calculator in oe grees wode.

Q13 #5



(b) (continued)
(v) Prove that the vertical displacement of the flare is

y = 201n |cos(0.7¢) + gsin(0.7t) .

. [ 9= #tan (0.7t)
u=14 [ ] a

T+ 61 (0.74) dat
Y + 55— (0.3t) v cos (0.7¢)
jo dl'] = 1% fo F+9tan (0.Ft) o x oS (0.71t)

t .
4 f 90 (0.F7t) — 3sin (0-7t) .
o Tws(0.7¢t) + 5%n (0.7¢)

Y

14t 0.7 [-%Sin(0.7t) + Sos(0.76)] m
0.3 Jo TS (0.7t) + 58in (0.3t)

dt

20 f: 0.7 [~ Sin(0.7¢) + %wsw.?t)]

0s (0.7 1) + %sin (0.7t)

"

20 [ n , wS (0.7t) + %s.'n (o.?t)’ ]Jﬂ

"

20 [ n | @ 0.3) + Zsin C02t)] - In 1]

20 In | @5 (0.7) + S sin 0.3¢)]

* Agnin, PROVE gquestons = show ALL wovking,

n

(4 ft 5005 (0.7t) — 1Sin (0.7t) .
0

. ang wrote : Y
1 s (0.Ft) + 5% (0.3 ¢)

I

20 [ n | ws (0.%¢) + —gTan (o.?t)’ ]Jﬂ

This is not showing ALL working,
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(b) (continued)

(vi) Hence, find the position at which the flare will detonate, to 2 decimal places.

| a0
tz=pzt™ = o .84

X= F33 m or  F3bm (using t- 0.89)

Y= 412m

Aoty easy mark to get, assuming studentS found a valve of t prior.

+ Some Students only found % ov v, and not both,

End of Q13 Solutions
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Section I1 Q14 Solutions 16 Marks

1
(a) Let I, = / z*(Inz)" dz, where a > 0 and n is a non-negative integer.

a*(lna)® n

: o _np : : .
(i) Prove that I, 3 3I and state the values of n for which this is true 4
f\ ¥
[et U:{M?()' "7_(_‘/ — XZ
i < g (tarl"™ a
dx v X°
3
- %3 nl Uy =1y 4
iy‘: ( ’?; (!\/11) ]Q'Ja-;('f(’nf’()” ‘}6{1

3, Y o : ' ' 1= 4
- (( !Z(M\)-—Oz(ma)"] —% C:)(Z(/n;{)” 'olx
As lnd=0 and Tu- =[] 2% (lnn )"~ dln

= 0*%}(@»«10)"»%121_,

- a>_nT_
= g?; <o 3-—‘—0""

—_—

e il clé'(.'ned fw nzoe
Fe/ IV‘"( +0 QX'I.";{' J “_'2 O

Fermula is tvue )(tf n2|

Marking scheme:

1 mark: Correct setup of the pairs of Integration by Parts components (u, #” and v’ and v) or
equivalent.

3 1
1 mark: Correctly obtains / = {% (Inx)" } - g Jl x*(Inx)"" db.

1 mark: Correctly substitutes boundary limits, explicitly showing the upper bound vanishes because
In(1) =0.
1 mark: Correctly states the restriction n > 1.

Marker’s comments:

e Majority of candidates performed well in this question.

e Some candidates were penalised for not stating the required restriction on the parameter
at the end of their solution, or for omitting necessary working in a higher-mark question.
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(a) (continued)

(ii) Define J,, = lim I,,.
a—0

—1)"n!
Hence, deduce that J,, = ( 321” for n > 0.

Iy = ‘i-’,‘(!”fglv\ )

a-10 o
= "M . :Os,(l"’f,'),ni ,L!—‘ lim Iu:l _—
0=)10 3 > Q-0 -
Now [im .0!;("" a)“ = g (P","/(’,!"Mfﬁ/ ,fu.wcf?f"! (as ) OPPJNCI'
e’ 0 at much faster rote than
- /Lf/ funeticn (lna)” a,p,pmacl )
either g0 ov —e when ﬂlf—?OJ
7n= O 'ﬂjn-—l . ¥R
3
= '2 Jn -y - —_—
= (-%) (- ﬂs;' ) i A ( Using recuprence velatien o

PR S 1] e =

Al
w

S (DEF)EF) - (B
i

. " tevms
= (-0 [nln-lu=p)=--x17 . T,
3“
New ,fj,.o,:l,im,,i )(l d’l —
&3¢ o
o = tim [ 227! S
a-vo—[ 3 ]a
= [im L.a ) -
a~70 ( >3
= -é - %
= Ji . -
.',TM-. £ ",'l),n?‘ﬂ! )(‘L = (=) " nt
ki —
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(a) (i1) (continued)

Marking scheme:

1 mark: Correctly obtains the recurrence for J, from part (a) (i), J, = —an_l, with a
brief justification that 1jr% a@’(Ina)" =0.

