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Section I - 10 marks

Attempt Questions 1 - 10
Allow about 15 minutes for this section.
Use the multiple-choice answer sheet provided for Questions 1 to 10.

1.

_ 1-3i
What is the value of -7
—-1-31
3.
A —14+-i
5
B. —1
4 3
C. E+El
4
D. -
5

Which of the following is the contrapositive for the statement :
“If teachers are on holidays, then they do not answer e-mails from students.”
If teachers are not on holidays, then they answer e-mails from students.

If teachers answer e-mails from students, then they are not on holidays.
If teachers do not answer e-mails from students, then they are on holidays.

OSOwx

A complex number z lies on the unit circle in the second quadrant of the complex

plane, as shown in the diagram. Im
1

-1

Which of the points marked A, B, C or D best shows the position of zZ ?
A. Point A

B. Point B
C. Point C
D. Point D

If teachers are not on holidays, then they do not answer e-mails from students.
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0 1 2 0
4. The two linesr; = (1) + ﬂ( 2 ) andr, = (6) +u (1) intersect, where 4, u € R.

1 -1 2 3

What is the approximate size of the angle between r; and r, ?

~ ~

50°
83°
97°
140°

oS 0w >

5. What is the negation of the statement :
“vp € Z*,3q > 0 such thatq > p” ?

A. Vp €Z'3q > 0suchthatqg < p.

B. 3p € Z"suchthatvg > 0,q < p.

C. Vpe€Z',3q > 0suchthatqg < p.

D. 3p € Z* such thatvg > 0,q < p.

1 2
6. The liner = (—1) + A (—4), where k, 1 € R, is a tangent to a sphere
- 3 k
centred at (2,1, 0).
The point of contact between the tangent and the sphere is (1, —1, 3).

What is the value of k?

A k=2
B. k=1
C. k=-2
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7. Consider the even function, f(x), and its primitive function, F (x).

a
1
Which of the following must be equal to Ef [f (x) + f(—x)]dx?
0

L9 (9
B. F(2) - F(0)

C. F(a) — F(—a)

D. F(a) — F(0)
8. Which of the following diagrams best represents this parametrisation, where t € R?
r(t) = (sint)i + (cost)j + (eHk
4
A b B ’

z
]
,
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10.

X
x+5

dx evaluate to?

Which of the following does f

A 2Vvx+5+C

B. g (x+5)3+C
C. %(,/(x+5)3—10\/x+5)+c

D. 2,/(x F5)(x—10) +C

The points P and Q are represented by the complex numbers z and w respectively.

If AOPQ is an isosceles triangle with ~P0OQ = %, which of the following is not

necessarily true?

A zZ2+w?=0

|lz—w|

=2

||
i
C. Arg(w) — Arg(z) = y

D. |lz—w|=|z+w|

End of Section I



St George Girls High School

Year 12 - Mathematics Extension 2 - 2026 Trial HSC Examination Page 7
Section II - 90 marks
Attempt Questions 11 - 16
Allow about 2 hours and 45 minutes for this section.
Marks
Question 11 (15 marks) START A NEW WRITING BOOKLET.
_ zim in
(@) The complex numbers w and z are givenby w = 4¢3 and z = 2es.
By showing all necessary working, find :
(1) a simplified form for the complex number w3, 2
(ii)  the Cartesian form for the complex number g : 2
(b)  Express the equation of the line 4x — y = 2 in the form of r = u + Av,
where A is a real number. 2
(c) Solve z? — 2z + 4 — 4i = 0. Give your answers in the form a + ib,
where a and b are real. 3
3
d)  Using the substitution t = tan>, evaluat & d 4
(d) sing the substitution t = anz,evauaef5cﬂsx+35inx+5 X .
0
(e) Disprove the statement :
“The product of two irrational numbers is always irrational.” 2
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Question 12 (15 marks) START A NEW WRITING BOOKLET. Marks
(a) The Cartesian equation of a sphere is given as
x?—4x+y*+2y+2z2—6z+5=0.
(i)  Determine the centre and radius of the sphere. 2
1 3
Aline has vector equationr = | =2 | + A| 2 |, where 4 € R.
0 1
(ii) Determine the point(s) of intersection between the line and the sphere. 4
2x —1
Find J 3
X%+ 2x + 3
e
(c) Evaluate fxlnx dx . 3
1
(d) Prove by contraposition that ¥n € N wheren > 1, if 2" — 1 is a prime number,
then n is a prime number. 3
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Question 13 (15 marks) START A NEW WRITING BOOKLET. Marks
(a) (i) Findintegers A, B and C such that:
x2+3x+18 _ Ax+B c
= + 3
(x%24+4)(x—5) x2+4 x-5
N H find x>+ 3x+ 18 g 2
(ii) Hence, fin f G2+ 4)(x—5) X .
(b) Itis given that OABC is a parallelogram. The points A and C are represented by
position vectors a = 2i + j — 2k and ¢ = —3i + 4j + 2k respectively, and O is
the origin.
(i) Find the magnitude of the vector projection of a perpendicular to c.
(ii)  Hence, find the area of parallelogram OABC.
(c)  Sketch the region defined by |z — 2 + i| < 3 and —g <argz < %. 3
You are NOT required to find the coordinates of any points of intersection.
(d) 3

