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Section I
10 marks
Attempt Questions 1-10

Allow about 15 minutes for this section

Use the multiple-choice answer sheet for Questions 1-10.

1 For z € C and Im (z) < 0, then Arg (ZZTZ) is given by

Z

A =
2
T
B. —-Z
2
c. =
4
D. 0

2 Which of the following statements is FALSE?

A. If a? is not divisible by 4, then a is odd.
B. If m? —n? is divisible by 3, then m — n is divisible by 3.
C. Ifnis any integer, then n? + n is even.
D. If (3x — 3y) is even, then x and y are either both odd or both even.
3 Evaluate
0.5
f dx
V1 — 2x?
-0.5
A T
T2
B. 0
c. A
2
D. -
To2V2



Consider the statement:
If x> —5x+6 <0,thenx > 2.

Which of the following is the contrapositive of the given statement?

A. Ifx?—-5x+6<0,thenx < 2.
B. Ifx <2, then x> —5x + 6 > 0.
C. Ifx?2-5x+6>0,thenx < 2.
D. Ifx>2, then x> —-5x+6 <0.
A particle moves along the x-axis with acceleration a = —v(25 + v2).

Intially the particle is at 10 m to the right of the origin with a velocity of —10 metres per second.

Which one of the statements is true?

A.  The displacement is given by — % (tan_lg —tan~! 2) +10.

B.  The particle moves in the negative x-direction, slows down and stops after travelling for
1 o ..
-3 (tan™! 2) metres from its intial position.

C.  The particle does not pass through the origin.
D. All of the above is true.

Evaluate

0.5

[ =
1—x X .

0

1 T
A =—=
4 8
T 1
B. ——=
4 2
1 T
C. =——=
2 4
T 1
D. =—=
8 4



Givenr = (i), s = ((1)) and t = (_22)

Given O, R, S and T are points on the Cartesian plane with radius vectors O, RS, T

Find the point(s) F if TF is parallel to SR and twice its length.

F(4,8) or (—4,-8)
F(8,4) or (—8,—4)
F(8,4) or (—4, —8)
F(4,8) or (—8, —4)

o a w »

Particle A and B, both same mass m kg, are connected by a light inextensible string passing over a
frictionless pulley. Particle A is on a frictionless table inclined at an angle of 30° to the horizontal.
Initially both the particles are at rest. After particle A has travelled x metres towards the pulley, it

. . m
is travelling at v metres per second (g = 10 5—2).

The expression of x in terms of ¢ is given by

A, x=3t?
B. x=>t?

x ==>t2
D. x =5¢t?



10

2
Consider the vectors 7 and s where [r | =9 and s = (—2).

1
If the vector projection of 7 in the direction of s is equal to —4i + 4 j — 2k, then the scalar

~

projection of s in the direction of 1 is given by

-18
-2
3

2

o aw >

sint
Which of the following gives the same curve as r(t) = ( t > ?

cost
sm - — t
A.
cos - — t
sin t2
£2
cos t?
sm 2t
C.
cos 2t
— COS (Zt + g)

D. 2t +
sin (2¢ +2)



Section 11

90 marks
Attempt Questions 11-16
Allow about 2 hour and 45 minutes for this section

Answer each question in the appropriate writing booklet. Extra writing booklets are available.

In Questions 11-16, your responses should include relevant mathematical reasoning and/or
calculations.

Question 11 (15 marks) Use a separate Writing Booklet for Question 11.

(a)  Find real values of x and y in the following expression:

(b)  Find the vector equation of the line [ through P(1, —2,3) and parallel to 2i + 3 — k.

Hence, determine if the point Q(7,7,0) lies on L.

(c)  Evaluate the following:

1
f(4x + 1) sinmx dx .
0

(d)  Sketch the region given by |z| < 1 and 0 < arg(z +1i) < g Indicate all essential features.

()  If m+ nis even, prove that m3 + n3 is also even. Is the converse true? Provide a proof or a
counter example to justify your response.

End of Question 11



Question 12 (15 marks) Use a separate Writing Booklet for Question 12.

(2)

(b)

(©)

(d)

12
1+iV3 .
1. Write %in re'® form.
(V3-0)
(1+iv3)**
il. For what values of k is W purely imaginary?
3—i

Let a and b are positive real numbers.

