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Section I
10 marks

Attempt Questions 1 − 10

Allow about 15 minutes for this section

Use the multiple-choice answer sheet for Questions 1− 10.

Question 1

Let α be the complex number plotted on the Argand diagram below.

Which expression is equal to (α)−1?

(A)
1

2

(

cos
2π

7
− i sin

2π

7

)

(B) 2

(

cos
2π

7
− i sin

2π

7

)

(C)
1

2

(

cos
2π

7
+ i sin

2π

7

)

(D) 2

(

cos
2π

7
+ i sin

2π

7

)

− 3 −



Question 2

A polynomial with positive integer coefficients has roots 2 and 4−5i. Which of the following must

also be a root?

(A) 5− 4i

(B) 4 + 5i

(C) 5 + 4i

(D) −4 + 5i

Question 3

Using a t-substitution, which of the following is equivalent to

∫

dx

1− sin x− cos x
?

(A)

∫

dt

t2 − t

(B)

∫

2dt

t2 − t

(C) −
∫

dt

t

(D) −
∫

2dt

t

Question 4

If |z| = 1 and w =
z − 1

z + 1
(where z ̸= −1), then which of the following is equal to Re(w)?

(A) 0

(B)
1

|z + 1|2

(C)

∣

∣

∣

∣

1

z + 1

∣

∣

∣

∣

· 1

|z + 1|2

(D)

√
2

|z + 1|2

− 4 −



Question 5

A particle moves in a straight line such that a =
1√
x+ 1

m/s2.

It is initially at the origin, moving to the right at 2 m/s.

At what position will it first reach a speed of 4 m/s?

(A) x = 8

(B) x = 9

(C) x = 15

(D) x = 16

Question 6

Let z = x+ iy. Which of the following options is equal to |eiz|?

(A) 1

(B) ey

(C) e−y

(D) ex

− 5 −



Question 7

A particle is executing simple harmonic motion with a period of T seconds.

At time t = 0, it is at its centre of motion.

Which of the following would be the best graph of v2 against time?

(A)

(B)

(C)

(D)

− 6 −



Question 8

Find the magnitude of the vector
˜
u =

˜
i+ tan θ

˜
j for θ ∈

(π

2
, π
)

.

(A) 1

(B) sec θ

(C) tan θ

(D) − sec θ

Question 9

ω is a non-real cube root of unity. Evaluate

(1 + ω)(1 + ω2)(1 + ω4)(1 + ω8) . . . (1 + ω2n)

where n is some even positive integer.

(A) 1

(B) ω

(C)
1

ω

(D) − 1

ω

Question 10

Let α, β ∈ C so that Im(α) = Im(β) and Re(α) > Re(β).

Determine which of the following equations can be used to find the set of values z where

Arg(z − α) = 2Arg(z − β).

Note that Arg(z) denotes the principal argument of z.

(A) |z − α| = |β − α|

(B) |z − β| = |β − α|

(C) |z − α| = |z − β|2

(D) |z − β| = |z − α|2

− 7 −



Section II
Attempt Questions 11 − 16

Allow 2 hours and 45 minutes for this section

Answer each question in the appropriate writing booklet.
Extra writing booklets are available.
In Questions 11− 16, your responses should include relevant mathematical reasoning
and/or calculations.

Question 11 (15 marks) Use a SEPARATE writing booklet.

(a) Define z = 5− 12i and w = 3 + 4i. Find the value of:

(i) 2v such that 3v = z − 2w;

(ii) 1
2

w
+ z;

(iii) 3u such that u is a square root of zw.

Leave your answer in the form a+ ib, where a, b are real numbers with a > 0.

(b) 2Find the values of a if the vectors
˜
p =

(

9a− 4

5

)

and
˜
q =

(

a

−1

)

are perpendicular.

(c) (i) 2Find the values of constants A,B and C such that

5x2 − 9x+ 4

(x− 3)(x2 + 2)
=

A

x− 3
+

Bx+ C

x2 + 2
.

(ii) 2Hence, or otherwise, find

∫

5x2 − 9x+ 4

(x− 3)(x2 + 2)
dx.

(d) 3Find

∫

cos−1(2x) dx.

− 9 −



Question 12 (14 marks) Use a SEPARATE writing booklet.

(a) 2Calculate the value of k ∈ R so that there are only two points of intersection between
∣

∣

∣

∣

Arg(z − k − i)− π

6

∣

∣

∣

∣

≥ π

6
and |z − 2− 2i| = 1.

(b) A 2 kg toy helicopter is low on battery and provides a thrust of 10 N upwards.

It starts falling from rest, and is subject to gravity and air resistance numerically

equal to kv2 where the constant of proportionality is k = 0.096. Take g = 9.8 m/s2.

Let x be the downward displacement of the helicopter from its initial position in metres,

along with acceleration a m/s2 and velocity v m/s.

(i) 1Explain why the motion of the helicopter follows the acceleration equation

a = 4.8− 0.048v2.

(ii) 3Prove that the velocity of the helicopter is given by

v =
10(e0.96t − 1)

e0.96t + 1
.

(iii) 2Given that the helicopter hits the ground with speed 6.5 m/s, calculate the height

the helicopter was initially at, correct to 2 decimal places.

