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Section I
10 marks
Attempt Questions 1-10

Allow about 15 minutes for this section

Use the multiple-choice answer sheet for Questions 1-10.

Question 1.
A particles motion can be described by X =-9x.

Which equation below could be a representation of the particle’s displacement at any time ¢?

A. 3sin(¢)
B. 3tsin(t)
C. 3sin(3¢)
D. 3tsin(3¢)

Question 2.

. T ... .
Given z = cos - Fisine, what is the value of z%?

oS aw »

Question 3.

What is the value of argz given the complex number z=-1-iy3 ?

A. _2z
3
B _z
3
C. 2z
3
D. z
3



Question 4.

Which of the following points lies on the line 7 = ; + —21 ?
3] |4
A. (5,0,11)
B, (3.1.5)
C. (7,-1,13)
D. (5,L11)

Question 5.

The velocity, v ms™ , of a particle moving in a straight line is given by v =2sin(3x), where x is the

position of the particle from the origin.

What is the acceleration of the particle when it is at the origin?

A. 12 ms™
B. 24 ms™
C. 6 ms™
D. 0 ms™

Question 6.

Consider the complex number z such that Re(z) <0 and Im(z)>0.

What is the value of Arg (Z—H] ?

zz(z — z)

A r
' 2
B. T
C T
' 2
D. 0



Question 7.

A smooth plane is inclined at an angle of 30° to the horizontal. A mass of M kg is attached to a smooth
pully using a light inextensible string and moving down the ramp with an acceleration of 2 ms~.

A5 kg mass is attached at the other end of the string.

M kg

30°

Assuming the acceleration due to gravity is 10 ms™.

What is the value of M ?

A. 25 kg
B. 20 kg
C. 10 kg
D, 10(54/3 +3) ke
11
Question 8.
Which expression is equal to J;dx ?
xv1-1In* x .
A. sin”' (Inx)+c
B. ln(\/l—lnzx)+c
C. tan™' (Inx)+c
D. ln(l—ln2 x)+c



Question 9.

Which of the following is an expression for J.cos2 x sin’ xdx?

cos’x 3cos’x 3cos’x cos’x

A. + +c
3 5 7 9
B. cos’ x—3cos’ x+3cos’ x—cos’ x+¢
cos’x 3cos’x 3cos’x cos’x
C. - + - + +c
3 5 7 9
D. —cos’ x+3cos’ x—3cos’ x+cos’ x+c

Question 10.

Leta, b, ¢, d be complex numbers such thata #b and ¢ #d.

Which of the following is a necessary and sufficient condition for the line through a and b to be
perpendicular to the line through ¢ and d?

A a=b__a-b,
c—d c—d
B. a—b:_a_—lz
c—d c—d
C. azb_a-b,
c—d c¢—-d
D. a—b:E—lz
c—d c¢—-d



Section II

90 marks

Attempt Questions 11-16

Allow about 2 hour and 45 minutes for this section

Answer each question in the appropriate writing booklet. Extra writing booklets are available.

For questions in Section II, your responses should include relevant mathematical reasoning and/or
calculations

Question 11 (15 marks) Use the Question 11 Writing Booklet

(a) The location of the complex number z is shown on the diagram on page 2 of the
Question 11 Writing Booklet.

On the diagram provided in the writing booklet, indicate the location of
(i) 2z

(i) z-z.

(b) The complex numbers z and w are given by z = 2cis% and w= 3cis2Tﬂ .

Find the modulus and argument of =
w

(c) (i) Show that \3+4i =+(2+i).

(i) By completing the square solve z* —(4—2i)z—8i =0 where z € C.

Question 11 continues on page 8



Question 11 (Continued)
(d) Three forces are acting on an object in such a way that the object is stationary.

(1)  Given the first force vector Fi=i+2j -2k,

show that the magnitude of vector F; is 3 Newtons.

(i) The second force vector, F>, has double the magnitude of vector F; and is

parallel to » =i+ j+k . Show that vector F2:2\/§(£'+j+lg).

(ii1)) Hence find the third force vector F3 that is acting on the object.

1 2
(e) Evaluate Judx.

0 x_2

End of Question 11



Question 12 (15 marks) Use the Question 12 Writing Booklet

T

(a) Evaluate j4 Y

o COSX+sinx

(b) A particle is moving in a straight line, horizontally away from a fixed point O such that its
displacement from the fixed point at time # seconds is x metres. The only force acting on

the particle is a resistance force of magnitude mkv® newtons, where k is a constant.

Given that the particle starts its motion at O, with a positive initial velocity of u ms™,
(1)  Show that the displacement of the particle is given by

o[ 2]
x=—In| —|.
k v

(1))  Show that the velocity of the particle at any time is given by

u
y= )
kut +1

(iii)) Hence find an expression for the displacement of the particle after 1 seconds
u

in terms of k.

(¢) Sketch the region of the complex plane defined by |z2 - 72| >4.

(d) Find Jﬂdx.
N

End of Question 12



Question 13 (15 marks) Use the Question 13 Writing Booklet

(a) Consider the complex numbers z = V2+i6 and w=+3-i. 3

n

Find the smallest positive integer value of n for which is purely real.

n

(b) The centre of an equilateral triangle is at the origin, and one vertex is at z, = J3+i. 2

Using Arg(z,), find, in the form of a +ib, the complex numbers giving the other two vertices.

(c) A particle is moving in simple harmonic motion with speed v ms™' given by
Vvi=2272°x" —4nix+ 1677,

where x is the displacement from the origin, in metres.