2
Prove that (a + b)? > 4ab, and hence, prove that (W + %) > 4 for all real x except 0.

Define the lines /; and [, by

2 1
lLi:r() = (1) +/1<2>

1 1

2 1
Lyr(u) = <—1> +u<4>

-1 3

where A, u are any real numbers.

1. Prove that [; and [, are NOT skew lines.

ii. Find the equation of a line that passes through the point of intersection of /; and
[, in part (1) and is perpendicular to both lines.

Let f(x) =Ilnx —x + 1.
i Show that Vx > 0, f(x) < 0.

n
11. Letpl->0,Vi=1,2,3,...,nsuchthat2 p; = 1.
1

n
Prove that z In(np) < 0.
1

End of Question 12



Question 13 (15 marks) Use a separate Writing Booklet for Question 13.

(a)  Let z = x + iy represent the square roots of a + ib.
Prove the following:
1
x2 = (2 + )

and

1
y? =371~ )

(b)  The displacement of a particle moving along the x-axis is given by
x = 3sin (Zt + %) + 2 cos 2t, where x is in metres and t is in seconds.

Prove that this is a simple harmonic motion and state its amplitude and period.

(¢)  Let ABC be a non-equilateral triangle with position vectors 04 (@), W(b) and

oc (c) relative to the circumcentre O.

Let G be the centroid of the triangle ABC, with position vector 0G (g) given by

_a+b+c

9 3

Prove that

GA? + GB?* + GC? = 3(R?* — 0G?), where R is the circumradius.

Question 13 continues on the next page



(d)

(e)

A lighthouse beacon rotates once every 20 seconds. The light source is mounted on a circular
mechanism with a diameter of 4 metres, and the centre of the rotating mechanism is located
1.5 metres above the ground level.

As the light moves in a vertical circular path, the height of the light source above the ground
varies in simple harmonic motion.
Prove that the light source is below the ground for 10 — % sin™! G) seconds during each

complete rotation of the mechanism.

The Laplace Transform is an advanced technique used to solve differential equations.

It is an operational on f(t) defined as

oo

LFD) = j eStf(6)dt.

0

Show that L(t) = =

1
sz’

End of Question 13



Question 14 (15 marks) Use a separate Writing Booklet for Question 14.

(@)  Show that

5(x% + 3)dx
x2—-9)(x%+1)

= ln(Z - \/§) —g.

(b)  The base of a pyramid is the parallelogram ABCD with vertices at points
A(2,-1,3),B(4,—2,1),C(a,b,c) and D(4, 3, —1). The apex of the pyramid is located at

P(4,-4,9).
1. Show that the values of a, b and ¢ are given by 6, 2 and —3 respectively.
il. Find the cosine of the angle between the vectors AB and AD.

iil. Show that the area of the base of the pyramid is given by 2v65 u?.

v. Show that 61 + 2 + 5k is perpendicular to both AB and AD, hence find a unit

vector that is perpendicular to the base of the pyramid.

V. Show that the height of the pyramid is given by % u. Hence, find the exact

volume of the pyramid.

(c)  The Fibonacci sequence is defined by
F1 == Fz == 1, Fn == Fn—l + Fn_z(n 2 3)

Using the identity

an_ﬁn

where

prove by mathematical induction that

F?+F}+ -+ E?=E,F,,,

for all positive integers n.

End of Question 14



Question 15 (15 marks) Use a separate Writing Booklet for Question 15.

(a)  Evaluate the following integral:
1
J‘ x?tan"tx d
2+l

0

(b) A particle moves in a straight line with acceleration

.o x
¥=—-——
2
Initially, the particle is at rest at x = 2.
i. Prove that v? = %(16 —xh).
il. Find the value of the greatest speed, and where it occurs.
1ii. Describe the motion of the particle.

(¢) Using De Moivre’s theorem, prove that

tan® @ — 10 tan®0 +5tan @
5tan*d — 10tan260 +1 °

tan 50 =

Hence, find the roots of the polynomial 5tan*§ — 10tan?8 + 1 = 0.

Also, write the exact value of tan 1”—0 in surd form.

