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Section I

10 marks
Attempt Questions 1-10
Allow about 15 minutes for this section

Use the multiple choice answer sheet for Questions 1-10.

Ql What is the negation of the following statement?

2

“If you have good vision, then you don’t need glasses.’

A. You don’t have good vision and you need glasses.
B. You have good vision and you need glasses.
C. If you don’t have good vision, then you need glasses.
D. If you have good vision, then you need glasses.
Q2 Let the point P on an Argand diagram represent the complex number z. After being

multiplied by another complex number w, P is rotated 90° clockwise and |z] is
enlarged by a factor of 5. Which of the following is the value of w?

A. 5i

B. g5t

C. —Se%i
.

D. 5e2'

Q3 Let z = 3 + ki, where k € R.
A value of k that makes z? — 2iz + 6 purely imaginary is

A. -5
B. -1
C. 1
D. 5



Q4

Q5

Q6

1

d 2
X2+ 10x +27 %

Which expression is equal to f

1 |x+3

A o |
2 x sl TC
1 x+9

B. —In |+C
2 Ix+3
1 x+5

C —tan‘l( >+c
2

D 1t _1(x+5>+
—tan c
V2 V2

A particle moving in a straight line obeys v? = 7(11 — 6x — x?) where x is its
displacement from the origin in metres and v is its velocity in ms™!. Where is the
centre of the motion?

A x=3
B x=1
C x=-1
D x=-3

The relation (z — 4i)(Z + 4i) = 4, when graphed on an argand diagram, would be

A. a circle with radius 2 with centre at (0, 4)
B. a circle with radius 2 with centre at (0, —4)
C. a circle with radius 4 with centre at (0, 4)
D. a circle with radius 4 with centre at (0, —4)



Q7

Q8

1
Each pair of lines given below intersects at (2)
3

Which pair of lines are perpendicular?

2 1 -2 3
A. i r=(4]+A(2 and £y r=[1 |+1|1
T \6 3 - 0 3
1 -1 3 2
B i r=(2]+A|-2 and £y r=[1]+A]-1
T \3 1 T \3 0
0 -1 -1 1
C i r=(-3]+A| 2 and £, r=|-2]+4|2
- 2 -3 To\=3 3
3 -2 3 3
D ?;: r=(—2)+l<4> and ¥, r=(4)+ﬂ<1)
N 8 -5 T2 1

A curve C spirals around a cone as shown in the diagram.

A particle moves along C, starting at the point (0, 0, 107) and ending at the point
(107, 0,0).

Which of the following vector equations best describes the path of the particle for
0<t<10m?

A. ry =tcos(t)i+ tsin(t)j+ (10w —t)k
B. rg =tsin(t) i+ tcos(t)j+ (10w — t)k
C. re =tcos(t) i+ tsin(t)j+ tk

D. rp = tsin(t) i+ tcos(t)j+ tk



Q9 A complex number w satisfies

24 1
W =w
1+ w?
Which is the correct statement about w2269
A. 0?2026 =
B. w?0%6 = —
C. 02026 — (2
D. 02026 — _ (2
Q10  Which integral has the smallest value?
T
Z
A. f cos® x dx
0
T
Z
B. f sin® x dx
0
T
4
C. cos x sinx dx
0
T
4
D. tan x sin x dx
0
End of Section I



Section I1

90 Marks
Attempt Questions 11-16
Allow about 2 hours and 45 minutes for this section

Answer each question on the relevant pages of the writing booklet. Extra writing booklets are
available.

In Questions 11-16, your responses should include relevant mathematical reasoning and/or
calculations.

Question 11 (15 marks) Use the Question 11 pages of the Writing Booklet.

(a) The complex numbers w and z is given by w = 2e’¢ and z = 10es.
(1) Find the modulus and argument of wz. 2
z
(i1) Find, in Cartesian form for 5 2
(b) Consider the statement: ‘If a? — 6a is even, then a is even.’ )
Prove by contrapositive that the statement is true.
(©) Determine the locus and shade the region of zz — 7(z + Z) < 0. 3
. x*
d  Find f ey dx 2
¢ () Showthat |2”%__6-X 6 1

= + .
X V12x — x2  V12x — x2

3 —
(i1) Hence evaluate j /12x X dx . 3
0

End of Questions 11

-



Question 12 (15 marks) Use the Question 12 pages of the Writing Booklet.