1 mark: Iterates the recurrence relation correctly to find the expression in terms of J,,.

1 mark: Correctly finds J|, =§ using integration.

1 mark: Show why the required result has the (—1)", n!and 3" using the pattern from the

recurrence relation.

Marker’s comments:

This part was not well answered by many candidates.
Common issues included:

e Many candidates did not justify why lim &’(Ina)" =0.
a—0
A significant number of candidates wrote that because a — 0, the entire expression must tend to 0,

without considering that In @ — —c as a —0".
Hence, the expression has the indeterminate form 0 x £, so some brief justification was required.

e Some candidates incorrectly treated the recurrence as a geometric progression, despite the
multiplier changing at each iteration.

e Many candidates did not iterate the recurrence sufficiently to demonstrate the general pattern
leading to the n!, (—1)" or 3" factors

e As this was a show question, candidates needed to demonstrate the required result from the
recurrence and limits rather than assume, work backwards from, or simply state the given
expression.
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(b) A mass m kg is shot upwards at initial speed v m/s in a medium that applies a resistive
force numerically equal to mkv N, where k > 0 is the constant of proportionality and v is
the velocity of the mass in m/s. The acceleration due to gravity is g m/s?. Take upwards

as positive. Prove that the object’s displacement satisfies v — u + gt + kxz = 0.

Mkv‘
Mo = -ymsy-m/(y - - —
A= =9 -RY (*)
dv -9 =KV B
clt
. R . —_—
dv gty
[ ot =j":L dv
e Jugtuv - o -
:—LJ‘V K 0{\/
_ U gtuv -
T=0 = [ }Jﬂ(\/l]
K
-'l(\in3+KV| ~lngtkul)
—int= (n ~th |
‘34‘[(“ - G - .
Now vdv = —3"“/ jLMMﬁJ
ax
dv - - (9tkv)
dx Vv o
— _?l__x = = —\i— = —
o\V 9tkv
- (Laww) ) B
— 4 gtkv. e e
| =
- ( +m/) ) e
Sy - 7\/‘ R L d
j dx ﬁu '2‘ gtkv Y
T W SV n | g+uv] Ju
“UN = V-3 jn (gekv] -U 49 In | gtuul
i« «

Q14 #4
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(b) (continued)

\/M-?)lm'
3+ku

Sub (U into @ , B

V-4 -9 (-Kkt) +kx=0 - .
78
S.V-u 49t tha=0 o I
R (mewed2)| .
From (L P
e ln,ﬂ Kv == e -
, _ 9 tku -
= UF (n(g KV ) As ad 0 (From ) |
9tkun __gtkv >0 —
. gtkv  _ "‘f{#,)i S.g4kud0 )
S‘H/(\L S a ﬂ"f“v 50
V= (3‘*““) s I | §iku
n S S
[ ,_o_lz,, e (ﬁ—fku ) Q'k{' ‘_i p— i —
clt K %4
[“dr= [Hloxaw) e g gy
o fa) K . S —— ————

x -0 ‘[:(ﬁii‘_‘i ) ,e,ff"ﬁ,,,:_,@__f_ J’C

= "(:’L_‘_*)e'“ —9*E - (L__)e’“o +g(e)
- (3__) | gkt ,9’—';_, - Cgticn )
‘. K = -(9+t<ie s AP ig+ku G
_ ukn+gt = -(g#m)g(éﬁkv \ +fg4u (su#m@)

X

[ , S 9*““ . S —l——r
Jll,ij_t_i ,_ti*;vf:tg\_feup ,,,,, = -
K
P Vo ” { +3t +tUX =0
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(b) (continued)

Marking scheme:

1 mark: Identifying a =—g —kv

dv - .. . .
1 mark: Correctly uses 5 g — kv and the initial conditions to obtain a correct expression for
t

in terms of u, v, k and g.

dv . . . .
1 mark: Correctly uses vd— = —g —kv or the expression for ¢ and the initial conditions to obtain
X

a correct expression for x.