) dx
Find f )
Vidx — x2 —3
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Question 14 (15 marks) START A NEW WRITING BOOKLET. Marks

(a) Prove by mathematical induction that

1
Z (1) = 2— o, forallintegern = 1. 3

(b) Itis given that w is a non-real fifth root of unity,

(i)  Provethatw + w? + w3 + w* = —1. 2
(ii)  Verify thatw — w* isarootof z* +5z2 +5=0. 2
(c) Find
(1) f V4 — x2dx- 3
dx
i R 2
i fe-”" +e™*

1 1
(d) The vector equation of a line L, is represented by r; = (2) +u ( 0 ) , Wwhere
- 3 -1
U is a real number.

Let L, be the line passing through the point Q(2, 4, —1) and perpendicular to L;.

Find a vector representation of L, if it intersects L;. 3
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Question 15 (15 marks) START A NEW WRITING BOOKLET. Marks

(@) (1) Given that n + 1 is a factor of P(n), fully factorise

P(n) =n*+6n3+11n% + 6n forn € Z*. 1

(ii) Hence, prove by contradiction that for n € Z%,

n* + 6n3 + 11n2 + 6n + 1 is not divisible by 12. 3

T
2
sinx
(b) Let I= f dx.
sinx + cosx
0

a a
(i) Prove thatf fx)dx = ff(a —x) dx. 2
0 0
3
(ii) Hence, showthat »pj — f 1 dx . 3
0
(iii) Hence, find the value of I. 1

Question 15 continues on page 12.
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Question 15 continued Marks

(c)  The centroid of a triangle is defined as the point where the three medians
intersect. For example, in AUVW below, X, Y and Z are the midpoints of VIV,
UW and UV respectively, and T is the centroid of the triangle.
w

Z
U

If UV = vand UW = w, then the centroid T is given by UT = %v +§W.
(Do NOT prove this.)

In a new figure, OABC is a tetrahedron where 0A=a,0B=>bandOC = c.

Points P and Q are the centroids of AOAB and AOBC respectively as shown in the

diagram below.
B

(Diagram not
to scale.)

Point R is the intersection of PC and QA.

(i) Given PR = APC in AOPC, show that :

ﬁ=§(1—x)a+§(1—x)b+xc. 2

(i) Hence show that OR = i(a + b+ c). 3
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Question 16 (15 marks) START A NEW WRITING BOOKLET. Marks
(a) Letp,q and r be three positive real numbers.
+ 2
(i)  Show that — >=PL 2
2 p+q
- 1 1 1 2 2 2
(ii) Hence, show that —+—+—2> + + . 2
qr pr pq pr+qr pq+qr pq+pr
T
4
(b) Letl, = f tan®"x secx dx, forn =0,1,2, ...
0
You may assume for f(x) = secx, that:
d
Ix f(x) =secxtanx and ff(x) dx = In|secx + tanx| + C.
(Do NOT prove these.)
) Provethat [, =2~ 21 fornz1 4
(i) rove that I, =—— o In-aforn=
(ii)  Hence, or otherwise, evaluate
m
4 2
f(sech — 2sec®x + secx) dx.
0
(c) Letz =cos@ +isin®.
zN—-z~ M
(i) Show that sinnf = y 1
y : z"+z7" :
(ii)  Youare given cosnf = (Do NOT prove this).
Hence or otherwise, prove that
32sin*fcos?0 = cos 60 — 2 cos 40 — cos 26 + 2. 2
cos(—(n-;l)e) sin(nz—e)
(iii) Show that cos8 + cos 20 + -+ cosnf = 2