(i)  Find the exact period of the particle's motion? 2
(1)) Find the maximum and minimum x-values for which the particle oscillates between. 2
(d) Find the acute angle between unit vectors ¢ and 5 such that ‘x/gg —Q‘ =1. 3
d
(¢) Find J = 3
e -1

End of Question 13

-10 -



Question 14 (15 marks) Use the Question 14 Writing Booklet

T

2
(a) Giventhat /, =J sin" xdx ,

0

(i) Show that I :”7_11”.

0N

(ii) Hence evaluate J sin’ x dx.
0

(b) A nparticle is projected vertically upwards in a resistant medium. The velocity of projection
is u ms™!, the mass of the particle is m kg and the resistance force is given by mkv* Newtons,
where £ 1s a constant.

Given g is acceleration due to gravity,

(1)  Show that the maximum height attained is given by /4 = ﬁln(l +£u2j .
g

(i1) If the speed of projection is half the terminal velocity, find the ratio of velocity

on return to the projection point to the velocity of projection.

4 -2
(c)  Consider the points P and O with position vectors p=|-2| and g=| 3 |, respectively.
2 1

(1)  Find the vector equation of line / passing through P and Q.

(i) A sphere has centre (1,1,4) and radius R units.

Find the value of R for which the line / is a tangent to the sphere.

End of Question 14

-11 -



Question 15 (15 marks) Use the Question 15 Writing Booklet

(a) The points O (0,0,0), P (5,—15,10), and QO (10,—10,5) are the vertices of a

triangle OPQ as shown below.

P (5,-15,10) NOT TO SCALE

S 0 (10,-10,5)

The point S lies on OQ such that OS : SO =2:3, and the point 7 lies on OP
such that OT :TP=2:3.

By using vector methods, find coordinates of R.

(b) Evaluate J Lnfabc.
o 14+cos” x

(c) (i) Provethat (I1+itan8)" +(1—itan@)" =2sec” (8)cos(nb).

8
(i) Using part (i) express Re[(l +itan %) j , in the form a2 +b , where a and b

are integers. (You must justify your answer.)

End of Question 15

-12 -



Question 16 (15 marks) Use the Question 16 Writing Booklet

(a) Three spheres Sy, S, S3 are placed on a horizontal surface such that they
are touching each other.

Sphere S; has centre at A and touches the surface of 0(0, 0, 0).
Sphere S, has centre at B and touches the surface of P(16, 0, 0).

Sphere S5 has centre at C and touches the surface of Q(16, 30, 0).

The diagram shows the centres of the spheres and their point of contact with the x-y plane.

z C
A
a (s
B 5 y
b
/P (16,0,0) 0 (16,30,0)
X

By finding the vectors ﬂ?, BC and AC,
find the coordinates of the centres A, B and C of the three spheres.

2z

(b) Define f,(x)=x""+x"+1,where neZ",and w=e > .

(i) Show that f;(x)=(x-w)(x-®").

(i1) Calculate £, (@).

Question 16 continues on page 14

-13 -



Question 16 (continued)

(¢) (1) Using integration by parts, show that

x+1 COS(tz)

2
x+l _ _ _
L 51n(t2)dt =" 2(v51) J > dt .

X

(1) Hence, given |a +b+ c| < |a| + |b| + |c| and x > 0, deduce that

‘ JXH sin (t2 ) dt

1
<—.
X

(d)  Asoccer ball is kicked from ground level with initial velocity of # and an angle of
projection of @. The only forces acting on the ball are gravity and air resistance.
The air resistance has magnitude mkv Newtons, where £ is a constant.

The ball is kicked straight so that it reaches the top corner of the goal, modelled as the
point (L,H), Where L is the distance from the initial position of the ball to the goal and H is
the height the ball reaches when it goes into the goal. It takes exactly 7 seconds for the ball
to reach the goal.

(0,0)

V,

If (L,H)=(12,2), assuming acceleration due to gravity is equal to 10 ms?, find the

angle of projection of the ball in terms of £ if the ball reaches this point after one second.

End of paper

- 14 -
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Section I
10 marks
Attempt Questions 1-10

Allow about 15 minutes for this section

Use the multiple-choice answer sheet for Questions 1-10.

Question 1.
A particles motion can be described by X =-9x.

Which equation below could be a representation of the particle’s displacement at any time ¢?

A. 3sin(?)
B. 3tsin(t)
3sin(3t)
D. 3tsin(3¢)
Question 2.

. T .. T .
Given z = cos§ +1i sm§, what is the value of z%?

A 1 1‘% = (LQE%Q‘IS:V\%S%
-1 -
-~ Coa®=— % N
C. i '
£ =\
D. -1
Question 3.

What is the value of argz given the complex number z =—-1-iv3 ?

o
3
B. z
3
2
3
D. z
3



Question 4.

1 2

Which of the following points lies on the line r=|2 [+ A|—1]| ?

(5,0,11)

B. (3,1,5)

C. (7,-1,13)

D. (5,1,11)
Question 5.

The velocity, v ms™!

3 4

position of the particle from the origin.

What is the acceleration of the particle when it is at the origin?

1 >
2- D

1w ar

, of a particle moving in a straight line is given by v =2sin(3x), where x is the

a

vz asiaT (A

b

.1
.‘av"" —2ain (32) Lk e

=
=)

-

=0 = ;:-..-_0

lLsinG e )<es(3 =)

A. 12 ms™

B. 24 ms™

C. 6 ms™
0 ms™

Question 6.