Question 12 continues on page 11

− 10 −



Question 12 (continued)

(c) (i) 3Using De Moivre’s Theorem, prove that

cos 6θ = 32 cos6 θ − 48 cos4 θ + 18 cos2 θ − 1

(ii) 3Hence, by making the substitution x = A cos θ for a suitable A, or otherwise, find

all the roots of the polynomial

P (x) = x6 − 6x4 + 9x2 − 2.

End of Question 12

− 11 −



Question 13 (15 marks) Use a SEPARATE writing booklet.

(a) A ball moves in a straight line according to

v2 = 9(12 + 4x− x2)

where v is the velocity of the ball in cm/s and x is the displacement of the ball from the

origin in cm.

(i) 1Prove that the ball is moving in simple harmonic motion.

(ii) 1By considering v2 ≥ 0, or otherwise, find the range of x values that the ball can

move in.

(iii) 3The ball is considered to be in the extreme zone when it deviates from its

central position for more than 2 cm.

It completes one whole oscillation and returns to its starting position.

For what percentage of time, correct to the nearest whole number, is the ball

in the extreme zone?

(b) 3By considering the expansion of (z + 1)4, or otherwise, solve

z4 + 4z3 + 8z2 + 8z + 3 = 0.

Question 13 continues on page 13

− 12 −



Question 13 (continued)

(c) The two weights in the diagram are of mass m kg and M kg as shown.

For the weight on the slope, M kg, there is a frictional force, F acting on it.

It is given that F = µN , where N is the normal reaction force of the slope on the weight

and µ is a real constant.

Assume that the mass of the string is negligible.

(i) 2The m kg mass is moving downwards.

By resolving parallel and perpendicular to the slope, show that the

acceleration, a, of the masses is given by

a =
g(m− µM sinα−M cosα)

m+M
,

where g is the acceleration due to gravity.

(ii) 2Find the tension in the string.

(iii) 3Prove that if the vertically hung mass is moving downwards, then

α < sin−1

(

m

M
√

1 + µ2

)

− tan−1 1

µ
.

You may assume that α + tan−1 1

µ
<

π

2
.

End of Question 13

− 13 −



Question 14 (15 marks) Use a SEPARATE writing booklet.

(a) A complex number z satisfies z5 + i = 0, where z ̸= −i.

(i) 1Show that z4 − iz3 − z2 + iz + 1 = 0.

(ii) 3Prove that (z + i)
(

z2 + 2iz sin
π

10
− 1
)

(

z2 − 2iz sin
3π

10
− 1

)

= 0.

(iii) 2Hence, prove that sin
π

10
− sin

3π

10
= −1

2
.

(iv) 3Hence, find the exact value of sin
π

10
and sin

3π

10
.

(b) Let In =

∫

1
2

0

x2(1− x3)n dx for n ≥ 0.

(i) 3Prove that (k + 1)Ik − kIk−1 =
1

24

(

7

8

)k

, for k ≥ 1.

(ii) 3Hence, by taking an appropriate sum on both sides, prove for all n ≥ 0,

In =
1

3(n+ 1)

[

1−
(

7

8

)n+1
]

.

− 14 −



Question 15 (15 marks) Use a SEPARATE writing booklet.

(a) (i) 1Prove that

∫ a

0

f(x) dx =

∫

a
2

0

[f(x) + f(a− x)] dx.

(ii) 1Let I =

∫

π
2

0

ln(sin x) dx.

By using (i), or otherwise, prove that I =

∫

π
4

0

ln

(

sin 2x

2

)

dx.

(iii) 1Hence, evaluate I.

(b) Seven distinct colours are used to colour the numbered sectors of a circle shown below.

Let an denote the number of ways to colour a circle with n sectors such that each

sector is coloured by one colour and any two adjacent sectors must be coloured by

different colours.

(i) 2Explain why an + an−1 = 7× 6n−1 for positive integers n ≥ 3.

(ii) 3Use mathematical induction to show for positive integers n ≥ 3,

an = 6× (−1)n + 6n.

Question 15 continues on page 16

− 15 −



Question 15 (continued)

(c) A 100 g football is kicked up a slope with equation 2y − x = 0 as shown.

It is subject to gravity 10 m/s2 and air resistance −0.02
˜
v N where

˜
v is the velocity

vector of the football.

The football is launched with speed 25
√
2 m/s at angle 45o to the horizontal.

The acceleration of the football is given by

˜
a = −

˜
g − 0.2

˜
v

where
˜
g =

(

0

10

)

.

(i) 2Show that the vertical displacement of the football is

y = −50t+ 375(1− e−0.2t).

(ii) 2You are given that the horizontal displacement, in metres, of the football is

x = 125(1− e−0.2t). (Do NOT prove this.)

Prove that the Cartesian equation of the trajectory is given by

y = 3x+ 250 ln
(

1− x

125

)

.

Question 15 continues on page 17

− 16 −



Question 15 (continued)

(c) (iii) 3The graph shows the point where y = 5 on the curve y =
4 ln(1 + x)

x
.

Hence, or otherwise, find the range R up the slope, correct to 4 decimal places.

End of Question 15
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Question 16 (16 marks) Use a SEPARATE writing booklet.

(a) (i) 1Explain why
d

dx

[

∫ g(x)

0

h(t) dt

]

= g′(x)h(g(x)).

(ii) 3Consider the area under the graph y =
√
1 + t2 between t = − 1√

x
and t =

√
x.