()

END OF EXAMINATION
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r=o
. N |

@ correcHJ proves

base case

]
(S
'0‘— \/°
<
N

\}]

LS = pH/J
o ]-rue /-‘0-! {’='
Skpd |nduchve Hy!;o)-he.s\'.r — Adsume hrue [ov p=k

E . ;
- Z(Z):,?—;E

=g
Slep3 IndUCH"c ka - Prove hruc ﬁr nskt)
kl’l | r 1 ' '
Prove (2;) =) - Zﬁ) (D) Corveck i duckive
r=e N
k1 h_qpo?'heS):r AND
- N4 ]
LHs = Z (E) what fo prove ’'n
e InduchveSep)
'E 1 r — it} /',D /.,'0!"8 C.}' s#,l.,'
= Z_(z) +(E) Z of assumphon
= ava e+l term
B '_’E_ N 1 er) o
sl 2)| = ('.) Correck ute of
O 7" -
= 0? - (Zk (2) ) assumphbn ﬁ_f_'p UJV”’CJ an
) _ 1 2 . ¢ .
vove result

. .&./m(sﬁ“
(e mit Rz I
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RIY conbnycd
=2 - (2)(3%)
= @ - Z}-‘F'
= AH{ .. true far n=k+) f frue ﬁr n=bk.

rep Y4 - (onclusion
3\;; the principle of mathemoaliol induchion dmwe

by ol t'ni-t,Jcr n|.

PN

79

NOTE . Some shudents need to  work on their uno’crs!und-':qu

of sum notahon and how to .s"ph'l' them Lp- DH'\cfwl'JC) ves,

well atempled and seHing oul has improved.
J /
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Q!4 conhinued
b) (1)
’ 5
etog | et )
. w5= ) 6 w v a4 (omplex roct
wi-1-0

o e -

() .-1) Cwqa-ws-tbé‘-l’w ‘I’l) -0 (9

-1 X0 -

.7
Since. wWF1 (givee wis non-real) \g @

2
ORI PRSI IR E O L

3 2
. T v =] /2,
METHOD 2 w S a nen-real fFth root of unihy ~
or 2°=1 ¢ reol ew-ebbhcients .. rooks occur/
ws:’ A )md"’(
ms«l zo
o2
by 07, )
[ ? \3 l\l’
Sum of rook = o D
3. .Y -0 (
;+w+w’+w +0 = @ mark
;+w+w2+w3+ w’ =0 (
2 3 b - \)

)yt W o
L A

L Mt
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Q1Y b) conhnued

(i) gY%4 88"+5=0

\1

3 2
2 9 -
LR = 2“-‘-52 5 2= w-w Wle W rw 4w =-)

5=)
g 2 w’=
= (w —w*)+Sfw-w') «5 @

3 s 8
- w'- Llw!'( w!)+ Lu"(w")z- Yoo (w) +(w")q ¢5 ( 0 —2w’aw )5

b 8
- {’._I‘,‘ L |'111+ 'L,L;_\lo— U "+ SW"‘ 10 IA)S-I-SUO + 5
3 2 3
Yoy g oY e w 0or a)
-y = + Yuw & + 5w - 10 +8wW+S k
Y $ W=
= W W 4] 4 ) 0 @faﬂec)‘ _ 5 )
] \/simP).-ﬁ'c_abO” uses W=/ mu[bf/c_
s 0O ?(om (1) fo proe rerul? simes o .rfmp"'!j
usin (i) expression.
. 4 . U] 2 /2_
- 2zw-w ;g colwen of 2452+ 5 -0
NOTE : Man\xj error _occured wikh  the al{j"’b’a‘ in_ (1) - Some