End of Question 15

— 10—



Question 16 (15 marks) Use a separate Writing Booklet for Question 16.

(a)  Define forn >0
I, = fx(l — x3)"dx.

1. Forn > 1, show that I, = s

il. Hence, find 1,

(b) A particle moves in simple harmonic motion given by the model
x = Asinnt.

Initially the particle is at the origin and moves towards the positive extremity. Matthew
claims that when the particle has displacement % of the positive extremity, the velocity is also

% of the maximum speed, where k > 1.

1. Provide a counter example to show that the statement is NOT always true.
il. Find the value of k for which the statement is true.
: n® 1 -
(©) 1. Prove by calculus that f(s) = 5 + Py’ t > s > 0, has a minimum when
nt . . . . . .
S = T It is given that S = nn—_tl is a loca maximum of the given function.
1. Suppose x; > 0 fori =1, 2,...,n where n > 2.

Using part (i), show by mathematical induction that
2

1 1 1 n
—+—+ 4+ —=—, whereS = x1 + x5, + -+ Xx.
X1 X2 Xn S

(Hint: for n = k + 1 case, you may take t = s + xj41.)

END OF PAPER



Muj_,t;Ple Cholce

2= XAty 2= Xy
o e N i s e

T-Z = aly  yeo

Ar3 (%) L 2Z=lz
]#Qs;@

A la"—-Au (2-Z) Q6 0:/ X_ dx |
= ﬁ‘hé 1755 o e me S 16 !
— s =z O {
=1t A !
A 7 |
= ((Ml-cera0)de 5
B2 ry Treconhapostude methok| 2
A _unvy =) a—-ak,kf—z/ = “4"—"5 |5 3
un  A*= 4L* livishlibyt, o !
=l —) —y —) |
Tw) o lgr s FRI=aS [ i)
1 7 5
ray B wminz (mtnYm-n) X-2 ¢ TE={ %2} =2 al
&) 7 ™ 7 b —:,:3’2- A +7__) )JK._( 3J‘
counlex pxam.Ple 4 J+a- 7 A |
Fﬂlsea m=| n=12 men=-3 S x=8,-%
bk m=-n =-—I noi-auwébleﬁf ‘(‘F G-Z) -6-2
) nan=z nipr) aloay [R4y (-4 -8) [C]
= M—\'e 3 \'q/\ =) |C |
Prrgd,l,lﬁ,}—q_‘/ s 0
consecutort g 88  T=M935mn30 = ma mg-T=mov
E— at i
q 2= /3 Irobing o=y g
=) 3(-Y) evew ' wz g4 @
2 both P eilher Odd/ 4 ‘
<ven T:H:.o. inru_o." Q4 on; 5 = 2 s Pﬂ] §’=—.‘?"
' T S v A «.f:"‘i‘¢
-~ ) yAYIR
o 0> ‘5\’:3 sub ., 4-'
\ = 2 = o ﬂ:l
7 4—;;1 [1=2x =_q£;_ ! {24
sl 0
2=00=0 :2 ( iw*/aqua QIO @
«x-;o-r,0=nar )f' FEEETY:



https://v3.camscanner.com/user/download

Question 11 (15 marks)

(a)  Find real values of x and y in the following expression:

X 2y ]
T-2itz—i ¢
L el M B From © 1 #=5-4y
- 2L ‘ 2=L Shb .‘n_‘v @
Z‘__()_tzg- + Z (2+0) -1 2( <
o - 2 % - s Alw= —
(1-200+20) G-1)e40) 5= 4y )Y
. . ~6y = 15
%x(13+21) -l-?.\f'z-‘ﬂ)— =L =i
5 d e R
= -5

7<+4u) + (17<+?-\))L = ‘3—';:L
CD\\AO«‘HI’\& real ond 'lmo\b‘marj? pa\rfS

Wrdu=f§ =>4
F eI =-5 @)

Marker’s Feedback: This question is mostly done well except for occasional error in solving the
simultaneous equations.