By using the result from (i), find the value of x for which the area is minimised.

Question 16 continues on page 19

− 18 −



Question 16 (continued)

(b) A circle centred at P is inscribed inside a right-triangle △OVW , as shown.

It is tangent to the triangle at the points S, U and Q.

Q lies on the hypotenuse, such that
−−→
V Q = k

−−→
VW where k > 0. Let

−→
OS =

˜
a and

−→
OU =

˜
b.

(i) 1Let
−−→
OV = µ

˜
a and

−−→
OW = λ

˜
b for real numbers λ, µ > 1.

Explain why
−−→
V Q = k(λ

˜
b− µ

˜
a).

(ii) 3Hence, by considering V S, prove that k =
µ− 1

√

λ2 + µ2
.

(iii) 1Prove that
−→
PQ = [(1− k)µ− 1]

˜
a+ (kλ− 1)

˜
b.

(iv) 2Hence, or otherwise, prove that k =
λ+ µ2 − µ

λ2 + µ2
.

(v) 2Hence, prove that λ =
2(µ− 1)

µ− 2
.

(vi) 3Using the results of the previous parts, or otherwise, show that the area of the

inscribed circle is
π

4
(OV +OW − VW )2.

End of Paper

− 19 −
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Section I Multiple Choice Solutions 
 

 

 
 

A 13 

B 0 

C 98 

D 7 

 

  

Question 1

Let ω be the complex number plotted on the Argand diagram below.

Which expression is equal to (ω)→1?

(A)
1

2

(

cos
2ε

7
→ i sin

2ε

7

)

(B) 2

(

cos
2ε

7
→ i sin

2ε

7

)

(C)
1

2

(

cos
2ε

7
+ i sin

2ε

7

)

(D) 2

(

cos
2ε

7
+ i sin

2ε

7

)

From the diagram, ω = 2 cis
2ε

7
, so

↭ (ω)→1 =

[

2 cis

(

→
2ε

7

)]

→1

=
1

2
cis

2ε

7
(De Moivre’s Theorem)



– MC 2 –  

 

 
 

A 0 

B 118 

C 0 

D 0 

 

Everyone got this right! 

 

 

 

 
 

A 105 

B 8 

C 2 

D 2 

 

 

  

Question 2

A polynomial with positive integer coe!cients has roots 2 and 4→5i. Which of the following must

also be a root?

(A) 5→ 4i

(B) 4 + 5i

(C) 5 + 4i

(D) →4 + 5i

Question 3

Using a t-substitution, which of the following is equivalent to

∫

dx

1→ sin x→ cos x
?

(A)

∫

dt

t2 → t

(B)

∫

2dt

t2 → t

(C) →
∫

dt

t

(D) →
∫

2dt

t

↫ All integer coe!cients, which are also real coe!cients,

↭ By conjugate root theorem, z = 4→ 5i = 4 + 5i is also a root.

∫

dx

1→ sin x→ cos x
=

∫ 2 dt

1 + t2

1→
2t

1 + t2
→

1→ t
2

1 + t2

=

∫

2 dt

1 + t2 → 2t→ 1 + t2

=

∫

2 dt

2t2 → 2t

=

∫

dt

t2 → t
.

The only viable options are A & B 
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A 75 

B 8 

C 12 

D 23 

 

 

 

 
 

A 9 

B 6 

C 102 

D 1 

 

 

 

 

  

Question 4

If |z| = 1 and w =
z → 1

z + 1
(where z ↑= →1), then which of the following is equal to Re(w)?

(A) 0

(B)
1

|z + 1|2

(C)

∣

∣

∣

∣

1

z + 1

∣

∣

∣

∣

·
1

|z + 1|2

(D)

↓
2

|z + 1|2

Question 5

A particle moves in a straight line such that a =
1

→

x+ 1
m/s2.

It is initially at the origin, moving to the right at 2 m/s.

At what position will it first reach a speed of 4 m/s?

(A) x = 8

(B) x = 9

(C) x = 15

(D) x = 16

Let z = eiω since |z| = 1.

↭ w =
z → 1

z + 1

=
eiω → 1

eiω + 1

=
eiω/2(eiω/2 → e→iω/2)

eiω/2(eiω/2 + e→iω/2)

=
2i sin

ω

2

2 cos
ω

2

(

(↫ z + z = 2Re(z), z → z = 2iIm(z)

)

= i tan
ω

2
.

Alternatively:  w is related to the angle in a semi-circle 

   i.e. arg w = 90° 

a = v
dv

dx
=

1
↑

x+ 1
∫

4

2

v dv =

∫ x

0

1
↑

x+ 1
dx

[

1

2
v2
]4

2

= 2

[

↑

x+ 1

]x

0

1

2
(42 → 22) = 2(

↑

x+ 1→
↑

1)

3 =
↑

x+ 1→ 1
↑

x+ 1 = 4

x+ 1 = 16

x = 15

Suggestion: At least do definite integrals 

in MC! 
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A 25 

B 7 

C 81 

D 5 

 

Question 6

Let z = x+ iy. Which of the following options is equal to |eiz|?

(A) 1

(B) ey

(C) e→y

(D) ex

|eiz| = |ei(x+iy)|

= |eix→y|

= |e→yeix|

= |e→y(cos x+ i sin x)|

= e→y > 0
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A 12 

B 66 

C 18 

D 22 

 

  

Question 7

A particle is executing simple harmonic motion with a period of T seconds.