1 mark: Correct substitution of expressions to obtain the required result.

Marker’s comments:

e This question was generally well answered by candidates.

e Some candidates made algebraic or integration errors and then fudged their working to
arrive at the required result, rather than obtaining it logically from their preceding work.

e A common error was omitting the absolute value when integrating

without justification.

Candidates needed to briefly justify why g+ kv >0 over the relevant motion
or simply use absolute value.
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(c) The probability density function ¢(z) of a standard normal variable Z ~ N(0,1) is given
2

by ¢(z) = \/127

e 2, for —oo < z < o0.

o0 €
You may assume that E(Z") = / 2"¢(z) dz = lim 2"¢(z) dz.
E—OQ €

—00 —_

(i) Explain why E(Z?) = 1.

Vav (@)= E(2}) “(F(%)]L

T
i 2 .
ER) = var (2)+[E(2))
- 2 .
| +c (as 2.4/ (01) )
= 1
Marking scheme:
1 mark: Correct solution using the result given in the reference Sheet.

Marker’s comments:

e This question was poorly answered by the majority of the candidates.

e Many candidates stated that the result was because the normal distribution has a
PDF/CDF whose total probability is 1. This does not justify E(Z*)=1, since the

expectation involves the additional factor z°,

e Some candidates attempted to evaluate the expectation directly by integration but
most of those were unable to complete the integral successfully.
Candidates attempting lengthy integration should have taken note that this was a 1-mark
question, indicating that a short application of a known result was expected.

e Although this result is from Mathematics Advanced, all Advanced content is
assumed knowledge and may be assessed (not as a stand-alone question) within
the Extension 2 examination.

This was stated in the exam notification.
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(c) (continued)

(i) Hence, or otherwise, prove that E(Z*) = 3. 3
1) = I -
E(2Y) = lim € 2Y¢(z) olz
t2, Jd-¢
=1 lim € 2 e"zz}o!e
@n e
=l n € 73 OI[ e-}—) de
f1g €954 ~de
= _'_ lim € L. i _ 22
£ [ e s ]-g T i':;ob FSize %de
~t
= -‘- [l"14 = ‘t L) %
(n ¢ (~€e= —(~t-¢e)e )]+3 %%d%
b (04} 7 % ' 1
= e-m( et )+ 3 E{sY

- .
= - y i G + 3 é’ %l As QX["Gv“eH?‘:Ol{ fey,wj gce,-}a
( ) 0 ]GO\S{QY 'H"QH !w\c?(w ‘{'QVM

{zn

— ‘ gees te o ay £ )
3(”’ ( From (|))

=5

Marking scheme:
Correct setup of the pairs of Integration by Parts components (u, #” and v’ and v) or

1 mark:
equivalent.

2 7)€ 2
1 _z £ _z
4 . 3 . 2
1 mark: Correctly obtains £(Z")=—=| lim| -z'e ? | —lim I_3Z e 2dz | and
| o)
—&
thereby identifying the second term as 3E (Z?).

1 mark: Correctly evaluates the first term as 0 using limits, with appropriate justification and
use the result from (i) to obtain to evaluate 3E (Z?) to obtain the required result.
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(c) (i1) (continued)

Marker’s comments:

e This part was poorly answered by most candidates.

e Many candidates chose an inappropriate pairing for integration by parts or made errors when
carrying out the integration.

e Some candidates made no attempt to use Integration by Parts, or any appropriate Extension 2
technique. Instead, some relied on false or unsupported statements to try to obtain the required
result.

e (Candidates needed to retain and evaluate the limits provided in the question.
Infinity cannot be treated as ordinary endpoint substitutions, since infinity is not a real number.
The improper integral must be interpreted through a limit as the finite bounds tend to infinity which
was given in the question.

e When showing that the resulting term tends to 0, candidates were expected to provide a brief
justification rather than simply assert the result.

End of Q14 Solutions
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Section 11 Q15 Solutions 14 Marks

(a) Let z,w be complex numbers that satisfy
|z —5—-3i| =1 and lw—2—4i| = 1.

Find the range of values of Arg (z — w), where Arg denotes the principal argument.

tan~! 13 *—tanfll
2-5) 3

245 443
The midpoint is (%, %) = <

—
-

The distance from centre to mid point is

»

V10
5

The angle of the tangents to the line segment is sin since the radii are 1.