Consider the complex number z such that Re(z) <0 and Im(z) > 0.

Z+z

What is the value of Arg(_

zz(z — z)

A z
' 2
B. T
T

2

D. 0

2

J

(ek 'bﬂ."n—-l;a

(uc_a, RAD

O Y i 8 S R-® x ¢
it (2-%) cx*f:ﬁ)c—zgwf-
*Ae ('E-}% | G.-x.t.
9 T3 Q"é—%) ‘:‘ (

(T 9t )2y

>




Question 7.

A smooth plane is inclined at an angle of 30° to the horizontal. A mass of M kg, is attached to a smooth
pully using a light inextensible string and moving down the ramp with an acceleration of 2 ms~.

A5 kg mass is attached at the other end of the string.

M kg

30°

Assuming the acceleration due to gravity is 10 ms™ .

What is the value of M ?
us Sx2 =1 -%0
A. 25 kg { T =0 N
20 kg Lso 2M = oM sinzo - T
C. 10 kg SR
a™M = GO
Y (UCNER TS M ey
11
Question 8.
1
Which expression is equal to J—dx ?
xv1-1In* x

i

da = “-'N‘J"\hl ('ll\"’i\ +t

sin’l(lnx)+c J

B. ln(\/l—lnzx)+c J1- (=
C. tan™' (ln x) +c

D. ln(l—ln2 x)+c



Question 9.

Which of the following is an expression for J-cos2 x sin’ xdx?

cos’x 3cos’x 3cos’x cos’x

A. - + - +c
3 5 7 9
B. cos’ x—3cos’ x+3cos’ x—cos’ x+¢
cos’x 3cos’x 3cos’x cos’x
- + - - +c
3 5 7 9
D. —cos’x+3cos’x—3cos’ x+cos’x+c¢

Question 10.

Leta, b, ¢, d be complex numbers such that a # b and ¢ #d.

Which of the following is a necessary and sufficient condition for the line through a and b to be
perpendicular to the line through ¢ and d?

A.

b .
i ssb L e=d = s bl (e eR)
S wmb =g

b
d
— -4
a—>b a—>b = ]
c—d:_E—g Sinea ‘:..::_’:_ is pmfda 'w\.o\.&in.&.{\é then
b

- lo = = | =g
C. a=b_a-b, et e D N -'pt%."—a-é_ =D
c—d c¢c—-d
D. azb_a-b
c—d c-d



Section 11
90 marks

Attempt Questions 11-16

Allow about 2 hour and 45 minutes for this section
Answer each question in the appropriate writing booklet. Extra writing booklets are available.

For questions in Section II, your responses should include relevant mathematical reasoning and/or
calculations

Question 11 (15 marks) Use the Question 11 Writing Booklet

(@)

The location of the complex number z is shown on the diagram on page 2 of the

Question 11 Writing Booklet.

On the diagram provided in the writing booklet, indicate the location of

() -2z

=1+

2i

=V

2z

=4-2i

N

|\

I
d

2 0+ \gan

L2 21 = - (i)

Ll Ul

- """'Li

- s (V-2 ) - (exai)




(b)

Find the modulus and argument of =

. 2
The complex numbers z and w are given by z = 2cisZ and w=3cis 2L .

W
I 2 Cis T,
= 3cis =
:%c_;sc.t_.&%.ty
._._ﬂ_.’;_ cis [(FE v
o P R

Marking guidelines:

As on the solution.

(c) (1) Show that \/3+4i=+(2+1i).
Method 1
. a ;
Let  (maiyg) = 3 agl
2 B
- {5 =
2"&3 = L4
1 =
AT
N N
%ﬂ-
x -3 x —%4 >0

(= a) (=1} =0

= = 2 , g = 1
% lz-u.\i =t (2+)

Method 2

a,
B EE R W E

L 4
("1-.1;.)

=

5 .J?_awi{i =

s

)
:"\"“4;""




: Y : =
2 . (-2 Yl (AN LSy 2[(-3y ——

(ii) By completing the square solve z° —(4 —2i)z—8i =0 where z € C.

r

- t o L]
(% -(x-%Y) “4 -1 4l 2%t

= 3 4l

R b Cnl ey d Wkl

= (a-1) € (i)

Marking guidelines:

As on the solution.

2 (W5~ R Y
(d) Three forces are acting on an object in such a way that the object is stationary.
(i)  Given the first force vector Fr=i+2j-2k,
show that the magnitude of vector F; is 3 Newtons.
S

|F,'| 2 J '-ﬂ'-r"l}-t'l

= Jlayg Y

= J1

= 3

(i1)) The second force vector, F>, has double the magnitude of vector F; and is

77

s

. A T
E st

.}11\ Al

parallel to r =i+ j+k . Show that Vectong=2\/§(£+j+lg).

Marking guidelines:

As on the solution.




(ii1)) Hence find the third force vector F3 that is acting on the object.

f-n + E"- *_ Ei -0 Marking guidelines:
As on the solution.
|
53 == Ei = E" 1 . i
’ b
z + Cdaad cawy 230 val+ 5 )

-2 Lo (~2-2 8 35 + (2-203) k|,

1n 2
2x" —x+1
(e) Evaluate Jidx.