At time t = 0, it is at its centre of motion.

Which of the following would be the best graph of v2 against time?

(A)

(B)

(C)

(D)

↭ Starts at centre

↫ v2 is at a maximum at t = 0, cannot be (A) or (C)

↭ It will return to centre and reach a maximum speed again at half the period

↫ Cannot be (D). Hence, (B).
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A 0 

B 43 

C 0 

D 75 

 

 

 

 
 

A 57 

B 7 

C 30 

D 24 

 

 

 

 

 

 

 

  

Question 8

Find the magnitude of the vector
˜
u =

˜
i+ tan ω

˜
j for ω →

(ε

2
, ε

)

.

(A) 1

(B) sec ω

(C) tan ω

(D) ↑ sec ω

Question 9

ϑ is a non-real cube root of unity. Evaluate

(1 + ϑ)(1 + ϑ2)(1 + ϑ4)(1 + ϑ8) . . . (1 + ϑ2
n

)

where n is some even positive integer.

(A) 1

(B) ϑ

(C)
1

ϑ

(D) ↑
1

ϑ

|
˜
u| = |

˜
i+ tan ω

˜
j|

=
√

1 + tan2 ω

=
→
sec2 ω

= | sec ω|

= ↑ sec ω > 0
(

↭ ω ↓
(

ε

2
, ε

))

↭ ω is a cube root of unity, ↫ ω3 = 1 1

↭ ω3 → 1 = 0, ↫ (ω → 1)(ω2 + ω + 1) = 0 ↑ ω2 + ω + 1 = 0 2 (↭ ω ↓= 1 ↔ R)

↫ (1 + ω)(1 + ω2) = 1 + ω + ω2 + ω3 = 0 + 1 = 1 (From 1 and 2 )

Also, ω4 = ω3 ↗ ω = ω, ω8 = ω6 ↗ ω2 = ω2, ω16 = ω15 ↗ ω = ω . . .

↫ ω2
k

=











ω, if k is even,

ω2, if k is odd

3

↫ (1 + ω)(1 + ω2)(1 + ω4)(1 + ω8) . . . (1 + ω2
n

)

= (1 + ω)(1 + ω2)(1 + ω)(1 + ω2) . . . (1 + ω) (From 3 )

= 1↗ 1↗ · · ·↗ 1↗ (1 + ω)

= →ω2 (From 2 )

= →
1

ω

(

From 1 , ω2 =
1

ω

)
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Question 10

Let ϖ, ϱ → C so that Im(ϖ) = Im(ϱ) and Re(ϖ) > Re(ϱ).

Determine which of the following equations can be used to find the set of values z where

Arg(z ↑ ϖ) = 2Arg(z ↑ ϱ).

Note that Arg(z) denotes the principal argument of z.

(A) |z ↑ ϖ| = |ϱ ↑ ϖ|

(B) |z ↑ ϱ| = |ϱ ↑ ϖ|

(C) |z ↑ ϖ| = |z ↑ ϱ|2

(D) |z ↑ ϱ| = |z ↑ ϖ|2

Consider z,ε, ϑ on the Argand diagram. Let x = Arg (z → ϑ).

Using exterior angles of a triangle, the triangle is isosceles.

↫ |z → ε| = |ϑ → ε| = |ε→ ϑ|.

Alternatively:

↭ Arg(z → ε) = 2Arg(z → ϑ) ↫ Angle at the centre is twice the angle at the circumference.

↫ The centre is at z = ε, with radius |ϑ → ε| ↑ |z → ε| = |ϑ → ε|.

 

A 17 

B 15 

C 60 

D 24 

 



Question 11 Solutions      (continued) 

11 – 1 

 

 
 

 
 

3v̅ = 5 – 12i – 2(3 – 4i) 

 

     = 5 – 12i – 6 + 8i 

 

     = –1 – 4i 

 

∴ 3v = –1 + 4i 

 

   

 

 
 

  

 

 

Comments: These were done well. 

 

  Some students forgot the conjugate or didn’t know how to expand brackets properly. 

 

 

  

(a) Define z = 5→ 12i and w = 3 + 4i. Find the value of:

(i) 2v such that 3v = z → 2w;

(ii) 1
2

w
+ z;



Question 11 Solutions      (continued) 

11 – 2 

 

(a) (continued) 

 

             
 

  zw = (5 – 12i)(3 + 4i) = 63 – 16i  

   

Method 1: Standard 
 

Let u2 = (a + ib)2 = 63 – 16i 

 

   ∴ a2 – b2 = 63  – (1) 

     2ab = –16  – (2) 

   |u2| = a2 + b2 = 65 – (3) 

 

   (3) + (1): 2a2 = 128 ⇒ a2 = 64 

     ∴ a = 8 (a > 0) 

   ∴ From (2): b = –1 

   ∴ u = 8 – i  

 

 

Method 2: “Inspection” 
 

  63 – 16i = 63 – 2 × 8 i 

     = 63 – 2 × (8 × 1) i 

     = (64 – 1) – 2 × (8 × 1) i 

     = (8 – i)2 

 

  ∴ u = 8 – i 

 

  Method 3: “Quartic Polynomial” 
 

    Avoid! 