Y

We want the range of values that are a rotation around the midpoint by the angle stated above.

V10

1 V10 1
J.o—sin” = tan! 3 < Arg (z —w) < sin™"' ! 3

—— —tan
5

Note: Very poorly done. Only a hand full of pupils got full marks.

Q15 #1
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(b) Let n points P, P, ..., P,, which are represented by the position vectors py,ps,...,pn 4

respectively, lie on a straight line [.

Prove by mathematical induction, for n > 2, that the point represented by
u=Mp1+ Aapa+ -+ Aipn
is collinear with the n points, where A\1,..., A\, € RT and \{ + Ao+ -+ \, = 1.

Prove true for the base case.

u2 = aipg + qepy, a1 + ag = 1.
= (1 — a2) p1 + 2p2
= p1+ a2 (p2 — p1)

Therefore the point represented by 12 is collinear with the points represented by p; and pa-
k

Assume true forn=4k Uk — )\1p1 + )\2p2 + ...+ )\kplm E Ai=1
1=1
and the point represented by Uk is collinear with all points represented by p;-

Prove true forn =k + 1. k41

Uk+1 = f1p1 + H2p2 + - - - + LkPE T Hk+1Pk+1 Z pi =1

i=1
M1 2 225

= (1- — it ——po ..+

wert = (1= ) | 7 e P! T e P2 Tt T et P T Mkt 1Pg+1
k ] k ] k
223 i
Ni= ——, = = (1 - — 1= i
- I — psa ; I — pg41 I — pkta ;M I — pita ( i) ;

Uk+1 = (1 - Mk+1> Uk + Mk+1Pk+1

= uk + Mk+1 (pk+1 — uk)

Therefore the point represented by uk+1 is collinear with the points represented by uk and Pk+1-

The statement is true for the base case, and true for n =k + 1, given n = k is true. Therefore it is true

for all n greater or equal to 2.
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(b) (continued)

Note: No-one got full marks for this. In fact, only a handful of pupils successfully proved

the base case.
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(¢) (i) Let a, b and ¢ be real numbers. Prove that if asinz + bcosz = ¢ has no solutions for

all real z, then a? + b? < 2.

Rsin (z + o) = R (sinz cos a + cos x sin «)
Comparing coefficients: Rcosa = a, Rsina =b
R?cos’a+ R*sin*a = a*> 4+ b*
= R*=ad*+ 1’
= R=+/d>+ 1’

Therefore R is the amplitude of asinx + bcos .

c .
sin (z + a) = = has no real solutions when

‘%‘ > 1,since — 1 < sinf < 1.

= |e| > [R]
= >a+ b

Note: Mostly well done.
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(c) (continued)

(ii) Particle P is released from rest 4 m to the right of the origin, and follows motion 4

governed by the equation ¥; = 8 — 4.

Particle (Q undergoes simple harmonic motion centred at the origin. @ is released
T seconds later from the origin, with the same period and amplitude as particle P

and negative velocity.

For what range of values of T during particle P’s first oscillation should @) be re-

leased so that the two particles never meet?
f1=-4(r1—-2) =n=2c=2.
xr1 = acos (2t + aq) + 2
P is at rest at its full amplitude and isatx=4 = a = 2, a1 = 0.
x1 = 2cos2t+ 2

Q has same period and amplitude but starts at the origin with negative velocity and is centred at the origin,
.9 = 208 (225 + g)
2cos (2(t+T))+2=2cos (2t+ g)
COS (Qt—i— g) —cos(2(t+T)) =1

cos 2t cos g — sin 2t sin g —cos2tcos2T +sin271'sin2t =1

sin 27'sin 2t — sin 2t — cos 21 cos 2t =1
(sin 27 — 1) sin 2t — cos 2T cos 2t = 1

From i) (sin 27 — 1)° + (— cos 2T)° < 17
sin227 — 2sin 27 + 1 + cos?2T < 1
2—2sin27T <1
1
in27T > —
Sin > 5

2T > % 2k, k € Z' U {0}

5)
oT € (2,20 forr, k € 27U {0}
6" 6
T 5w
T .
E(12’12)
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(c) (continued)

Note: Only 2 pupils got full marks for this question. Most pupils had some idea of
the displacement equations, but were unable to successfully take it much
further than that.