(a) (1) Determine all real values of x and y such that (x + iy)? = 5 — 12i. 2
(i) ~ Hence or otherwise, solve z2 + 4z — 1 + 12i = 0. 2

(b) The two lines, [; and [, are represented respectively by the following vector
equations:

p 3 -5 1
rq = <—5> + Al 2], ra=-9|+ Az -3,
2 -5 —6 3
where 4, and A, are real.

The two lines intersect at the point A(3r, —r, 61).

(1) Find the values of r and 4,. Hence write down the coordinates of A. 2
(i1) Hence, find the value of p. 1
(1)  Calculate the acute angle between [; and [,, round to the nearest 2
minute.
(¢) Assume that |x| + |[y] = |x + y|. 2

Prove thatifa,b € R, then |a — b| = ||a| — |b||.

Z_—4x+53
@ f G-+ H™ 4

End of Questions 12



Question 13 (15 marks) Use the Question 13 pages of the Writing Booklet.

(a) Find j x tan~! x dx.

(b) A particle moving in simple harmonic motion starts from rest at a distance
15 metres to the right of its centre of oscillation 0. The period of the motion
is 6 seconds.

(1) Find the exact speed of the particle when it is 10 metres from its
starting point.

(11) Find the time taken by the particle to first reach the point 10 metres
from its starting point, in seconds, correct to 2 decimal places.

(c) A particle moves in a straight line with acceleration ¥ = (4x — 2) ms™2,

where x is the displacement in metres. Initially the particle is at the origin

with velocity 1 ms™1.

(1) If the velocity at time t seconds is ¥ ms™1, show that
v? = (1-2x)?
(i1) Given that v = 1 — 2x throughout the motion, find expressions for

x and v in terms of t.

Nl

(d) Find jn cos? x sin? x cot? x dx

4

End of Questions 13



Question 14 (15 marks) Use the Question 14 pages of the Writing Booklet.

(a)

(b)

(c)

Let ¢ = xi + yj + zk be a unit vector that is perpendicular to both
a=3i—j+kand b =-2i+j—4k.

Find all possible vectors c.

X
Use the substitution ¢ = tan > to show that

Vi

ff 1 dr = 1 <9>
o 7+ 5sinx+ 5cosx X = 0% g

Suppose that x > 0,y > 0,z > 0.

(i) Prove that xy 1 + yx~1 > 2.

(ii))  Provethat x3 +y3 > xyz(xz ' + yz~1).
(ili)  Hence show that x3 + y3 + z3 > 3xyz.

(iv) Fora > 0,b > 0,c > 0,d > 0, deduce that

(a+b+c)a+b+d)(a+c+d)(b+c+d)=8labcd

End of Questions 14

-10-



Question 15 (15 marks) Use the Question 15 pages of the Writing Booklet.

(a) (1) Show that 2n + 3 > 2,/(n + 1)(n + 2), forn > 0.

(i1) Hence, use mathematical induction to prove that forn > 1,

1 1 1
14—=+—+++—=2=22(Vn+1-1
\/E \/§ \/_71 ( )

(b) (1) If z = cos 8 + isin 8, show that for positive integers n,
1
z" + — = 2 cos(n0)
z

1\* 1\*
(i1) Hence expand (z + —> + (z — —> to show that
Z Z

1
cos* @ + sin* 9 = 1 (cos46 + 3)

(ili)  Let x = cos @, solve the equation 8x* + 8(1 — x2?)? = 7 to show

that the roots are % cos - , & cos -
at the roots are _coslz,_coslz.
%) Hence show that cos% + cos 2= = Y0
(1v) ence show that cos 12 cos TR
) s
(V) Hence, determine the exact value of cos VR

End of Questions 15

-11-



Question 16 (15 marks) Use the Question 16 pages of the Writing Booklet.

e

(a) Given that [, = f (1 —Inx)"dx, for some integer n, where n > 0.
1

(1) Show that I,, = —1 + nl,,_4, for all positive integer n.

e
(i)  Hence evaluate f (1 —Inx)3dx.
1

n
I 1
(i11))  Show that n—nl =e— Z i for positive integer n.
! !

(iv) Show that 0 < [,, < e — 1.

(b) The diagram below shows a parallelogram OABC where £AOC = «a,

_— —

04 = a,0C = c,and |0C| = 2|0A|.