 

 

Comment: It was surprising the number of students who opted for the quartic polynomial. 

  The goal is to reduce time in Q11, as you will need more time later on. 

 

  A lot of students didn’t read about a being positive, and so could not get full marks. 

 

 

 

  

(iii) 3u such that u is a square root of zw.

Leave your answer in the form a+ ib, where a, b are real numbers with a > 0.



Question 11 Solutions      (continued) 

11 – 3 

 

     
 

 

 

 

 Comments: Almost everyone got at least 1 out of 2. 

 

   Getting full marks depended on one’s ability to solve a quadratic equation. 

 

 

  

(b) 2Find the values of a if the vectors
˜
p =

(

9a→ 4

5

)

and
˜
q =

(

a

→1

)

are perpendicular.



Question 11 Solutions      (continued) 

11 – 4 

 

 
 

  Method 1: Standard 
 
     

 

    Let x = 3: 5(9) – 9(3) + 4 = A(9 + 2) 

      ∴ A = 2 

 

A + B = 5 (coefficient of x2) ⇒ B = 3 

  

    Let x = 0: 4 = 2(2) + C(–3) 

      ∴ C = 0 

 

 

Method 2: Non-Standard 
 

   

 

  Let x = 3:  

 

    A + B = 5 (coefficient of x2) ⇒ B = 3 

     

Let x = 0:  

 

Comment: This was done well. 

 

Again for doing questions quickly (or not), many students opted for the method where they 

expanded the brackets in Method 1 and then did simultaneous equations. 

 

Students who used the “cover up” rule need to be careful if they get a “Show that” question 

in the HSC as the “cover up” rule doesn’t “show” anything. 

 

  

(c) (i) 2Find the values of constants A,B and C such that

5x2
→ 9x+ 4

(x→ 3)(x2 + 2)
=

A

x→ 3
+

Bx+ C

x2 + 2
.



Question 11 Solutions      (continued) 

11 – 5 

 

(c) (continued) 

        
 

 

 

 

Comment: Done well, though surprising those who thought they had an integral involving arctan x. 

 

Students who forgot the “absolute value” were penalised here. Of course, the absolute value 

is not needed in the second term. 

 

  

(ii) 2Hence, or otherwise, find

∫

5x2
→ 9x+ 4

(x→ 3)(x2 + 2)
dx.

( )( )

!

!!

!

!

" # $ ! %

% !% !

!

% !

%
!&' !

% !

% &'
!

!

! ! !
"! "!

! !! !

!
"!

! !

! ! #

− +
= +

− +− +

= + ×
− +

= − + + +

⌠ ⌠ ⌡⌡

⌠
⌡



Question 11 Solutions      (continued) 

11 – 6 

 

 
 

 

 

Comment: Many students had errors on “–”, and also the constant (here ). 
 

Students who couldn’t differentiate cos –1(2x) properly (apart from the  “–”) could only get a 

maximum of 2 marks as they made their answer even simpler than it already was. 
 

Students weren’t penalised this time if they left their answer in terms of cos –1(2x) after doing 

a substitution. Again, I don’t know why as they just put off the steps to doing Integration by 

Parts. 

 If you are going to do a substitution then make sure you know how it works! 
 

  Some students didn’t manage Integration by Parts successfully as they were left with 

an tan –1( ) in their answer. 
 

  The goal is to minimise time: doing integration by substitution is not helping this goal. 
 

  Students who forgot the “+ C” were penalised here. 

 

From the Reference sheet as mentioned above. 

 

(d) 3Find

∫

cos→1(2x) dx.

Use Reference Sheet here 

 



Question 12 Solutions

Arg (z ¡ (k + i))¡
¼

6
¸

¼

6
) Arg (z ¡ (k + i)) ¸

¼

3

¡Arg (z ¡ (k + i)) +
¼

6
¸

¼

6
) Arg (z ¡ (k + i)) · 0

) The only region this doesn't cover is 0 < Arg (z ¡ (k + i)) <
¼

3

Let A be the point k + i. Let B be the point where Im (z) = 1 

touches the circle. Let D be the point where

Arg (z ¡ (k + i)) =
¼

3

touches the circle and is a tangent. Let C be the centre of the 

circle.

Since CB = 1 = CD, AB and AD are tangents and AC is 

common, then triangles ACD and ABD are congruent such 

that
\BAC =

¼

6
:

) AB must equal
p
3:

Hence k = 2¡
p
3:

Question 12 Solutions - page 1

Note: Most pupils tried to use coordinate geometry to solve this and I don't think any of them 

were successful.



= ¡10 + 2g ¡ kv2

= ¡5 + 9:8¡
k

2
v2

= 4 ¢ 8¡ 0:048v2

2a

a

Question 12 Solutions - page 2

Note: If a pupil did not consider the 10 N upthrust or treated g as a force, then they could NOT get 

full marks. The expression for resistance was given as a force - most pupils figured that out 

based on the equation they were trying to “show”.
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dv
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=
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Question 12 Solutions - page 3

; v < 10:

Note: Pupils that used a different function to the one given had to obtain v(t) for the one they gave. 

Those obstinate enough to do so, were not able to find the appropriate v(t) for the equation 

they used.
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Question 12 Solutions - page 4

Note: This was reasonably well done. A solution has been provided (a few pages on) for students 

who used part (ii) to solve this.