End of Q15 Solutions
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Section 11 Q16 Solutions 15 Marks
(a) Let g = _3+\/5

(i) Show that 32+ 38+ 1 = 0, and hence, prove that 372+ 3371 +1=0.

x*+ 3n#+ ) =0

cons,'der
+ hag roo T3 > = -37 (3 -’-f(\)(.)
2(\)
x= - 33{¢
2-

g=-3+¢ cashsfles ¢ #Bnt | =0

2- 2 -~
/e £ 2B ¥ | =O

= £ (17 ~oolarcd of ’_007'5)

ozB'-—,'—
= ‘&l
o=
; - ] = -S'J/S-
Jhe oThes roo¥d 'S ;8’ - /)j
1 also sokis hkes x4+t = o
p () 3(2) 1=

A1 H+ern 54/7'71'(’/{7 "

2 _3+f_$‘
2 3+ i‘)L
- — N
[ ( a
q-bis +5
L i
(.F

r-r-
14 - &vs
/’—
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(a) (1) (continued)

B +3pR+I1= 7—35"+ 3(.34@) £ |
2- 2-
- F~3E -9+ 3(5 +2
2-

= O
g 2BFI=D

B"rZBf’/ O AT ﬁ?o
'32_ ﬁ’.
[*33~,+B-—L:O

x 27*r3p 7'+ 1 =0

/2

Commeunt

Tirve armd &

rvuh(}\j e neeothess

#ow?" A A—e/ S‘wcd b{j M-f
Ca«/LW/‘-Ocj“\Owj Gan A Mbqu'

Q16 #2



(a)  (continued)

(ii) Let B, = 8™+ 8~ ". Deduce that B,, = —3B,_1 — B, .

’)(_14—314— |20 Aas reot /;)/3"

o = e =Bop = hos oottt £, B

= A2 =
N N

a el < S

St - —5)(.'\ - N

/; L —3g nrl' —n+2 :Z
© +@
. — | n'Z} -n+2
T aat. )-(r" "+ B
E. = "ZB,\-“ Bn—‘).
A/WAMV% g
con sieler = "'ZBV\-" Ba-2
= B +F-“fz(3""fgn ') A Y S
AT _r

= p3ptET TR P
ppesper) v (1730 F)
2n (o) + g7(0)

=

\

1

sue B, r3E, # By =0
En — '-an_' = Bn—)_
Cemmend .
The resud?y o \pw'l* (i) heeded o be ws«d

yn S0 wo«.,:j .
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(a) (continued)
(iii) Hence, briefly explain why B, € Z for all positive integers n.

Method 1:
1
Blzﬂ‘i‘g
—3+¢5+ 2 X3+¢3
2 —34+vV5 3+5
—3+¢5+6+2¢5

2 —4
_3+Vh L 305
N 2 2
- -3¢Z

1
32:524‘@

1\2
~(+3) -2
=(-3)2-2 (. By = —3 (from above))
=T7¢€Z

S.B1,By e Z

From (ii), By = —3By— B; € Z, since Z is closed under multiplication and subtraction.

Similarly, By € Z, Bs € Z, ... and so on.

.. B, € Z for all positive integers n

Method 2: Induction

Over the page
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(a) (iii))  (continued)

Prove +wwue for n=|

B,

\

ﬁlf’B—' ( § v ot ,roob of %L"E’\’-’:OB
b
(2%
-3 e
1
e fo s )

ALl

\i

Preve Prue fo — n= 2
.o R
aNE -/
= (p'rp7) - 2PP
= (’3))_'-2’(')
= 7 & Z
el for n=2
ﬂ'Sf 4 o ﬂ:'k/ ket 5 hezf
I g}( )Bk.f-q & Z

Em—z_: N ZBhH N gk

Sk By By, &
O A \-\Rﬁws PV ((OSLO( v e s,ngVo;c)hbvl

o scakean awit ) Weambin

Bicys EZ
:_%LL&, ‘O( n < k“L

B] T ,&V‘{nq‘pl,( 0# W\MWMOJ ' ek ,.,\OLM(j‘\bv(

BpeZ for ok pocithve nAgens N,

Q16 #5



(a) (iii))  (continued)

Comme/t/\/f-‘

Bo= 8"+
w 2
Coudd hawve beor, wused MOV\j w 1 H E‘ te prove

En_ éZ 'éo-" ‘»\i—(DQ’VSVLeiO/‘,’Z) 3,,-.§‘

This wowld  naacn B &€ Z +o- aM pesihlve "\*ﬂdw& M,
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(b) Consider the polynomial P(z) = 2?1 — 1.