,Shw’onkl subshhutled and +hen did not cx’oanc) jo prove

the result +  Shudenk  who used the rooh and fheis

toniagak  could ot prove  the  result convincigly  with
JJ r JJ

oxact answers rather fhon  decimal approxicmations .
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QY conbinued -- -
C) (l) f JYy-x? dz Let =28l
¥ X . Qe

11 4

JJLJ'(Z(MS)’ X J[A('O’da' Jx = 2’0 ¥
- j,]q—q;;,.’o X deodt d& @ mert 10 COI’VCC‘H\I SubShhite

n fevmy of B

j\lq(,_;;,.!o) x oS0 Jd6

3\[ Jo'e x 200 d¥%

2 [ 2cos’s d&
J

coab = cot’®— (1-w0s'd)

:;L"\[(H coi20) d%
] .
: J[&* 2‘_4'1099] +C gmvll corveo’fj 128 = 03’8 =
1L . /'AJ +[4¢
- &[0"' 2 xzs”’ﬁu’”?] *c pr{mih'\/e co’8 = oL (IfLDJZB)
. -1 x Ju-x ] .
Lt X
X o s5in& —2 0=%0 7
3

-y
‘Y'JL’] +C 2/
>

s X
- 2 [8m '5" + g
:B’ ﬂﬂd.
£1nQ0 = J £hd oo

\K\ \/‘D Ja=x2
/:/

I\ Z/

cowectly [nds  the  primihiye 5
J 7 -
in_ {esms of o with use of Hriongle -

NOTE: Some ghdenl forgolr that Fhe answer needs fo be in

terms of X -
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QY c) conbnued -- -

Lii) ([ dx xe @ mulliplies pumerator ond
— x
e* +e”” re* denom inalos bJ ¢
, ‘%
- / v dx
J_e* 11
”®
f & \ e 58
I +(e¥) @ correck onswer
(F "u" sub way wied
-] ® = anfwers needed o “be
= tan ¢ te In termy of J o¥herwive
% mark c’edudry
YA
A
V] o
[ o xC
J eXie ™ xe®
o
e
- -29¢
- |+e
- ,
I" —€ o
= l-,l(f,'"')g
\ 7
-R

NorE ! Quile well done with many different metods . Some

Shudenks  incorecHy  thought i+ wou o lv  oncwer.
< v
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Q4 conhnued .-
d) method | ' |
5 (D)A(3)
v 3, -]
< 7
[\ f1+ ) ;%)
(\7 = ( 2 ’ (9/ 7 - p f ) Y
z 3-p Le 2/ be ¢ poin of  nteviechan
T+ *
@(z‘q’-y P(qu-

wu=-1+0- 94+, =0

7 "
Q= 5
Y s = 5{?/ @ 054'0"”1/’,«.. bj use ofF
the  dot  product

= ) /

QP - / -2
\¥-%%/
/ 2 \
¥,

- /-;)f } @ ¢orrect ép?’

\ 4/

VAR TENEA .
B (—?>+ 1‘(_34') @ Correct equahan for Ly

%




MARKER’S COMMENTS
QI d) conknaed - -

METHOD 2 L.=/2.’)+ /»/.”‘.) let L:/jz.
377 Y/ 7\

)sa(¥)
/ MRV 4

\
)
7

X -z =0
. X =7
AT EEY FEERY aa AN
/l‘l’,") /‘TIAB
- 2 -
- (377 L? (e,

Tnkevsechon Point

equo)ed'v L, and L,

[l+p\ [ 242X )

A 4

[+ p= d+rx () 2= l“;,:j @)

Noc = 8- pt)
Ax = H-po @
Sub@ inko @
)4-/,, :2-&'4"/»
1,,4,:5
.3
M2 e a
7 . ) I+
Intevsechon 1S / o )
a"/”/
/1 +5n \

)}

b
‘3__5/2_’/ @ c.ow:oi’\\j Fady /u,

corvecHy gshales =2 gg__c/

X

LT

and ules b Fo

[

Fa'nd the point

of

fn }‘duer')'m
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Let the inferiedhion be P (.122/‘) No w @(—L?/)