Let z = cos µ+ i sin µ

sin
2
0 = 1¡ cos

2
µ) sin

4
µ = 1¡ 2 cos

2
µ+ cos

4
µ

cos 6µ = cos
6
µ¡ 15 cos

4
sin

2
µ+ 15 cos

2
µ sin

4
µ¡ sin

6
µ

Re (RHS ② ) = Re (RHS ①)

z
6
= cos 6µ+ i sin 6µ ②

z
6
= cos

6
µ+ i6 cos

5
µ sin µ¡ 15 cos

4
µ sin

2
µ¡ i20 cos

3
µ sin

3
µ+ 15 cos

2
µ sin

4
µ+ i6 cos

5
µ sin µ¡ sin

6
µ

Note:

Question 12 Solutions - page 5

1 4 6 4 1

1 5 10 10 5 1

1 6 15 20 15 6 1

①

= 15 cos
2
µ¡ 30 cos

4
µ+ 15 cos

6
µ

= ¡15 cos
4
µ+ 15 cos

6
µ

= ¡1 + 3 cos
2
µ ¡ 3 cos

4
µ+ cos

6
µ

= cos
6
µ

= ¡1 + 18 cos2 µ¡ 45 cos4 µ+ 32 cos6 µ

15 cos
2
µ sin

4
µ

¡15 cos
4
µ sin

2
µ

¡ sin
6
µ

cos
6
µ

cos 6µ

Some pupils failed to expand the terms in terms of cosines only and could not “show” 

how the result comes about and hence couldn't get full marks.
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Note:

Question 12 Solutions - page 6

Some pupils obtained an incorrect value for A. Some solved for one instead of zero. 

Finally, many pupils did not provide six unique solutions. They had forgotten that the 

cosine of x is a even function.
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Question 12 Solutions - page 7

Alternative Solutions

b
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Question 13  Solutions       (15 marks) 

a Fx Ev

Fx 12 4x x2

4 2 7

32 x 2 which is intheform of a n x Xo

Theball ismoving insimple harmonicmotion

Generallywelldone

v2 n A2 Ix Xo is notquotable

V2 91
2
4 12

9 x 61 2 70

i 2 6

Generallywelldone
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Amplitude 4

n 3
2 6

to 2

Let x 4sin3t 2

4sin3t 2 4
6

sinst

3t If
5

t Fs
5

It

2 67 nearestwhole number
Bysymmetry

Since the motion is SHM youcan assumeanyof
these 2equations

formulasheet

Don'twasteyourtimetryingto
derive it

n 3 isgiventous so students
should notassume n oranyother

number despite

stillgivingthesameanswer

Acommon error was thinking thetimebetween x 4 6 is the
redarea when it is

64
onlyhalf thattimeAs a result 33 was a popular answer

Adiagramtovisualisethemotionwould havehelped

iiiiiii
e

2
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2 1 1 42 622 423 24

24 423 822 82 3 24 423 622 42 1 222 42 2

2 1 2 2 1 0

12 1 12 172 2 0

2 1 Z 1 2

Z 1 Fi

Z 11521

Z 1 1 Ri

Generallywelldone

It is impliedyouneed to solveover

Manystudents expanded and
used quadratic formulato solve 2 1 4 2 0

common error F2 2i
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Nn
I
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Massm ma mg T

5
MassM

vertially N Mgsina

MN

ing
main

kg HorizontallyMa T Macosa MN

ma Ma mg Mgcosx MMgsinα

a m M g m MMsina Mcosa

i a
9 M MMSInα Mcosx

m M

Poorlydone seeing as this is ashowquestion it was verydifficultfor
students to receivemanymarks if theirworkingonlylooked like this

a m M g m MMsina Mcosa
this is basicallyreverseengineering

a
9 m MMsinx Mcosa youhaven'tshownanything

m M
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Mycosa MMgsina

MtM

19m m MMsina Mcosa Mt M cost Msina

19m m Mina Max most musina Most Amsix

MmMm I cosα Msina
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Method 3

Ma ma 2T Mgcosx MMgsi.mx mg

1m m g m MMsinx Mosa
2T Mgcosx MMgsina mg

m M

2T
M m 9

MmMMM
Sinx Most

Mguosx MMgsina mg

T 29mm im mym MMsina Mcosa M M Mcosa MMsina m

21 m
Mm MMTinx F M Mmmsina Mucosa

Mucosa MMmsinx 1m My Mesina
Mm

21 m
RMM 1mmMsinx 1mmcost

Mm i pesina cosa

Sincemany reverseengineered lis findingthetensionproveddifficult

Method I wasby far the easiestapproach
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Movingdownwardswhen a
91M MMSina Mcosal

o
m M

M MMsina Mcosx 70

ms M misinx cosal

Mm Misinx cost

LetMsina cost Rsin 0

Rsinxcos0 Rosasino

M ROSO 02 202 m 1 R 10520 sin20

I Rsino R J m 1270

tano F

o tan

Mm Ji m sin x tan f

sin tan ut m itm

tan f
c sin

mftp at tan f
studentshadtoexplicitly
mentionthis intheirresponse

i α sin MY
me

tan at

Manystudents recognised aso
butdidn'tgetmuch further sincethere is in

the result studentsshouldtrytogetthat somehow

Reverseengineeringwasverypopularagain butdidn'tgainmanymarks



Question 14 – Solutions 

 

 OR  

 
Markers Comments:  

Very well done. Many students also showed this by taking the sum of a Geometric Progression. 