(i) Prove that the roots of P(z) are z = oy, = cos 6, + ¢ sin by 1
2k
where 0, = 1 for k=0,1,2,...,2n.
?(Z)'—‘ O - ne Z?
.Z'Lvn—l— l . D
nyl & \

et 2= V(Losg 1"!‘&\‘/\6)

ant| ) . -
(T(WSG +1sin e\) i - | (cogltoJT + 'S\V\'Z\L‘W) $o Re
i K& ] | 5
rznr‘(cos (Lm—l)& x is\v\(zm—qe) = | (cas 2k + is w2k )
f&gMoJ“C
rmf' s C‘Lnr\)& =2kl
& = 2.l (T
R o | S | f\k
- ne
S P) s & tao\vmn_;“u( od dAeyree (Lwr\) [

bt wid have (Ly\-ﬂ\ (,ow-'ol&x zer 0%,
)
;'Q_ k’-: O’ ';2,"‘)2v\ .

= LO&QP_ T i\Sw\ (9“\‘L

~eros of P(Z) Ooure 7:o(k,

© e A
8 y Sl for h;u(l)'l} )

hoe .
- . 2N+
CDMMQ,VV"". " 0#
gfuchets cwsudel nol sklp vy e

wo/k«bgb @0/ a 6)roo€_

’ ~ = J/\,"'C < _}o\Nus
A\so Pe Moivres ‘//l/\,,o,orgw RS \Co ! l .
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(b)  (continued)

(i) Prove that ax = aani1—k-

1

B-Zk ( (oS £ + 'St 2 e T 3

2nt| 2nti
= (022 joun 2kl
2nr! 21t
=] _ 24T =gy ok — 20Tt
COS(Q.TC E_AT‘_) 4 V\( 1__._“1"
i c°$<7.7r(74\ﬂ)-—2'4—“')+;3m -ur(»nﬂ\-‘ucl
znv | 2t
o S zm(zr\fi—ll\ +‘~$W\ > T (1.«!—(—17_\
2Nt e
= 0<7—r\4—|-k

Cow\mey\]{'
"]/(/\A\S 'S a ProO"F. 5"""’\0&14/\:\_& (C(,Ml‘)’ JV\$+ _S’\t\m

e A s il B B Gl ete. pralig,
TK,Q,D naed O moekdh the sf&ud;cc, v a2 ¢

of R,
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(b) (continued)

(iii) It is known that 2

n
[[7: =T x T x Ty x -+ x Ty X T,
k=1

Hence, or otherwise, prove that

Z2n+z2n—l+...+z+]_:H(z—ak)(z—a_k).
k=1

ant|

p(z)=2 - |
:(2 e Wrole ). ... (B~} (Z.“’(zn\

- (2-)(3-0)(Z) - (2 = ampya ) (2 Xanei- )
- (2-0(2-’(.)(Z‘d-znn-.}(z"ily(2_0(‘-'\*!‘}_)-.-, <2—-4(,\\(Z-012,,,-,,_n.)
. (2-‘) (Z_g')(z-z‘ \(Z-ol,_)(z -Z,,) i (Z-dh\(z‘:x_r\\

2nt|

A\SO ’ z - I A 2n-| -2 3
:(Z")(Z’—*Z F Z F"‘+Z*Z—+’3
e,><70;»-e1351'¢>/'5

e%afe- Fhese PO

" (Z_x,yz_z,)(z-n\(z- 4, Jee (z-2.)(Z%)

= ﬁ (z ~o2, ) (2 ’Z“‘)
k=1

% o il

2 +Z s T

-</~ o
Thie ¢ o Proo'(, Shudentt need +O connect
_,H/\e l/{’\é.ov/ PO\-’;‘\_S.

o 5 baab

Lo\.’\ﬁp)e* ZUO‘
real Z2v ol

Note : Zel L &
S cHew Zeso0f as non-

desc-ibe tlre-
as opeogeoﬂ wv’\/‘loul)‘ R0
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(b)  (continued)

km
) s
(iv) Let Ay =5 — 4sin (2n—|—1)' X

Show that Ay = (o — B) (1 — a;,'B71), where 3 is the value from (a).