- =2
- QP - 24
N
r32,
“ —35_ @ c.orfecH\t} 539
N2/ X and yges

. L 18 representd b
w v

1+ o Fnaj Fhel
2

L2
% / 4 \ + 7\1 (./:3 equa}fov’ ofF L

No1E : Shudents found Fhiy CljchHM ahaﬂtq\jfo\j- Man\cj diFferent

methods  weve used. Revise  yeckor equakons of lines in detarl-
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QuEsTioy 15
. Y 3 2
o)) P(n)z n"+6n +)n’s4n
= n(n’6n’snn +$) (ne)) 15 o fackr of
=n (n+1) (n?+5n#) netn’+lin+é
:n(nﬂ)(nfz)(n*é’) p’e5n + 6
nt) )n’eén’uln*é
3, ,° =
n"+n
e 2 +ln ¢{
5n1 +9n -
bn+é
Gn-l'é
0
A
. ) . - = aSsumphion
W pUebn’enn’iéne) = 12M me z
"/0"’, from (') p(n) = hq"'én"fllnzé- bn cofregf‘l reasaniog fot
why PU) =By 13,
NoW  Erom (i) z n(rt)(a+2)(n13)  pny seb o four
= 13 P PE ZI* tonsecuhve numbCes
for nezt
We assumed  p“+6n>tlin*+6at] = 12M divisrble by 24
12P 41 =12M . alse divivble by)2
howevesr this connpt be tue @ Correct reasoning aJ
4o why the assamption
i 1QP+1 15 nok divisible b&, 12 . 'deqc«:::cc*
_ Hhe negakon i1 falit on ;
: ichon the original Shalement musk be hue n‘?m ;o
: 8:7—5»»@‘2‘1 9 of 3
'o nof diviscble bd 12 /5

nY+én 3+lln2 +60n )
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@15 a)fﬁ)wnhnued .-

NoTE .  Some Shidenks could not  fadorie  the expression in (1)

UJ"@ PO\f.leomialJ or Jubsbhibon or age OF caleculador merhad.

For (i) there needed o be g clear exFIaanor) for

the mulkiphcahon of  four (onsecy hive integers be,;@

a mulhple of Y and hence a mulbple of I12.

Please yeview soluhon on how to def the resk of

the proof our mathemobically  pather than usix  long
I y [ \ W/ \_/

worded eéxp lanahons.
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@19 COanUcO,
rab @
c) (V) Prove / f(r) dx = / Fla->) dx
o
RHJ = / {‘[a—z.) dx lob p-a % @mark CorsedF
Lj du u-sobIhiah ),
o o - ! svali
dx de rivalive ?qaamoU
= fo r N 7 . 9 d*'*‘ = - d)(' dx' =-cd%
J 4F U) ~aduw ) T
o WhCﬂ oL - G w - a."ao slome
W . =0 Y3 maris
o fof e
T
= F(“’)du x=0 @w=e-0 r:gww)
> S N
oo
= r Flv) dur w2 1?9 dummy variable
© @ CorrectHly sel out Pfooc fo
oo v /
= {' f(ﬁJ dx oblain  regult -
Uo

NOTE ¢

Well done by thale who learnt thiy _praoﬁ from

needed 1o hove gome prenkon

therr H'eov\c} nokeJ - Yoq
of considering pounds Jo qain full mark:
1 u U 7

Pleose SHOW  how yoy qot Hhem and avoid "Sqw'aa?c"
2 5

notahon.
E\j w=0-X NoT o~ O
X=a w=a-a
) -
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R'5 conhnpued -- .

_ METHOY |
¢) (i) %

[ 2NN

J - . ls’.ﬁz + cos n

. - T aY
7 sin(f ) .
I-= . YV el ) dx @ mark  uses (v)
Vo ST 7T (2T
7.
—_— 13
d = ré coS di - .. @ N
Jo s x £8ak @ movk  aJeJ “’JL'f'D'/ ._U;mJ
erc -
pdd O +(®
‘ﬂz' e wz' I‘D.fx 1
— £ b,ﬂh dx a).
I1+1I- [ Sinx + €08 l CoUX + Sia X
Vo Vo
Ly
"".;- PYORE".) f /?. CDJ;L dx
[ e
= '+ DI X CoS +Linde
T s s
@ ShDhN the addihon
’2 Sin TwI2¢ dx
( Gax Teodx of fhe +wo "I rewld
ve and oarvu,a‘\l7 Prowg
- | dx reJul¥-
i =, .
/3