 

 

                                     OR 



 
Markers Comments:  

Very poorly done.  

Students didn’t have the correct roots.  

 

[1]… for the correct roots 

[1]… for recognising the conjugate pairs 

[1]… for the correct solution 

 

 
Markers Comments:  

Reasonably well done, for those students who attempted this question. 

Some students didn’t equate coeƯicients correctly. 
[1]… for the equating coeƯicients 

[1]… for the correct solution 

 



 
Markers Comments:  

Very poorly done, many students didn’t attempt this question.  

Some students didn’t equate coeƯicients correctly and some didn’t see the quadratic equation. 

[1]… for the quadratic equation 

[1]… for each of the correct exact values of sine. 

 



 
Markers Comments:  

Very poorly done.  

Some students didn’t use integration by parts correctly.  

[1]… for use of integration by parts 

[1]… for correctly simplifying like terms 

[1]… for the correct solution 

 

 



 
Markers Comments:  

Very poorly done, many students didn’t attempt this question.  

Some students didn’t use an appropriate sum of both sides correctly. 

Some students also completed this question using mathematical induction. 

[1]… for correctly simplifying the telescoping series. 

[1]… for identity and summing of the geometric series. 

[1]… for the correct solution 

 

 



Question 15 Solutions      (continued) 

15 – 1 

 

 
 

Method 1: Graphical solution 

 

 is a reflection of y = f (x) in the line , as can be seen by the first 

diagram. 

 

 
 

  The next two diagrams effectively “prove” the result. 

 

 

  
 

  

(a) (i) 1Prove that

∫

a

0

f(x) dx =

∫

a

2

0

[f(x) + f(a→ x)] dx.

( )! " # $= −



Question 15 Solutions      (continued) 

15 – 2 

 

(a) (i) (continued) 

 

Method 2: Properties of Definite Integrals 

 

 

Need to prove that . 

 

Considering the RHS:  Let u = a – x ⇒ du = –dx 
 

x: 0 ~  ⇒ u = a ~  

 

 

 

Comment: This was a “Prove that”, and so just like a “Show that” students had to show some detail. 

 

Some students assumed that  i.e. f (x) is symmetric in . 

 

Students who did Method 1 or Method 2 were successful. 

 

Those who only proved  were not as successful. 
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⌠
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⌠
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⌡
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Dummy variable 



Question 15 Solutions      (continued) 

15 – 3 

 

(a) (continued) 

 

 
 

 

 

 

Comment: Done very well. 

 

Unfortunately this integral is undefined in the strictest sense, but is defined in that the  

  value exists. 
 

  Students who didn’t substitute ( ) properly could not get full marks. 

 

 

 

  

(ii) 1Let I =

∫

ω

2

0

ln(sin x) dx.

By using (i), or otherwise, prove that I =

∫

ω

4

0

ln

(

sin 2x

2

)

dx.



Question 15 Solutions      (continued) 

15 – 4 

 

(a) (continued) 

 

 
 

 

 

 

 

 

 

 

Comment: This question was not done well at all. Half marks were not awarded. 

 

Most students opted for an “Integration by Parts” approach that they either could not do, or 

fudged. 

 

  As it was only worth 1 mark, students didn’t need to show all the details of the substitution. 

  That said, those who took the approach above, the common mistake was at the substitution. 

 

  

(iii) 1Hence, evaluate I.

[Use u = 2x] 

 



Question 15 Solutions      (continued) 

15 – 5 

 

 
 

If we colour the first sector then there are 7 ways to do this, and if we just have the next adjacent 

sector different, there are 6 ways to do each of the (n – 1) remaining sectors i.e.  ways. 
 

But then the case arises where the 1st sector could be the same as the nth
. 

 

 

The n = 5 case is illustrated on the next page, and explains about below. 

 

 (#ways of 1st and nth sectors being the same colour) 

 

[ #ways of 1st and nth sectors being the same colour = an–1] 

 

 

 

We need , since  i.e. the “contradictory” colourings don’t arise. 

 

  

(b) Seven distinct colours are used to colour the numbered sectors of a circle shown below.

Let an denote the number of ways to colour a circle with n sectors such that each

sector is coloured by one colour and any two adjacent sectors must be coloured by

di!erent colours.

(i) 2Explain why an + an→1 = 7↑ 6n→1 for positive integers n ↓ 3.



Question 15 Solutions      (continued) 

15 – 6 

 

(b) (i) (continued) 

 

  Example n = 5: 
 

Starting at sector 1, by only ensuring the next sector is different we could get the following: 

 

 
 
 

This is contradictory to the fact that both adjacent sectors are different. 

 

 

 

 

 

 

 

 

  

 

 

 

 

 

 

 

The number of “contradictory” colourings corresponds to “ignoring” the 5th sector 

i.e. counting the number of ways with 4 sectors i.e.  as the 4th sector must be different from 

the hidden (5th) sector it cannot be the same as the 1st one. 
 

So  

 

Comment: This question was not done well. 

 

  A lot of students ignored the “Explain why” and so could not get many marks. 

Writing down a series of calculations (usually products) without explanation is not 

“Explaining why”. 

In some cases the calculations were fudged to get the result. 