0o X—2

Ja""- i 0 2 0 J (2% 2+ S _ydao — 0
L Sl

\

[ﬁ?"-t&m.-t 1 la |'w.-'2-(]1
(Lasa T la |- ) = (erotln|-2])

W

B -0 <"1 \n 2

= g=Mlaal | o &

Marking guidelines:

As on the solution.

l{j“ ::“)‘_-—L M=o — T —~2 } -
e Sl stz v
=3 o
1:3 1(0»1—1.}.—(:,\-\-1\%] A LU\*TL’\*—“V\[L\Q
B - T e
- W B (
o L B o (R
& 4 S D ST PRIR
= IN AR HT - -2 = Q o g
) Semi S0 T B = A¥lmg,
- [N

End of Question 11



Question 12 (15 marks) Use the Question 12 Writing Booklet

V3
4 secx
(a) Evaluatej —dx.
o COSX+sinx
Method 1 Method 2
a—
my
. ma
S2c ™ T, :J dx
. & Cosm(Covm+s)
°© Cosm +Dia N Al C t3ian)
IC; L
SBE =J Sia R 4 Cos 2 -Sinn dn
L 1 -5 3 -
=J S4c da — L Ron. Cos X +Sin K
&>

L4 ten ®

"

<
‘..Lln{lut-“'hh'ﬂ.x‘-s ___{;

o

= 1a (l-t'.fh-h'.gi‘) —‘\-\L\ﬁ-{mﬁ)

\n K- n )

lh?.. =

1

~

Marking guidelines:
As on the solution.

For method 3, only one mark
was awarded for t substitution
and expressing the integral in
terms of t only and correct limit
change.

W
e s 4 \n(c,s,_.r%'m 'l‘:)]?'
= |
...(-'md—li* I (3'-1*3.;\ -
(v (1) 4 In (\-UJ\\

silatlan?
(r xfa\’

= a2

-10 -




_(_Z_CQ'_),_M.&L?

Rl e o el

(2 ta) ﬂa@é&odﬁ‘

: y £ fa X ; 7
3 E"’ el b %0, o0 } 77%7_:@_'4_'_&—»0('%2 /%’ / s
o AR i o Cosx €5t 755 Co$ HHSxSre— |
y e 3 7
4 Sec ] s /S Wal ) 7 s
777#1077;;(%&7&6& = /Ws%g_f*_)_f I e 2t ,
ficse 60 @ br el = )y st £ShIX
1A
e =
e o ey
= "’h%-/lk_ e T 26 / z "%0/”:
i T 1 /) 7[__,,1 1+ Ll
e | i
= ﬂ/l Iﬁﬁt”ﬂ = T R o A L
ARG T T
/o

e

f

2.

B

= -
= Joggj;l%

REE Ao
= a‘rﬂf*a‘-‘L

-11 -



(b) A particle is moving in a straight line, horizontally away from a fixed point O such that its
displacement from the fixed point at time # seconds is x metres. The only force acting on
the particle is a resistance force of magnitude mkv’ newtons, where £ is a constant.

Given that the particle starts its motion at O, with a positive initial velocity of u ms™,

(1)  Show that the displacement of the particle is given by

x:lln(
k

m';..:-.mk\f'
Q.l.:' - lr.\r'a‘

ke

d=
(RE VIR Py 52
AEESCE
k= = ln]vl+c
2o o liee 5 wshi

-k o = lﬂ,'\\r\ 2 lv\\u\

[/ = LI L-s.\u..\' -\r\ l\l’\
le

SN EA

1

1< T e—

[£3

(i1))  Show that the velocity of the particle at any time is given by v =

de -k
ix
J.!_év =j—1u\*
vﬂ.
< [ d =l eed
v

B . 2 B
tal =
\ lkwut al
Iab ] w
v = bo-

ket el

u

)

Marking guidelines:

1 — correctly setting up integration or integrate
1/v correctly

2 — complete solution, including finding the

kut+1°

Marking guidelines:

1 — correctly setting up integration or integrate
1/v?* correctly.

2 — complete solution, including finding the

-12 -




(ii1) Hence find an expression for the displacement of the particle after 1 seconds 2

u
i fk.
in terms of k Marking guidelines: )
Eal o8 (vl bl | 1 —reasonable steps leading to answer or attempt
> ksl to integrate u/(kut+1) in respect to t.
2 — complete solution
s :.I_ ‘n lL l
Py v
- .L_ lﬁ —L_
T s
la 4l
=T
= e laxt
Lt (ke
(c)  Sketch the region of the complex plane defined by |22 - Ez| >4, 3
12 13 4

Lo igy® - G gy | vy

o syl —31-"3*“*”‘3.‘*3‘ |74

lﬁ;ﬂ-a"\‘?tt

\té G L)
'"‘-3"" ov :caq-|

i -
3'?';_ al aQ."i

Marking guidelines:

1 — Deriving the equation |xy| >1 OR correctly
shaded the region for xy > 1.

2 — Deriving the equation |xy| >1 and correctly

shaded the region for xy > 1 OR correctly
shaded the region for |xy| >1 using solid line.

3 — the equation as well as all regions with correct
points on the hyperbola labelled.

-13 -




(d) Find J@dx :

10 . o

j { x4 Al dad tet o-d= & \ Marking guidelines:
j; I 1 — setting up u substitution equations
‘iu. el i‘L
CO Y 2 — above and rewriting the integral
2da = L da 3 — full solution
Ja
- =]
L:law du
n
22w %<

n"n "
1 (\f‘l-t..*l\ oy
u

End of Question 12

- 14 -



Question 13 (15 marks) Use the Question 13 Writing Booklet

(a) Consider the complex numbers z = V2+iJ6 and w=+3-i. 3

Find the smallest positive integer value of n for which z

Method 1

Fau\[?. uﬁii

t-\
e R 0 DS P - T

_Jb + ki - Je

O

. add;

= —

4
Jay

" SN

(57 - (03
uhich is fu..re.ld resd
uhan A s avan, with

swallast velus 422,

n

is purely real.

n

Method 2

|"t1=l - a.JE. b Ara (_15 :t-\nﬂ ﬁ
.l
3

x, Afa(u) = & e "___;

£
v
?