M is a point on AB such that AM = kA_B), where 0 < k < 1and

£0MC = 90°.

A M B

a Not Drawn
to Scale
(0] c C

(1) Use a vector method to show that

2

|a| (1—2k)(2cosa +2k —1) =0

(11) Determine the values of a such that there are two possible positions

for M, satisfying all the given conditions.

End of Paper

-12-



2026 Mathematics Extension 2 AT4 Trial Solutions

Section 1

Ql B 1 Mark
The negation of “If P then Q" is “P and not Q”
You have good vision and you need glasses.

Q2 C 1 Mark

TT.
—5e2' = —5i, rotate 90° clockwise and enlargement factor of 5.
Option A and D are the same, rotate 90° anticlockwise, which are incorrect.
Option B modulus is 1 not 5, which is incorrect.

Q3 D 1 Mark
7% —=2iz+6
=B+ki)?-2i3+ki)+6
=9+4+6ki—k*—6i+2k+6
= —k?®+ 2k + 3 + 6ki — 6i

Purely imaginary, the real part is zero

—k?+2k+15=0

k?—2k—15=0

(k=5)(k+3)=0

k=-3,k=5

~ k = 5is avalue that makes z2 — 2iz + 6 purely imaginary.

Q4 D 1 Mark

1
fx2+10x+27dx

1
_ d
Jx2+10x+25+2 X

1
_f(x+5)2+2dx

1t _1(x+5)+
= —1an Cc
V2 V2

Q5 D 1 Mark
. d(l 2)

x_dx 217

"—d 1><7(11 6 2

x_dx 3 X —x°)

.._7( 2% — 6)
X—z X

¥=-7(x+3)
~ Centre of motionis x = —3

Q6 A 1 Mark
(z—4D)(Zz+4i) =14
|z —4i| =2

Circle centre (0,4), radius 2




Q7 B 1 Mark
Since the lines are perpendicular, the dot product of direction vectors equals
zero.
-1 2
(—2)'(—1>=—2+2+0=0
1 0
Q8 A 1 Mark
Whent =0, r; =1rp = 0i + 0j + Ok. So not option C and D.
When t = 107w, r, = 107 cos(10m) i + 107 sin(107) j + (10 — 10m)k
r4 = 10mi + 0j + Ok.
When t = 107, rg = 107 sin(107) i + 10 cos(10m) j + (10w — 10m)k
rp = 0i + 107j + Ok. So not option B.
Q9 B 1 Mark
2 —
w” + 1102 w
w1+ w?)+1=w(l+w?)
wtwt+l=w+wd
wt—wdtw— w+1=0
w®+1 =0 (where w # —1)
w®=-1
02026
— (w5)405 X W
— (_1)405 w
=—-w
Q10 B y 1 Mark
ForO0<x S%, sinx < cosx and sinx < tanx 1 y = cost

2 y = lanz

sin? x < sinx cosx < cos? x
sin? x < sinx tanx

~ The smallest value is
T

4 2
sin“ x dx
0

y = sinc




Section 2

i it in
Ql1iai Wz =2¢8 % 10e3 2 Marks .
e Correct solution
wz = ZOel(g+§)
wz = 2067 1 Mark
Correct modulus or
lwz| = 20 argument or find
wz
Arg(wz) = -
e LT[
Ql1aii , 1063 2 Marks .
— = Correct solution
w5 iy 5
(2¢°)
1 Marl
. z i _im
z E i(%—%”) Flndsﬁ =15¢ 2
w5 25¢€
3
i = Eel(_ ?n:)
ws 32
z 5 _im
ws 16°
z 5 T T
516 (cos (— E) + isin (— —))
z 5
WS~ 16"
Qlilb The contrapositive of the statement is: 2 Marks
‘If @ is odd, then a® — 6a is odd.’ Correct solution
leta=2k+1,keZ
a’? —6a 1 Mark
=QRk+1)?-62k+1) State the
=4k’ +4k+1-12k—6 contrapositive and
=4k? -8k —-6+1 makes progress in
=202k*—-4k-3)+1 proof
=2P+1(P=2k?—4k—3,PeZsincekeZ)
~ a? — 6ais odd.
Since the contrapositive statement is true, then the original statement must
be true.
Qlic zz—7(z+2)<0 3 Marks