Ak:«“&‘f)(/—d;;’ﬂﬁ’) -
- (XIL "ﬁ)(l —D//Z K”/) sma (&, =1, ;12—&:0{
= 0(2_ — diﬂo—‘kﬁ_/' ﬁ F djz /212"'

= Ar "/44—//3 # oy

= 2Kelly) - (-3) s, 15
= 55 2Cos<§ff‘>

\I
W
+
N
—
)
N
w
S
N\F
31A
e

pless O fo Uou
i PAant ‘reg(‘
gl / Je CvmnewL’b”S ave et
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(b)  (continued)

= k
(v) Hence, or otherwise, prove that S = H l5 — 4sin? ( m )] is an integer.
Py 2n+1
You may assume the result from Question 16 (a) (iii).

¢ =T [sas(45))
B=|
= i“ AK
p=t

=TT (un-BY(1- %)
= ﬁ (dh’ﬁ)([" é)

Je=i A
- UL (tamP(P %)

\i

ﬁ “——‘—(,@—K'&)(/g 'Za)
=t P

(:i‘ TT <IE””<LA)(,5'”‘—¢)
B" k=l

(et z:ﬁ s D .
[»} lsznfpzn"}_’j g+l = El(}g—xn\<}g~dn)t)

. & prl n n-l
- t‘—?\/\ [ﬁmfﬁzm PIPY - E+)

- (-ﬁ“[ﬁﬂ}iﬂ"h,,* B |+/13"+ - +~Fj'”'+F'“l
CS[PET R P o]

- (—i\"ZBh»r E V.. 2" l]

sz Bl & ( from (a))

Se Z
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(b) (V) (continued)

(,omme/m.f

Ve/wp Jeru 5‘/’M0(.£/VL7(T were able 1o 96f 7T’
/4 o o f connectons with PVW/'OM,(
/Mk needed Fo bLe made.

End of Q16 Solutions
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Section | Multiple Choice Solutions

3r+1
1 Which is the correct expression for / de?
2+ 2x+4

3 2 r+1
—In(z? +2x +4) — —tan! (—) +C
2 ( ) V3 V3

2 1
B. 3In(z? + 2z +4) — —tan™* (i) +C

V3 V3
3 r+1
C. ZIn(z?2+2x+4) —2ta _1( )—i—C
5 ( z +4) n 7
+1
D. 3In(z% +2x +4) — 2ta —1(x )-I—C
( ) —2tan (“

3
Because of the 5 then options A and C

As x* + 2x + 4 = (x + 1)> + 3 then options A or B

More formal solution:

3
[l - &
x?+2x+4 x?+2x+4

3/‘ 2x+2 4 2]‘ 1 J
- - ax = X
2J x242x+4 (x+ 12 + (/3)?

3 2 _(x+1
= 31n(x2+2x+4) - — tan”! +C

VARG

T aOw»
S W O =

MC#1



2 In the diagram, AOAB is a right-angled isosceles triangle and OBCD is a square. Let A

represent the complex number o and D represent the complex number .

Alm(z)
B
C
A
A45°
Re(z)
Y O -~
D
v

Which of the following is correct?

[3+a=ia

B. —a=1ia
C. V26 +a=ia
D. V28— a =ia

iT

Oh = JToAeT

=(1+i)a
OD = i OB
“B=i(l +i)a

=ioa —«a

Options C & D are obviously wrong as the scale factor,ﬁ has been applied to the wrong vector.

A 90
B 4
C 19
D 5

MC #2



Ca=p»

A particle moving in simple harmonic motion centred at the origin attains minimum
acceleration of —3 m/s? and a maximum speed of 4 m/s. At what position does it attain three

quarters of its maximum acceleration?

16
A z=—
T= 3
16
B.z=——
T 3
C.z=14

Maximum acceleration is when x < 0
So only options B and D.
Need the one with smaller magnitude.

Let the amplitude be 4.
a=-n*x=-3=-n%4 [Minimum acceleration occurs at maximum displacement]
wntd=3

Maximum speed occurs at x = 0

16
As Vv =n* (4> - x*)then 16 =n*A’=> A = EY

12
37
25
44

MC #3



Let u be a complex number with |u| < 5. What is the minimum value of |2u + 3 + 4|7
A. -5
()
C. 10

D. 15

Options A is just wrong and D is for “maximum”.
Ifu=-3—-4ithen|2u+3+4i=0
Graphically: The locus of 2u + 3 + 4i is a circle radius 10 centred at (3, 4),

i.e. the locus of u dilated by a factor of 2 and translated to the right 2 units and
up 4 units

—-10

} \ t X
(3,-4)"

—-10+

Triangle Inequality: The variant is ||a| - |b|| < |a - b|.