EIRE
= ril (e .-LE__) (8y De Moviar)

I a
Uhan n =L (_%\ ';11-_&5‘5:1;52:\'1'{‘]

= -

J.oasa,

Marking guidelines:
1 — finding z
w

2 — demonstrating the impact of index n.

3 — full solution

-15-



(b)

The centre of an equilateral triangle is at the origin, and one vertex is at z, = J3+i.

Using Arg(z,), find the complex numbers giving the other two vertices,

giving your answer in @ +ib form.

(©)

» lt‘ls j'b-tl ﬂfa [%) - 'be\v\“ ,"_
I3
5 a0 = i
> X Wi
G
an -
Yy LR QS 1:
R 2 ¥ iy . = g -~
5 1L—z‘(CS&€- 3 %3 _.%'x c"s -—3—
CEE= T LAl = s(M _ad
pler A (R
s Cis 5T -2 s -
G 2
bl-_-.ﬁ*i ..13.;-2..;
Marking guidelines: \
1 — Rotating anti-clockwise correctly
2 — full solution

A particle is moving in simple harmonic motion with speed v ms™' given by

Vv =27°x —4x°x+167*, where x is the displacement from the origin, in metres.

(i)

Find the exact period of the particle's motion?

&. - —'\q__ (,‘R.." Q:) "ru'r Q,H_H.

S

| - 4l et leT

Marking guidelines:
1 — Finding acceleration in terms of x

2 — Full solution

= 2 'S
= =1l -x_.a-?-.'ﬁ.‘ = -[-%'Tt

g

C LN

(Ji'vq‘) 5 (-2x -2)
AT (o =)

"1 “I-;—Ja..n?
Pariod = 2
n
o L=
J2

-
-

Ia

- 16 -



(i) Find the maximum and minimum x-values for which the particle oscillates between.

Lat ¥ =0

2 -
Y _q.lti"x.—tlt:.‘n o

] 7,
s - m*l'&.‘%:@

(mta)y(—) 0

»

e RS =Ggml, RN D

Marking guidelines:

1 — reasonable correct steps that leads to the
solution

2 — Full solution

(d) Find the acute angle between unit vectors ¢ and b such that |\/§g —Zg| =1.

$3e
& rz’ﬁ:"!ﬂ
e
la
'

Be-gl* B |elk[-2| Rs|lk|wo

| = 34)-2(B)1)Cs®

e
TR
o E
B-

Marking guidelines:
1 — Establish an appropriate equation
2 — Steps towards the solution

3 — Full solution
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End of Question 13
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j i e VR e_%’" Marking guidelines:
g_!'""- i 3 = 3% 1 — setting up u substitutions.
w . Bhe
( dne 2 — Rewriting the integral in terms of u.
= d
J (u-D3w i d _ 3w D don=l du 3 — Full solution
4~ B
-2 [(A 1)
T 3J( PRI _\:3 du
Neww QBu+6 (wn-1)-=
etk -0 =y g =~
W= | =y A =1
» 1.1 J( B I M T
WA A




Question 14 (15 marks) Use the Question 14 Writing Booklet

T

2
(a) Given that 7 :J sin” xdx

0

. n-1
(1) Showthat /| =——1 ,.

J
e 2SS in = 5 V<sSiax
\ ne
w = (A Cosn D ® 53 No-CosS=x
= KR
-4 kN -l
1'\ - [‘ M‘l-s:‘\u '\] -+ c.\-\)xcﬂsi'& S‘tﬂﬂ - J_&
° Q
<,
a n-2
- [v\.-t)j (-Sin q;)(‘ §in ) dn
° %
4"1 n-* 2 .on
- Ln-t\J Sin w - (v\.—\\J Sin wdx
o_| [

LSEH XD N1 SEEERNE LA T 34
n .[" :(’\-‘) ‘L“‘l

- n-)
'l“ ) -;. 1'\"2. K

Marking guidelines:

1 — setting up integration by
parts.

2 — Full solution

~

z
2

(ii) Hence evaluate J sin’ xdx.
0

-19 -

G % lg Marking guidelines:
4 1 1 —reasonable correct steps that leads to the solution
AL 2 — Full solution
-8 Je 12t
I V. AR -1
EC SR,
\v Sra . T
oy So S &%
B
~ 1o [- Cos '\] »
19 o
e
== (-o 4+l
= ( °«l)
e
- 38



(b) A particle is projected vertically upwards in a resistant medium. The velocity of projection
is u ms™!, the mass of the particle is m kg and the resistance force is given by mkv> Newtons,

where £ is a constant. Given g is acceleration due to gravity,

1 k
(i)  Show that the maximum height attained is given by s = Eln (1 + —uzj .

g
] 2 b
-\‘:..:-M%—m\k\' T v:o
L W1
1—3—\&4
— RO
LA
v (gake?) tz0
e
oL | dv :-J d=
24 31\‘41‘

N L + kvt ,C
“ )

L ——il 2 .
"‘_U\-‘S o —l—kv[v\(a'i'l\..“ \‘tC..