NoTE :  Some shudenlr cid not revire #iv (oncept in dehail -

,Monb; (hudenk  were  fucced fu” wi va{}y‘:\}, methody -
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METHED 2
lH¢ = 2T
% ginse
] o
'2. Siex t oS X @
Vo
-E-x'\
=) [{ 'Sm(ih_ / — dx @ mark uses (4)

T
L
A ré e — dx @
X .
o R @ mork  uges (ia(§-0) 207P
r’iz [/ (oSY. 152X §in®% N
21 = 2.],. ( 5L+ Sinx wfx-l-sinr-/
g >
% . (Y gine e
X - E—
4 ( %J cofy f S
o 0
ﬁ'i @ add and take awoy JrapC
AL < 01 | o - 21 o oblain jakegrol of | and | T
° and oarv:m‘\'y proves
— "Vz reJul¥-
Yt = 2 ( | dx
Vo
.
T
.09 ¢= | dc
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/
¢) (‘) %, . Ler u- ':'-r"'x'
7 7 [ Sink dx 2
J: J ‘S’.‘z *w’c %’: 5‘-’
o
doc = —du
O 5’.1"(2;'-“') —-du x:frfz —> u:%"é
I: f M., (VI WA ff.‘w-.( )® co
Jg  S(377T 777 pt
2 L=0 — u-s 2
— % w
d = r 4 cos du @
JD casu € Sinve
w.
7 C a9l N X 2 cos V- 1.,
s ° agx + Ot
I'I'I = l Sinx £ CO8X J CoJ ut Siaw
.vo o
v. the
1 SlaX o+ f 2 cod 2L dx Bgu
- m
JI = ‘/ SJ‘AM*C,OJ’L o CoSL ¥fi1n0" Vaw‘:bc
5 ®
%I e0I Xy
QI = Siax +eoix
Vo
. :
, ’J N R 2
i 2,
2.
(ul) Q1 = [:Dbj
2T = -0 (V) correck answer-
g /
|
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B

- 2 2
A DA = 09 + A
Y

S L, L
—_ 3"\" S - ~t 3/#«)
|
= d(l-p)b+ 2 (1-p)c +42
V) v S J ~ ]

1) correcHy Fndy anathey
- = ~ M

“0h=g (1M)g+ 30N )bde, 66 = g (p)bt ()5 +pa

FU-2)a+30-0)b 2= 3(1-p)b + F(1-p)S *p-3

7

JO)sp  3(-N)=glop) Az FUp).

[-A=3u -2 =1-p
/ 4
A= -3 (D A= - @ @ Equals +hc' J'%
/ 4 expm.f_h'mf PV
Sup 2 into (D
p2l=3u
7 7
(‘Ilu_:f m (prred-h hndvs P o
© N T oazVy using $hé
y L and A< N two expressiony for
! -2 i kiq
A QE" wovy
or ¢ ’p:\,ZL"v-.’QmLZ)fY"m
- | [ /
o3 (1-¢)a+30-3)f+55 e ryt)
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NofE : §hdenki  found  Hhiv  quesion (parbealady (i)) very
[ il el - V

Cha”mgg'nda. Morc CXPcn'Cncc ﬁw 3D  vedor ,DrooFJ '/

advised -




16. (a)(i)

Method 1:

(P-q)?*=0
p2 -2pq + q2 >0
p°+2pg+q° = 4pq
(p+49)° =4pq
divide both sides by 2(p + ¢)

pta _ 2pq
2 ptyg

since p,q >0

Method 2:

LHS -RHs = 234 _ 2P4
2 ptgq

_(p+9)*—4pq
2(p+q)

_ PP +2pg+4q*—4pg
2(p+q)
_ P’ -2pq+q’°
2(p+q)
_(r-9)?
2(p+q)

>( since p,g>0and (p—¢)*>0

LHS > RHS as required

Marking Criteria:

» One mark was awarded for reaching the line just before completing the square
» The final mark was awarded for getting to the correct solution

General Comments
* generally done well

+ some students that used method 1 ended up with

p2 + q2 > 2pq2p2 + 2q2 >4pq

» Look at what you're trying to prove to get a better idea on what to do. p + ¢ informs you that
obtaining (p + ¢)? is a better option.