(x2+y2)—=7(2x) <0 Ni
x2—14y+y?2 <0 7
(x—7)?+y?<49 :
4
3
2

! X

-2 -1 123456?8910111213415’

Correct solution

2 Marks

Correct locus and
graph with most
key features shown

1 Mark
Correct locus




Qi11d x* 2 Marks
f 9 4 x10 dx Correct solution
1]‘ 5x* 4 1 Mark
=t | 32 5y2 4X . _1 (x5
5J 3%+ (x°) Finds tan (3)
1 9 1t 1 x5 +
=TX3 an 3 c
- — tan? al +
=1z an 3 c
Qllei 12-x ViZ—x ViZ—x LMark
= X Correct solution
x Vx V12 —x
_ 12 —x
V12x — x?2
6 —x 6
= +
V12x —x2  V12x — x2
Q1l1leii 3 12— 4 3 Marks .
f dx Correct solution
0 x
2 Marks
J‘3 6—x 6 Correct integration
= ( + )dx
0o W12x —x2  V12x —x2
1 Mark
3 6-—x 3 6 Correct integration
= | ———dx +J dx
o Vi2x —x2 0 /36— (x—6)2 of one component
3 x —6\1°
= [\/ 12x — xz] + [6 sin™?! ( )]
0 6 0
1 -6 0—-6
= [J12 Xx3—32—-4/12%x0— OZJ + [6sin‘1 (—) —6sin7? (T)]
T T
=3V3+2rm
Q12ai (x +iy)? =5—12i 2 Marks

x? —y? + 2xiy =5—12i

x2—y2=5.... D
2xy = —12

SN )
e

Correct solution

1 Mark
Correct x ory
values




x*—=5x?-36=0
x?2=-9)(x?2+4)=0

x =13 (xeR)
Sub back into (2)
6

= —— = _2

x=3y=-2 (3-=20)
x=-3,y=2 (=3 +2i)

Q12aii -4+ \/42 —4x1x(—14+120) 2 Marks
z= 2% 1 Correct solution
—4 4+ 16 + 4 — 48i 1 Mark
z= 2 Finds
z=-2++Vv5—-12i
_ —4+£v20—48i
z= 2
_ =4+ 2V5-12i
z= 2
z=-2+V5—-12i
z=-2+(3-2i)
z=1-2i,—-5+2i
Q12bi =54+ 1,=3r.... (D 2 Marks
—-9—-34,=—-1.... 2 Correct solution
—6+34, =6r.... 3)
1 Mark
2)+@3) Finds the value of r
—15 =5r
r=-3
Sub into (3)
—6+31, =6x%x(—3)
31, =—12
/12 - _4'
Verify by subbing into (1)
—5—4 =3 x —3iscorrect
~ A(—9,3,—18)
Q12bii 5421, =3 1 Mark
24, =8 Correct solution
/11 - 4
p+3x4=-9
p=-21
Q12biii 3x14+2%x(-3)+(-5)%x3 2 Marks

cos@ =

32422+ (=5)Z x /12 + (=3)% + 32

Correct solution

1 Mark




cos 6 = —18 Finds
38 19 cosd =_—18
V722
0 —18
cosf = ——
V722
0 ~ 132°3'31.05"
Acute angle is 47°56’ to the nearest minute.
Ql2c x| + |yl = |x + y| 2 Marks
Correct solution
letx=a—bandy=5»
la —b|+ |b| =|a— b+ b| 1 Mark
la — bl + |b| = |al Shows
la —b| = |a] —|b] la —b| > |a| — |b]
letx=b—aandy=a
|b—al+|al =|b—a+al
|b —al + |a| = |b]
|b —al = |b| —|al
la — bl = |b| — |al
If |a| — |b| = 0, then ||a| — |bl| = lal — |b| < |a — bI.
If la| — |b| <0, then|la| — |b|| = =(lal = |b]) = |b| - |a| < |a — b|.
=~ la—b| = |lal - |bl|
Ql2d 4 Marks