= c—-'z'_ la (:l-tku)
o . w U:L l lv\ 11
21 s (ar k) - L la (o)
-.\_ ln 3*"‘“"’
(3 tlv? )

At mane ka.,'«akk Veo

P N i\gl“ __,1--—9\)

'=—— \"\(\-t.—u)

Marking guidelines: \
1 — setting up the integration.

2 — Full solution
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(ii)

If the speed of projection is half the terminal velocity, find the ratio of velocity

on return to the projection point to the velocity of projection.

~

—= ] X U 2 Marking guidelines:
FY SO | u.n.,loul-a, ma:mk« e
— Terminal Velocity.
T_ g r
vz 3] - |3 o :
% » V= DY 2 — Finding displacement in terms
: of v*
D .o
ux:.‘iléc =\ u\z:-\‘:% vie 3 — finding v*
~ nN:o
= a s 4 — complete solution
= = g-kv
e A R
\') LV - %-k\lz x-:\'\(‘f-g-\h)
pYS
J v i a_\( -;j L"\
J-kv>
-l ‘1‘&.1 J"’ Jl
= n
A
= 1&--'—. \.!\ la-kV“*c_
= - gl
STl EC IR S AR R
= N 3
mE 2k tn lﬁ‘k‘,k\
Lek [ TSNS \ \.\(\*_l_g_o?‘) kh(‘_ (VN ';!;%'.
B L latede b2y L w2
2% “(+8 t\-‘k) 2l la—kv‘l
w3 =ln)| 3
N ey
5 (a-ke') = u Y
Skv” = 3}
v oS T
S kL
Reblo: V- _ 8 AR
w> Sk - oni
- 4 vy = 25
- —g =N T.\ ~?s (0"‘ ——-g—)
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4 -2
(¢)  Consider the points P and Q with position vectors p=| -2 | and ¢=| 3 |, respectively.
2 1

(1)  Find the vector equation of line / passing through P and Q.

-'* ’-1-*
L €=
e Tl=-2 -q-) 3*2
2 1
4 -
I P W P ¥ S
aQ T

(i) A sphere has centre (1,1,4) and radius R units.

Find the value of R for which the line / is a tangent to the sphere.

Eqn A sphesre’  (=- \\1L ~(4- e (= -1.31 S < Marking guidelines:
T Fiad prs o iatwrsechen, sdoe s‘mul\-mwus\a: 1 — equation of the sphere.
(&-0>- .\"'* (-2 4SX-1r \1* (a-N-¢ S’-=&z 2 — solving simultaneously

3 —recognising A =0
ERCHYPREY P SN ISR §i SHSng
4 — complete solution

U
(36125 4DV 4 (-36-30 4 4)N 1A x4 4- R =0

~

o _ bak 4 22- K o
For ona poindt & conbenct A& =D
& - sac co
e - a(en)(22-€) z0
T a(e2)(22) 44 (62) R =D

G aoa o)) - 62°
(L)

3
JEY

s R= E units  (R>0) .

P

End of Question 14
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Question 15 (15 marks) Use the Question 15 Writing Booklet

(a) The points O (0,0,0), P (5,-15,10), and Q (10,-10,5) are the vertices of a

4
triangle OPQ as shown below. P (5,-15,10)
The point S lies on OQ such that OS: SO =2:3,
and the point 7 lies on OP
such that OT : TP =2:3. By using vector
methods, find coordinates of R.

o

0 (10,-10,5)

eokion o S (510 + %O 220t X~ \O
.5*1- 3\2- ‘Lt'L

B (‘h"hn‘)

5 2xy042AXS )

o-z
i 2 .
é? = _“q_ T 5-4 . TQ =t 404l
o, 15tq || 7 “ S -4
-1
_[‘1 A | 3 ] I3 i
B RS Tl-e -
2 L 1 & 1

Te £in d (., Solva ilmv\bl-o.nuw&(a!

‘1*)\".21"N = ):%}\-l-@
4 - =2 -C-4¢ M _ (D
24% 2z A4 —®

sub (B indo ® D —g-u(gp-2N =-C6-g 4

Sz Mg
"-i - ';l
chack with D =5 LHS-a<%x 2 &-‘lﬁ:‘t*-‘;—
) -¢2

5 '

A 2 : 2 = 2
“‘-[:]‘%('2] = C A ShEIR 5D

Locofion of vl (‘510 +2.%S . IxO0+Ax-(S , AxO +AXx\0 )
3¢ 2 342 EC -1
: (1,-—0,‘-\)

Marking guidelines: \

1 — Find the location of S and T
OR correct equation of one of
the line or equivalent merit.

2 —write the vector equations for
SP and TQ or equivalent merit.

3 — Steps to correctly find the
scalar values

4 — Full solution

See next page for alternative solution
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| (6) Y flenafine ntdiond

BB R G ,
=L op- LA WEOR = #(0a—Fop)EopP
 ehusts cotlirct of OPF oa

By
'\!’ ’7&“:—
e
I 5 O?“ sli[ndca 'y 1/17\7 2 (1o
£ =G ol NS

(VL) No sndst »e;ﬁprﬁre&/ L bireof frchn,

Ollur mtflolc ,{w@b_wphﬁ
R = i*ﬂJ ?*zﬁ\tuhuﬁ E =od p PO ;
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(b) Evaluate J Y
o 1+cos” x

-
ES1AN 1\

__'—'—
e iy
° Ly Cow R

-
Ml

(_li "'\.3 %u'\[_ﬁ' ‘R.\j Tk
8 LIS C.ui (w-)