16. (a)(ii)

Method 1
) + 2
From (i), p—qz pa Q)
2 P+q
- p+r 2pr q+r 2qr
Similarly, > @ and > €)
p+r 2 qg+r
p+q p+r qg+r 2pq 2pr 2qr
D+@+Q: + > + +
2 2 2 p+q p+r qg+r
2 2 2
ptq+r= pq+ pr+ ar
p+q p+r q+r
1 2 2 2
—(p+qg+r) = L .
rqr pqr\p+q p+r q+r
1 1 1 2 2 2
—_—t—+— > + +
qr pr pq p+tgq p+r g+r
Method 2:
D+ 2 + 2pqr?
From(l),p ‘IZ 14 pr qrz prqr
2 p+q 2 pr +qr
2 Pt
pr+qr 2pqr
2 1(1 1
<-[=+—=
pr+gqr 2 \qr pr
1/(1 1 2
—(—+—)2 )
2\gr pr pr+qr
- 1 1 2
Similarly, - (— + —) > @
2\pq qr] pqg+gqr
1( 1) 2
=+ =]=
2\pq pr) pqg+pr
D+@+O:
1(1 1) 1(1 1) 1(1 1) 2 2 2
——+— |+ —+—|+=—+—| > + +
2\gr pr] 2\pgq gqr] 2\pgq pr] pr+qr pq+qr pq+pr
1 1 1 2 2 2
—_t—+— > + +
pr gqr pq pr+qr pq+qr pq+pr



Method 3:

From (i),

D+2+O:

1
2pr

Marking Criteria:

P+q.

11

1
2pq . wta _ Cwrar
T p+ - 2 - 1,1
p q ]71" + L/I‘
qr + ]?r N 2
2pqr? qr + pr
1 1 2
—+—2
2pr  2qr — qr + pr
L 1 1 2
Similarly, — + — >
2pq 2qr  qr + pq
1 1 2
+ >
2pr  2pq  pr+pq
1 1 1 1 2 2 2
—  — + — + + - > + +
2pq  2qr 2pr 2pq  qr+pr qr+pq pr+pq
1 1 1 2 2 2
—t—+— > + +
pr qr pq pr+gqr pq+qr pq-+pr

* One mark was awarded for generating equations that could lead to a correct solution

» The final mark was awarded for getting to the correct solution

+ half a mark was deducted for minor errors, or being one step away from the END of the solution

General Comment:

« many students that started with method 2 did not reciprocate the inequality until AFTER adding
all three solutions together. This is ILLEGAL.



16. (b)(i)

tan?"~! x tan x sec x dx

/ J”M u=tan?"lx v/ = tanxsecx
! 0 w' = (2n—1)(tan?1 x)(sec?x) v =secx

n/4 /4
[tan X secx]o - J (2n — 1) tan®2 x sec® x dx
0

[(tan ”)2” 1sec - (2n - I)J 21=2 xsecx (1 + tan? x) dx
= (12”_1 X \/5) -(2n-1) J (tanQ”_stecx + tanQ"xsecx) dx

=V2- (2n—1)J tan?" xsecxdx—(Qn—l)f tan?" x sec x dx

Li=V2-@2n-1)1_1-@2n-1)1,
Li+@n-1)1,=V2-2n-1)1,,
L(A+2n-1)=V2-2n-1) 1,4

V2 on-1
I =—-
2n n

In—l

Marking Criteria:
» one mark for the correct split

+ one mark for correct application of IBP

one mark for appropriately writing expressions in terms of 1,, and 1,1

* one mark for the final result

half mark deducted for minor errors such as writing 2n—1 instead of 2rn—2 in simplification process

General comment:

* A significant proportion of students did not split correctly.
LOOK at the NUMERATOR of the coefficient of I,_; as a clue for how to split it. Because the
numerator was 2n — 1, we should split tan®” x into tan x tan?"~! x

« Many students differentiated tan®"~! x incorrectly. Don’t forget to apply the chain rule and multiply

by sec? x.

» Some students had difficulty recognising I,,_1 as needing a power of 2n — 2, and instead took it as
needing 2n — 1.