(b)  Find the vector equation of the line [ through P(1,—2,3) and parallel to 2i + 3 — k.
Hence, determine if the point Q (7, 7,0) lies on L.
r=/"1
~ (—z) 3 R 2 AER
3 §‘ ,
For & (7,7,0) % 1ie on 1,
7 '
(7) = ( 2|+ A (75
0 3 =

1 +22A=T | =24+32=7 |23-2=0
A=3 7s=%_=3 Nn=3

<. Ais cansisﬂ)erw}b =8,
- Q(7, 0) lies o 7.

Marker’s Feedback: This question is mostly done well.



(c)  Evaluate the following:

1
f(ll-x + 1) sinmx dx .
0

|
§ Caman) sinmx dox
Q

(integration by parts)
l(-‘—- u= A%+ dv = g d?‘
du=Adx |v: —cog T

=
I= @Ax+")( = cosmx\T! )
S )( T >] “'%—5 oS T dx
(2]

1= | o
X @7{4—0 (— WSTT‘X>] +4 S'{h'ﬁ'y] )
=N W
R ar

0
L= -5 coTr

—— - . WSO _ﬁ‘__ o e
e ( _T‘_‘__) + = (s)n‘ir 5\003
L Sndea Al = 2
Marker’s Feedback: Most common error in this question is the incorrect simplification after

substituting values. It is recommended that students state that they are using integration by parts.

(d)

Sketch the region given by |z| < 1 and 0 < arg(z + i) < g . Indicate all essential features.

Im(2)

7<7.+ v)m =) —> @
Y= (5 )x -
W=7 -y —> ©

Sub @ into @

A+ (VBr—) = |

(B4

)
e T

Re (2)

.-

AT+ %2 9 J5os _‘%z X
27 (274 -V3)=0

A=0 %=
PR sl

Marker’s Feedback: 1 mark is allocated for showing the points of intersection between the circle and
the vector. Only a couple of students showed this so majority only managed to achieve 2 marks.



If m + n is even, prove that m® + n? is also even. Is the converse true? Provide a proof or a

counter example to justify your response.

(®

miN IS evn
= m4n =2K, keZ

>+ n?= (m+0) (Mm% mn+nt)

= 9k (m’i-w)n—)-l\“)

- MmN is even
Converse :
If MmN’ 1S evin ,thon m+Nn 315 even.
US\\'W) MPQS%\%W Yo prove the comveeare,
I man is 0dd hhee o34 is odd -

mM4v is odd
= \..?"'1 iCodd ,+hen 1 s evgn ov vice-versg

e m=2pr), n=2q s pa€ T

m>+n' = (2p+H\)+ (Zo@?
8‘73‘\‘ 3(49‘7-}- 3(7-?)"' V9 g.%}

- 2(‘1v3+6?”‘+3w4o;3+‘
Hemw, mP+n? is odd
L. comPraposhve (5 et
. he onver St 38 hrue

- -

Marker’s Feedback: Marks were allocated depending on the accuracy and detail of the proof. A few
students failed to mention the converse of the statement. It would be wise to mention the converse

before proving whether the converse is true or false.



Question 12 (15 marks)

1+
(a) 1. Write ( Iﬂk in ret® form. 2
(V3-0)
.. . (1+iV3
11. For what values of k is % purely imaginary? 2
(v3-9)
0) 143 =283 @) For purely maginary,
G-i=2e'% Re{e' )0
e cos EX _ o
. N <
g_lj_"f)__ <2€ > kT o_ T T 4 nT
5 <
<\J_3'b> (2 e—tI) mv\\,)—(?h)M'\ boyh sides b.) %
211_ 6(,4'“' K= 346N , neZ
K =
Z C—LE‘E or %=i%sigvt%7
g 212—]( &(4“'*%) K +1 +3 +5
C T "2V mtT2
Sy BT ] p=t 3 20 15
"ot e 2 (em-3) , meT
k
or ag+Z-Zinn
6 2
24r+ kr =37+ 6nr
24+k=3+6n
k=6n-2lneZ

Marker’s Feedback: Common errors are students not expressing the final answer in exponential form
and forgetting to include the 2 in raising to the power of 12 and k. For part (ii) students are adding 2zn,
thus achieving the incorrect answer.