Sin (W-2) 284w
2 2
Cos (W - = (= oy 2

= CuoS "R

T - J (n- "&\ [QiaR de

l+cos e
™
Q_t - -ﬁ S‘\n"" 41
=
o Lalos L

2= [L-m“‘ (tnsx\l‘j @

Sy (*“'“ﬂ [“\ - 'bhﬁ:' C‘S)

ARG TS
‘I-_fl
al = —
2
RO

Marking guidelines:

1 — Rearrange the integral.
2 — Rewrite the integral

3 — Perform the integration

4 — Full solution

See next page for alternative solutions
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(5 mtladd, L WS g
Z f“mw SRR R / EZ7 R
AP o ’_m s /7.‘(»41’3( /¢ P 7l o /‘{(,aS XW" Loﬂ‘f Qti!’z’é)‘ l o —éiii
; l,rz/-f-."( YX \/ > Sy T 5 A==l
S S | SR PR
' | R e Eoamsuny
Lﬂﬁ—“'@sﬂ)-ﬁ%"ﬁa:ﬂl +j 7561-\ C’Jk)d’y ;7&3 i (/,L aillE m»,,,,[r:w’j—z,_,,
:’_-II;;"" __,ﬁ:q (m)d L LMM;J =1 —.{__‘,Y = 43;,,:-‘_(01) V3Cos

« [fertes uk - [ s A Lonerds]|

5 A
_:_%_x S _—Cer\‘] =) cua

Etid
; 2 /
= ’}‘?::bqbﬂ Lomet]
= %%?%-n_n___+”nul fs :élfth
~chh
c( —f_f_ 4&.;'( D) e O ey, | [ T
|y ’#ffz '/N“f SAALA) G&LA 'fé"‘ ‘(5‘“‘") 15
A 0dlel
E '”1 3 o
7_“€f§iffh. ______ 2 2
- :
(¢) (i) Provethat (1+itan8) +(1—-itan®)" =2sec" (0)cos(nb). 3

1 v\ n
Les = (Ve Lren®) 4 (- ituaB)

- (\ -« ; 5-‘-&‘9 ( (- ’sl'\'B
Cvsé Oose o
= (Lose -\75-‘«9) + (CLos® -~ 15:ad)
Qosﬂ e Coi ©

A (c_,sne-us:nne 4 Cos nO
Cv%

sac ' © (xCos n®)

2 ae © Cos (o)
s RHS

1]

Jigin ne\

Marking guidelines:

1 — correct attempt that will lead to
proof.

2 — Significant steps that lead to the
proof

3 — Complete proof.
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8
(i) Using part (i) express Reul +itan %j } , in the form aN2 +b , where @ and b

are integers. (You must justify your answer.)

—

2 1+2 = ~Re(2)

LR (7Y -

4

=1 (24%)

N TNHE Y
ﬂ\{((«l ,“_3

(Les 0 -t\)

H
|/

w
l(LeS_‘:-'\S

(D
. owad
T Tada

a2 , -z
{2 » (=

=l L

2

SToec W=
T

._n_.[?.-‘-(.
F= &

Ty Ll Lk a)?

- tosy -1ty I

Ly
:l (axsec ©
x ) 9
i ]
- - L X —
A

256 =512 2 47e% —2se $% 40y

Marking guidelines:

1 —use part (i) and substituted 0 = n/8.

2 — found the exact value in terms of
sec /8 only.

V4
. . 2
3 — Find a surd expression for cos™ —

4 — Complete solution

~

End of Question 15
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Question 16 (15 marks) Use the Question 16 Writing Booklet

(a) Three spheres Sy, S, S3 are placed on a horizontal surface such that they
are touching each other.

Sphere S; has centre at A and touches the surface of 0(0, 0, 0).
Sphere S, has centre at B and touches the surface of P(16, 0, 0).
Sphere S5 has centre at C and touches the surface of Q(16, 30, 0).

The diagram shows the centres of the spheres and their point of contact with the x-y plane.

z C
A
a (s
B 5 y
b
/P (16,0,0) 0 (16,30,0)
X

By finding the vectors 4B, BC and Z(—f,

find the coordinates of the centres A, B and C of the three spheres.

Solution on next page
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%, b, and ¢ afe dhe madil b Ha Haee

st\M‘L\ :
ats I, -© - 2 T s g ¢
i S
A8 T3] o (487 om0y (o)t (ben)
b-w
LU 5 [4—&:\ T onth L"au.w\o"' g N\J-"f\
a c
”‘1 A (‘0'5'-\1': (h:ﬂo\i = lLl- 2ab = 2nb
(2 B 0 y
ob = ,_i
% b
RN YT ) |
Similealy P (16,0,0) 0 (16,30,0
A i 2 X
4_;-9 ‘.[;‘;__2] =5 l;\_gl ot \L-L-f&Q‘-th—tn)
c- o
Bt 142( = o+t (Sum of He ro...l'.i) Marking guidelines: \
,L*+1°1 i cn—m{‘ S s l‘.)z 1 — Finding Vectors 4B, AC and BC
e* L 10" _ 2nt e 2 2 — Equating the length of the vectors with
o 2 the distance between the centres
W [T {vT+30
4 3 — Reasonable steps in solving
ool [ - [a®Y — () simultaneously
Biemilaily 4 Full solution
Z 2 2
é@ :[I:u.‘,:] = 'G-?.\ i Q""‘* ‘501'<r Ct-1b)
[SENN

Bk [T [~ cak  (sum o Ha radil)
30 (el N =L Cleleyr

bt.. = 9.3-3—'—

?\zkffu\%;:\a (O) = o= %
&,Lomrn.v\a :-\% & = c =225
o

Swb i‘f\.{‘o @ Lk M = 289

suk BTV [hte (M [y Holdigiits
0 5

|'u\,fv @ =, C =3\
.cankre o 5. (0,0, ‘\.‘E_\
centre o s, (\a,o,'r"__l)

-
LR " ORI S, (e, 30, 3 §)
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(b)

).

i2r

Define f,(x)=x""+x"+1,where neZ",and w=e? .