A few students took tan?x = 1 — sec? x



16. (b)(ii)

/4 p/d
J (sec5x —2sec x + secx) dx = secx (sec4x —2sec’x + 1)
0 JO
r/4 2
= secx (8602x — 1)
JO
rr/4
= secx tan® x
JO
rr/4
= tan4xsecx
JO
= [2
/4 2 1
IO:J tan® x sec x dx I = £——hrl(\/§+ 1)
0 2 2
/1 V2 3(V2 1
= secx dx Ih=——-—-|——-- ln(\/§+ 1)
JO 4 4 ( 2 2
/4
= [ln|secx+tanx|]0 :—ln(\/§+1)——

= 1n|sec% +tan%| —In|secO + tan 0|
:111‘\/5+ 1‘—1n|1+0|

= ln(\ﬁ + 1)

Marking Criteria:
« one mark reaching or understanding the integral is equivalent to I
* one mark for determining I

« IF none of the above were achieved, half a mark was awarded for substituting sec? x with 1 +tan? x
and some correct manipulation

General comment:

+ A few students saw the power of 4 and took it as I,.



16(c)(i)

z=cos@ +isind

n

4

(cosf +isinf)" (cos® +isinh)™"

N
I

= cosn6 + i sinnb cos(—n0) + isin(—nb)

= cosnf —isinnb
="
2i
cosnf + i sinnf — (cos nf — i sin nd)
21
_ cosnf +isinnf — cosnb +isinnd
21

RHS

3 2i sin n6
2

= sinn6

= LHS

Marking Criteria:
* One mark awarded for correct solution

* As it is a show question, we want to see the subtraction, not simply cis(n8) — cis(—n6) = 2isin 6.
This was deducted half a mark.

General comment:

» Generally done well



16(c)(ii)

32sin? 6 cos? 6 = 32(sin 0)*(cos 6)?

Z1_Z—14 Aol 2
=32
2 2

32 -4 6% A ) (P42 + )

X
16 4
1
= 3 (z4 774472 4772 4 6) (z2 +72+ 2)
1
= §(z6 +7 0ot~ 224 4)
6, 6 4, -4 2, -2
+ + +
A L P S Sl TP
2 2 2
= cos 66 — 2 cos460 — cos 20 + 2
Marking Criteria:
-1 -1
. -z _ +
* One mark for substituting < Z —sinf and ~—— = cos @

* One mark for full proof

* If none of the above marks were gained, 0.5 marks awarded if you found the trig expression for
cos 66 via binomial expansion. This approach will lead to the correct solution, but will take an
extremely long time to achieve.

General comment:
 Very poorly attempted, but understandable.

» Due to the wording 'or otherwise’, you can approach this as a difficult Mathematics Extension 1
trig question instead



16(c)(iii)

Let z = ¢'?, s0 cos(kf) =

k

" +z

—k
. Then:

=

1 Zn+1—Z+1—Z_n

z—1

Z—l/Q(Zn+1 —z+1- Z—n)

72 (z-1)
o+ (2) _ mne(1/2) _ 12 -1/2
2 _ 12

2n+1)6 0
20 sin(%) -2 sin(§)

0
)

sin(n+ %) — sin(g)

2
. (0
sin| —
2

Q)sin(P;Q) With P = n + g

) (n@)
sin| —
2

NGRS



LHS = cos 6 + cos 20 + - - - + cos nf, which equals Re(S,) below.

Let S, = ¥ + %0 4 310 4 ... 4 N0

a=2¢e? r=¢"
l_n

5 all=r"
1-r

ei@(l _ (eiG)n)
1-et

ot . pint/2 (e—in9/2 _ ein9/2)

eif]2 . (e=10/2 — ¢if]2)

et? [eine/? (—21’ sin %)]

. 0
el0/2 (—2i sin —)
2

01012 (ein9/2 sin ﬁ)
B 2
= —3
sin —
2
¢ sin no
_ 2
)
sin —
2
(n+1)0 . nb
cos ———— sin —
. (n+1)6i +1 . n+1
- Re(Sy) = 2 2 since e 7% = cos 6 + i sin 0
sin —
2

Marking Criteria:
* One mark for the correct approach with the correct sum formula
 Final mark for the correct solution

General comment:
* very poorly attempted, but understandable

» The wording of the question did not imply you had to use previous results. You can approach this
through induction or other methods.
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