(b)  Leta and b are positive real numbers. 3
Prove that (a + b)? = 4ab, and hence, prove that Vx? + 3\]1_2 > 2 for all real x except 0.
X
2
(a-v) 20 , a,p €R Now let 0= g7, 1= L ywhome %0

P
O+l —20% 20 (s + ——~> 2 A 3 (

ot 4y 2 2ab
0+20pys 2 Aab
Catb)” 2 4ab

Marker’s Feedback: This question was mostly done well. Common error includes incorrect
substitution for a and b.



(¢)  Define the lines [, and [, by

2 1 2 1
() = (1) +,1(2) Lir(p) = (—1) +,u(4)
1 1 -1 3

where A, y are any real numbers.

1. Prove that [; and [, are NOT skew lines. 2

11. Find the equation of a line that passes through the point of intersection of [; and 3
[, in part (1) and is perpendicular to both lines.

U) For not skew 1, ond 'l,_ ) \et L' be the ea. op o line $hat
should “\"'WSCC‘ pusses 'H"IWN?\-, (3'3'\) ond 1.1 13

= ()23 (3)m(3) e

24272+ M ) L:X@E)= (3)1‘{(’\;}
1427 = 44U =D ' z

1+ 2= —|434 ~> &) For perpendicntar lines, dot praduck= 0
) e ]
Froe @ (’f)'Q;):O F 2+ rZ=o > §)
7;:/(/( \ =
Sub nto @ (%) (25:0 > x+4y*3Z=0 -&)
‘+2M=“‘+4M @_@
& SLM 2\9-&21’—’0
-'.M=117\=| % WmrZ
Check ;_P W worke with €q ® Sup jwro @
[+ 2= 1 +3M x+2(-2)+Z2=0
LHS=14+) =2
RHS= -] + 3(1) =2 e r)(3) (%)
L.HS = RHS ,r, k)=(3 —|v
() (z)-\—tZ(')

) . . 3
S ()

whee s € R

Marker’s Feedback: This question was mostly done well, except for some students who did not solve
the dot product of the given direction vectors.



(d)  Letf(x)=Inx—x+1.
i Show that Vx > 0, f(x) < 0. 1

n
11. Letpl->0,Vi=1,2,3,....nsuchthatZ p; = L. 2
1

n
Prove that z In(np;) < 0.
1

()§) =z - %+ (i) ﬁnp‘-)

¥%>0, show that £(x)£0
P Pyt Par Pur ...+ Paz )

/ " -
For)e L=} Felavg Prove 1wt £ 1 (np,) £ 0
= - '
= From () y VA20 Jax =x+) £ 0
Shtionany . wheo £6)=0 le+ %= nyp
1 3
- _
2= 0 IW(nP)- " +140
o 7(:] ) -c("ﬂ):- \hX"’?“"‘
£(1=0 W ("Pi) & NPy
Gv&idnqw) g+ et ( ‘)0) o Zn\h (h PK) < é‘h(n?‘(-\)

'P”( ‘3 = -“"’,‘_ == = concave Aown .
3 RHS = N 2 P —N
o <'107 S OA ) a&ximuen P

£ = a()=n (gveo)
x{0s| 1|2 ‘ = B
£601 ) o 0% x ) )
w7 ~ 27 bl 20

SN A0, £K)40.

Marker’s Feedback: For part (i), since it is a one-mark question, the marks allocated depended on the
marker’s discretion. Students who showed knowledge of first and second derivatives were likely to
achieve the mark. For part (ii), majority of the students only achieved 1 mark. Students should show
evidence that they can link part (ii) with part (i) and demonstrate correct application of the sigma
notation.



Question 13 (15 marks)
(a) Letz = x + iy represent the square roots of a + ib.

Prove the following:

2 1 2 2 1 2
2 ==(IZ+a) and ¥ =2(7 - )

z=x+1y
22 =a+ib
. . N2 2 2 .
Since (z +iy)” = z° — y~ + 2zy1,

equating real and imaginary parts gives

2 —y’=a (1)
20y =15 (2)
Also, |Z|2 =z + 92 (3)
Adding (1) and (3), Subtracting (1) from (3),
22> = |z + a, 2y% = |2|* — a,
1 1
2’ =2 (|2 +a) | v* =5 (l2* - a)

Marker’s Feedback: This question was mostly done well in various ways. Marks were given depending
on the accuracy of the proof.
(b)  The displacement of a particle moving along the x-axis is given by
x = 3sin (Zt + %) + 2 cos 2t, where x 1s in metres and t 1s 1n seconds.