J 2 _4x+53 4
G-+
x% —4x + 53 A Bx + C

(5—x)(x2+4)=5—x+x2+4
Ax?+4)+ (5—x)(Bx+C) =x*>—4x+53

Letx =5
294 =58
A=2

Letx =0
8+ 5C =53
cC=9

Letx =1
10+4(B+9) =50
B=1

2 _4x+53 4
J(S—x)(x2+4) x

_f( 2 +x+9>d
B 5—x x2+4+4 X
J[EEIESNER
N 5—x x%24+4 x2+4 x

1 9 X
— _ _ - 2 Zian-1(2
= —2In|5 x|+21n|x +4|+2tan (2)+c

Correct solution

3 Marks
Makes significant
progress

2 Marks
Shows
x% —4x+53

G-—x)(x%2+4)
2 x+9

—+—
5—x x2+4+4

1 Mark
Attempts to use
partial fractions




Q13a [ = fxtan_lxdx 3 Marks .
Correct solution
_ 1 2 Mark
u=tan"1x v=—x? arks
1 2 Makes significant
u = 11 .2 v =x progress
1 1 ) 1 Mark
| ==x2tan"lx — _f x Correct application
2 2) 1+x2 of integration by
1_1 2 a1 1f1+x2_1d parts
2 YT Tiraer
1_12t . 1J1+x2_1d
20 YT e
1, 1 1 1
I=Ex tan x—Efldx+Efm
1 1 1
I = Exz tan"lx — 5x +Etan‘1 xX+c
Q13bi 3 Marks

Period = 6 = kil
n

_27‘[_7'[
"Te T3
x=15cos(§t)

cos? (g t) + sin? (g t) =1
2

(o) + () =1

x = 5, since it is 10 metres from the starting point

(3) (%) =1

UZ

2512

8
9

20072
9

10V2m
3

1]2

v=+

10v2m

~ speed is

m/s.

Correct solution

2 Marks
Makes significant
progress

1 Mark
Find x in terms of t




.o 17"
Q13bii 15 cos (_ t) —5 1 Mark
3 Correct solution
i
cos (§ t) ==
T 1
.
3 cos™ | 3
3 1
S ()
cos™ |3
t=1.175..
t = 1.18 seconds (2 d.p.)
Q13ci d (%Uz) 2 Marks .
¥ = =4x —2 Correct solution
dx
1 1 Mark
5172 =2x?>—-2x+c Correct integration
x=0v=1-c=+
1 1
—v%=2x%-2x+ <
5V X X+
v2=4x2 —4x+1
2 v? = (1-2x)?
Q13cii _ d_x 19 3 Marks
V=T X Correct solution

1
t= —Eln|1—2x| +c

1—2x =Ae %, A=+e€

_1—Ae‘2t
=T

t=0,x=0,-4=1

1—e 2t

AT
1—e 2t
17=1—2XT

2 Marks
Makes significant
progress

1 Mark

Finds
1—Ae™?t

=T




Q13d z 3 Marks
Jn cos? x sin? x cot? x dx Correct solution
4
. 2 Marks
2 cos? x sin? x cos? x Correct integration
f P dx
s sin
4 1 Mark
T Obtains
2 z(1 2
f COS4de f <E(1+c052x)> dx
i
2
J < (1+c052x)>
Vs
12
=ZJ;T (1 + 2 cos 2x + cos? 2x) dx
4
Vs
12 1
=ZJ;T 1+2c052x+§(1+cos4x) dx
4
Vs
_1(2/3 ) ) 1 4x) d
_ZJE (E+ cos x+zcos x) X
P TR 7
= Z[Ex + sin 2x + gsm x]E
1/3 = ) T 1 T 3 3 1 T
ZZ[(EXE+SIH(2 XE)+§SIH(4XE)> (2><4+sm(2><z)+§sm(4-><z))]
-3 -5 )]
4\ 4 8
_ 173w 1]
418
_ 3 1
32 4
Ql4a Since c is perpendicular to both a and b. 4 Marks

ac=0 3x—-y+z=0.... (D)
b-c=0: —-2x+y—4z=0.... (2)

M+@)
x—3z=0
x =3z

Sub this into (1)

9z2—y+2z=0

10z—y=0

y =10z

Since c is a unit vector, x2 + y%2 + z2 =1...... 3)
(32)? + (102)> +z2 =1

110z% =1

Correct solution

3 Marks

Makes significant
progress and finds
one c

2 Marks

Obtains
relationships
between x and y in
terms of z

1 Mark
Establishes
3x—y+z=0




1

11

N
I
H
o

I
-+

C

( 3 - 10 - 1 k)
l
V110 \/1101 V110

and
—2x+y—4z=0

Ql4b

A

2 1
I = d
fo 7+5sinx+5cosx

X
t =tan—
dt 1 x 1 2
— =—sec’==-(1+1t? dx = dt
dx 2% =) »dr=7y
L
Xx=o,t=
x=0,t=0
[ 1 L
= X