(i) Show that £ (x)=(x—o)(x -’

(e~ Ca-*) =
xax

o

-a?. - 2Re LQ"

(1]

a

¥

2
=W 44

i
i 3
o - (‘b 4

¢
-12%

s

T)’&tl

] 2
e dad Y X4

g

% -1(‘".;.__3'\-&\

3

La)—x_-\—u

'N:L-(QT.‘.?.‘T)'K-Ql

Marking guidelines:

1 — sufficient steps leading to the
correct answer

cam

2 — Complete solution

. 4 v (1\
(i) Calculate f;, (o). 1
< () S
5“.('&-) - S T K <+ I
L ATV i a®
'c.w.L“‘) = + © + |
ol O Y |
- 3,
(¢) (1) Using integration by parts, show that
2
W cos(xz) COS[(?H‘I) } ! cos(tz)
I s1n(t )dt: - - —dt .
x 2x 2(x+1) N 2t
Y Marking guidelines:
Lot t-_J Sia(A™) et . .
e 1 — sufficient steps leading to the
; 5 correct answer
Gt [ o[ )] vt ag sia(l) ,
Xt 2 — Complete solution
1 2
B -_‘_i Vv -~ =-Ces (t )
at
- a wt )
ol (,.L-Cps 4:1] t'__ J cos ta. 4Lt
At o TS
at!
HER Coany® con A L J ot 4t
2 (na) 2N *x :Lt7—
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(i) Hence, given |a+b+c|<|a|+|b|+|c| and x >0, deduce that j

x+1

X

A 2 o (‘k l)-" "
) J S'in (t"l.)ul p l Cos E'__ + 'S t ._J Qg;" 4{- ((f.m(\}\
~ A 2 () i lt:_
) l:.osm. u\('&-}\\ [ [J' c,,s t Jdt
2 (xﬂ\
(since s ® 1Y)
\ W) T
AL, L
£ am i 2 (xany r LL at®
ol
¢ |3 AR [Z.'_
& e A1y t 24 )
< .\'_ + | == ! A {
Elia FY ) ) FYCTN =
PAAIR
RS
Marking guidelines:

1 — sufficient steps leading to the correct answer

2 — Complete solution

231 -

sin (12 )dt

1
X



(d) A soccer ball is kicked from ground level with initial velocity of # and an angle of
projection of . The only forces acting on the ball are gravity and air resistance.
The air resistance has magnitude mkv Newtons, where £ is a constant.
The ball is kicked straight so that it reaches the top corner of the goal, modelled as the
point (L,H), Where L is the distance from the initial position of the ball to the goal and H is
the height the ball reaches when it goes into the goal. It takes exactly 7 seconds for the ball
to reach the goal.

If (L,H)=(12,2), assuming acceleration due to

gravity is equal to 10 ms™, find the
angle of projection of the ball in terms of & if the (0,0) «g

\/

ball reaches this point after one second. L
Hotli 3 ontol Mo len \‘UHL&X Mﬂhoy\
BN ES g+ -lor ky)
4_‘,‘:'. :-l“"; v
it dy[ [.| L (lo*k\:ﬂ
[ bt e
(hn e = -kt ac S DAk J T
. -Gkt c N
% - A (A:=a ) i I
t:e A‘D\Q,o§e ﬂ —k‘l’ (‘.3
i:uussﬂg lo -\l«J - (3 (A:L
-t . -=X
e - 0 < = =
st WQos 3 = (AL (D)
-kt
x = -2 Cos® & 4
& t-o A= uksin0 + 10
2 nuSiad
t‘°k <2 Cos® g -k
e = = U o 1A ((u.ksine-no)o, - |o)
. wt Kt
~kt - -
Lowa cos® (1. ) - wsinDe + el [0
le K 2
| -kt ket
3= - usin® o = ﬁq_ -t ac
k i Kk
t:O} C - wuk Siab t 1O
3= k™ .
-kt
- uksSia® 1(0 | -~ < )_lo—t
E EEmEER RN i
(%
\qd VW = \1) q =S i 5 -t':-l =

Solution continues on the next page
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-k

- A s 9 L\ - > ®
L

2 - uks$SiA® +\O L(-Q. )_1-_2__

k"\

Ceom @ u Ces O =

l

ol

R
l-<

€ vo m @ W S ia0 +~ \O = 2k

e K (\-<*)
wlloin® 10 - W(xk+10)
i
G-< )
nsia®d - 2k lO \0

EN b\$'|'\e

RS o

W (2w flo\-—LO(l-Ck‘) Lok

wlos ®

+ten ©

e =

w (-7 =S

K (ak 410\ ~ (o \_.Q‘_k)
12 &>

-k
w[WasKk-S-C )J
6w

Marking guidelines:

1 — establish the horizontal
equations of motion

2 — above and establish the vertical
equations of motion

3 — rearrange the equations for
displacement

4 — full solution

End of paper
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