Prove that this 1s a simple harmonic motion and state its amplitude and period.

= 3 gl =
% = 3sin(2t +T) 42 cog 2t A= —4x
%x*3 sintwcl‘c +—3ovnbs'v\% + 2coc Acce\eandion 33 ™ e foren vp > = _pin
., SHM,

\

x= .
3,%_3_ sm2h + % s 2t + 2wst Kozt o FG_E)Z+G)1
2 2

A= 33 Gaot + Z cosot
2 2 Vg m

W3 oSt ~ T sin2t Pesriod = %Er ¢ = Te

'

|

x

"

“OV3 $in2k - 14 cos 2t
i V3 . 7
4(2_{pn?.’c +,L-o<zsz-t:)

Marker’s Feedback: A few students forgot to show why it is SHM. Common error is not being able to

solve for the amplitude.



(¢)  Let ABC be a non-equilateral triangle with position vectors 04 (a) ,W(b) and
oc (¢) relative to the circumcentre O.

Let G be the centroid of the triangle ABC, with position vector 0G (g) given by

a+b+c
g=73
Prove that

GA* + GB* 4+ GC? = 3(R* — 0G?), where R is the circumradius.

24+ 33 as O is ¥he clrepmeemtre
also |oal = 16’5 )—’\: =3 Cc\rc.mro\d\\As)
%
A = (2-9)-(2-2)
G8= ( )

I

|a[+ e+ |l 4 30912 (a9 + bog + 2 3)

1)

R* +R+¢#Mﬂ522&ﬁwﬂ
= 3R14-3hv_25.33
S8+ 3)9P- < 3"
= 3R"- 3)2]
= 3 (R-08")
- GATY QB + gC= 3(R™-06%)

"

Marker’s Feedback: In order to achieve full marks, students should demonstrate the correct use of the
dot product and the distributive law. Only a few students achieved full marks for this question.



(d) A lighthouse beacon rotates once every 20 seconds. The light source is mounted on a circular
mechanism with a diameter of 4 metres, and the centre of the rotating mechanism is located
1.5 metres above the ground level.

As the light moves in a vertical circular path, the height of the light source above the ground
varies in simple harmonic motion.

Prove that the light source is below the ground for 10 — %sin"1 G) seconds during each

complete rotation of the mechanism.

Let h be the height of the light above the ground, in metres.

The circular mechanism has diameter 4 m, so its radius is 2 m.

The centre is 1.5 m above the ground, so the height can be modelled by
h=1.5+2sind,

where @ is the angle through which the mechanism has rotated.

Since one complete rotation takes 20 seconds,

2 T

“=30" 10

t
so we may write | h = 1.5 + 2sin (%)

The light is below the ground when h < 0.

Tt
Thus 1.542sin| — ) <0,
sin (10)

sin w—t < —§
10 4’

sine is negative in quadrants 3 and 4

let o — sin ' (3) .
4

Hence the angular interval during which the light is below the ground is
2r—a)— (r+a)=m—2a.

Since a full angle of 27 corresponds to 20 seconds, the required time is

T — 2a
— 20.
2r 8
20
T=10- ",
s
! ! | 71 (3)
Substituting « = sin 1)’

T=10— @ sin ! (Z) seconds

™

Marker’s Feedback: This question was very poorly done.



(e)  The Laplace Transform is an advanced technique used to solve differential equations.

It is an operational on f(t) defined as

(va]

L) = [ et e

0

Show that £L(t) = s%
L) = fé’*;cﬂ W
o

Show Hat L (%)= #

L&) = SO C—St bt

by inregearion by paviy
dv = ¢%%at

U=t
&K:d‘b’ V= E:Sk
-
(.b = -St _
7T e
9 o
2 peg 2L €7 ©
- "
e A
2

Marker’s Feedback: Students who recognised that they simply must replace f{(¢) with f and used

integration by parts were likely able to achieve full marks.
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