  

1 

2 

3 

4 

5 

B 

Y 
O 

B 

G 

1 

2 

3 

4 
B 

Y 

O 

G 



Question 15 Solutions      (continued) 

15 – 7 

 

(b) (ii) 

 

 

 

 

  Test n = 3:  

 
     

 

    LHS = a3 = 210  [ Or  ] 

 

    RHS = 6 × (–1)3 + 63 = –6 + 216 = 210 

 

 

∴ LHS = RHS 

 

∴ True for n = 3. 

 

Comment: This step i.e. “showing n = 3” was worth 1 mark and no half marks were 

awarded. 

 

    This is the place where students faltered. 

    Some students just wrote something like: 
 

LHS = 6 × (–1)3 + 63 = –6 + 216 = 210 = RHS 
 

    They did not calculate a3. 

 

Some students did not know their LHS from their RHS, but as long as they 

“showed” two different things they were not penalised 

 

Some students tried to use (a) (i), but then they got stuck as they needed 

a1 = 0, whereas . 

There was a reason why that result was only true for n = 3, 4, … 

  

 

  

(ii) 3Use mathematical induction to show for positive integers n ↓ 3,

an = 6↑ (→1)n + 6n.



Question 15 Solutions      (continued) 

15 – 8 

 

(b) (ii) (continued) 

 

  Assume true for n = k  i.e.    

 

  Need to prove true for n = k + 1 i.e.   

 

   

 

 

Comment: Almost all students who got this far got 2 marks as long as they used “induction”. 

 

  Some students did not use induction, so they could only get the mark from the previous page. 

 

 

  



Question 15 Solutions      (continued) 

15 – 9 

 

 
 

 

 

Let  and  

 

 

 

Separating variables: 

 

 

 

 

 

Continued on page 10 

 

  

(c) A 100 g football is kicked up a slope with equation 2y → x = 0 as shown.

It is subject to gravity 10 m/s2 and air resistance →0.02
˜
v N where

˜
v is the velocity

vector of the football.

The football is launched with speed 25
↑

2 m/s at angle 45o to the horizontal.

The acceleration of the football is given by

˜
a = →

˜
g → 0.2

˜
v

where
˜
g =

(

0

10

)

.

(i) 2Show that the vertical displacement of the football is

y = →50t+ 375(1→ e→0.2t).

NOTE: This is simplified 



Question 15 Solutions      (continued) 

15 – 10 

 

(c) (i) (continued) 

 

  At t = 0, 
 

 

 

 

 

At t = 0, y = 0,  

 

 

 

 

 

 

Comment: It was good that “absolute value” was only penalised in Question 11, otherwise many 

students would have lost marks here. 

 

 Embrace simplifying and substitution at the beginning, and also embrace the definite integral 

approach. You don’t need to use “other” pronumerals e.g. T, V, and Y. 

 

  Students should show their substitutions! 

  

!" !#$%&" !"! = ° =

( ) ( ) [ ]

!" #

!"

#$!

#$!

%
#$!

"#

&' "# #$! # ( "# #

"#
&' #$!

)"

"#

)"

)" "#

!"

#

!

!

$" $%
"

" ! #

#
!

#
&

# &





∴ = 
+

∴ + =   + >  

+ 
∴ =  

 

+
∴ =

∴ = 

⌠⌠ ⌡ ⌡

!"#$

!"
#

!$
=

!"#

!"#

! !

!"#

!

$% %!

$% %!

$%
! %!

!"#

!

!"

#

!

#

$"
%

$!

$& $#%

" % #

−

−

−

∴ = −

∴ = −

 
∴ − = − − 

⌠⌠
 
⌡ ⌡

( )

( )

!"#

!"#

$%& &! $%& !

$%& ' &!

!

!

" # !

# !

−

−

∴ = − − − − −

= − −

NOTE: This is simplified 

NOTE: This is simplified 
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Comment: This was done very well. 

 

  Those who tried it were successful. 

 

  

(ii) 2You are given that the horizontal displacement, in metres, of the football is

x = 125(1→ e→0.2t). (Do NOT prove this.)

Prove that the Cartesian equation of the trajectory is given by

y = 3x+ 250 ln
(

1→
x

125

)

.

( )!"#
$! % &#$ &

$! %

!
" ! #

! $

−= − + × −

= − +

!"# !"#
$ $

$#% $#%

!"# &' $
$#%

%!
%! &' $ #%!&' $

!"# $#% $#%

! !
" "

# #

"
!

" "
!

− −
= − ⇒ = −

 
∴− = − 

 

   
∴− = − = −   

   

! "#$%& '
'"#

!
" !

 
∴ = + − 

 



Question 15 Solutions      (continued) 

15 – 12 

 

 

 

 
 

Intersecting  with x = 2y 

 

 

-------------------------------------------------------------------------------------------- (*) 

 

--------------------------------------------------------------------------------------------- (**) 
 

 

 

Comment: Students who could get to (*) or equivalent got ½ – 1 marks. 

  Most students who got to (**) were able to continue, though most only found x not R. 

 

  See HSC 2023 ME 2 for a similarly styled question. 

(c) (iii) 3The graph shows the point where y = 5 on the curve y =
4 ln(1 + x)

x
.

Hence, or otherwise, find the range R up the slope, correct to 4 decimal places.
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