2u + 3+ 4i| = |2u = (=3 = 4)|

> [|2u] = -3 —4i|
= |10 = 5|
=5

A 7

B 75

C 25

D 11

MC #4



5 Let Arg (z) be the principal argument of z. How many possible real values of k can satisfy
Arg (zw) = Arg (2) + Arg (w) + k7

for complex numbers z and w?

A 2

®:

C. 4
D. 5

As —T < Argz < Ttthen =270 < Argz + Argw < 2T

A 39
B 44
C 26
D 9

MC#5



6 A ball is held stationary on a slope by a horizontal force F' and is subject to gravity Fj and

the normal force IV as shown.

1y

Which of the following is equal to F' - N7

A |F||El
B. |F|*
C. —[F||F]
ORI
Resolving horizontally: As the ball is stationarylj + N sina = 0
£ = [E] Y] coss0 + )
= |£] > (|| sin)
= |Ef
A 9
B 14
C 56
D 39

MC #6



S a= >

Let P(2) = ap2™ + ap_p2" 2+ -+ +ay2% + ag be a polynomial with|integer coefficients

. where

n is an|even positive integer.

P(z) is known to have zeros at z =2 + /3, z = —v/3 and z = —4 + 2i.
What is the minimum possible degree of the P(z)?

A 6

B. 8

@10

D. 12

As the coefficients are real then P (—4 + 2i) = 0
As the coefficients are integers then P (2 * ﬁ ) =0
As P(z) is even: if P(a) =0 then P(—a) =0

62
46
g
1

MC #7



2a
f is an even continuous function. Which of the following is not always equal to / f(z)dx?
0
A. / f(x)-l—f(?a—x)}dx
o L

B. /_0 F(@) + fla ac)] i

a L

C. /_O f(@) + f(=20— z)] do

a L

All of the above are equal.
2a a 2a
Note: f = f + f
0 0 a

a 2a
A. False f f (2a — x) dx = f (u) du, foru=2a—x
0

As f'is even then fo f(x) dx = faf(x) dx
—a 0
B. False fof(a—x)dx= fzaf(u)du,foru=a—x

C. False f(—=2a —x) = f (2a + x)

0 2a
ff(2a +x)dx=f f (u) dx, for u=2a+x

2a
=~ They are all equal to f f (x) dx.
0
A 12
B 43
C 33
D 30

MC #8



9 A particle is initially placed at a random position on the z-axis. The particle’s velocity v as a

function of x is shown in the diagram below.

v

T5 Xg x

57.;-____________

[ T

At what range of initial positions will it experience positive acceleration?
A 0<z<zgoray<z<uzxg
B . z<ziorzs<z<uzs

@O<x<x20rx3<x<x4orx>x6

D O0<z<zgorzs<zxz<uxg

dv dv dv
Asa = v —, weneed where v>0AND — >0 OR v<0AND — <0
dx dx dx
A 56
B 12
C 47
D 3

Possibly students thought the x-axis was a #-axis.
If students had looked at the 2025 HSC ME 2 paper, they would have seen a question with these axes.

For revision: look at the NSGHS 2026 ME 2 THSC q10.

MC#9



10 The diagram shows triangle APQR.
Ais on PR such that PA: PR=1:4.
B is on QR such that QB : BR = m : n where m,n are odd positive integers.

If the point W divides an interval UV so that UW : WV = a : b and the position vectors

— b
of U and V are u and v respectively, then OW = a v+ U.
a+b a+b

Let X be on AQ such that AX : XQ = x : y where z,y are positive integers that add to

47. By finding two different expressions for P—)(2 , what is the minimum value of z?

A2

®:

C. 4

D. 5
A 10
B 39
C 40
D 29

MC #10



10

(continued)

—

LetP_Q> =qgand PR = r

-
From the information given in the question: PB =

1. PX = MFTé,WhereuER.

AQ = AP + PQ
1

1 — X —
= —PR+—A
5 47
1 X 1
=—r+———r+q
5~ 4| 5~ 1

n _ 1 . x ) 47 — x (1)
“Um+n 5 47 235

m X
M(m+n)_ E _(2)
(1) = (2):
no_ 5(47 — x)

~* m and n are both odd = x = 3 is smallest value of x

n c
Note: even though HCF(m , n) might not be 1, — # —.
m

MC #11
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