2t 1—t2 1+ t2
0
7+5(1+t2)+5<1+t2>

1
2
I = dt
fo 7+ 7t% 4+ 10t + 5 — 5t2

1 2
=] z5——F——=dt
fo 2t2 + 10t + 12

1 1
1=f0 DI

A B 1

t+2+t+3_(t+2)(t+3)
At+3)+B(t+2)=1
lett=-2,A=1

lett = —-3,B=—1

B —
)y \t+2 t+3

I =[In(t +2) —In(t + 3)]}

I =[In(14+2)—1In(1+3)]—[In(0+ 2) —1In(0 + 3)]
I =[In3—1In4]—[In2 —1In3]
I =[2In3 —In(4 X 2)]

I =[In3? —1n8]

=)

4 Marks
Correct solution

3 Marks
Correct integration

2 Marks
Correct partial
fractions

1 Mark

Correct
substitution and
simplifies to

B 1
—————dt
fo t2+5t+6




Ql4ci (x—y)2=0 1 Mark
x2+y?—2xy =0 Correct solution
x% +y? = 2xy
Divide both side by xy
xy t+yx 1 >2
Ql4cii 3Byl =(+y)(x?—xy+y?) 2 Marks
x3+93 > (x+y)2xy — xy) Correct solution
x3+y3>xy(x+y)
x3+y3 > xyz(xz7 +yz71) 1 Mark
Makes significant
progress
Ql4ciii x3+yd>xyz(xz7t+yz71) .. (D) 2 Marks
y3+2z3 > xyz(yx 1+ zx™1) .. (2) Correct solution
3423 >xyz(xy P +zy ™) .. (3)
1 Mark
M+@+@3) Makes significant
203 +y3+2) =xyz(xz7l +yz t+yx T+ zx T+ xy 4 zy ™) progress
23 +y3+23) =xyz(xz7t+zx T+ yz  +zy T+ yx T + +xy7h)
23 +y3+23) > xyz(2+ 2+ 2)
x3+y3 423 >3xyz
Ql4civ Letx = Ya,y=3Vb,z =3¢ 2 Marks
x3+y3+2323xyz > a+b+c=3Vabc..(1) Correct solution
Similarly 1 Mark o
a+b+d> 3%...(2) Makes significant
a+c+d>3Yacd..(3) progress
b+c+d>3Vbcd ...(4)
(D) x(2)x(3) x(4)
(@a+b+c)a+b+d)a+c+d)(b+c+d) >811a3b3c3d3
(a@a+b+c)a+b+d)(a+c+d)(b+c+d)=8labcd
Q15ai 2n+3)2=4n%>+12n+9 1 Mark
Correct solution
2
(2/+ D +2))
=4(n+1)(n+2)
=4(Mm?+3n+2)
=4n?+12n+8
4n? +12n+9 > 4n?+12n+8,forn > 0
2
@n+3?2> (2/n+ D +2))
~2n+3>2y(n+1)(n+2)
Q15aii 1. Provetrueforn =1 3 Marks

LHS =1
RHS =2(V1+1-1)=2(vV2-1)=10828...
LHS > RHS

~ Statement is true forn = 1

Correct solution

2 Marks

1 Mark




2. Assumetrueforn =k, ke Z*

1 1 1
1+E+ﬁ+---++ﬁ22(m—1)

3. Prove statementistrueforn =k + 1

i.e.
1 1 1 1
T+ —+—+++—+ >2(Vk+2-1
N R AR AN = )
LHS = 1+ oo e
V2 V3 vk Vk+1
1
LHS > 2(Vk+1—-1)+
( ) vk +1
1
LHS = 2(Vk+ 1)+ -2
( ) vk+1
LHS>2(k+1)+1 )
— WVk+1
2k + 3
LHS > —
k+1
Fromparti)2k +3 > 2/(k + 1)(k + 2)
2/ (k+1)(k+2
LHS > ( X )—2
vk+1

LHS = 2\/(k +2) -2
LHS > 2(Vk+1-1)

LHS = RHS

~ Statement is true by mathematical induction for all positive integer n.

Proves initial case

Q15bi

z=cosf +isinf
z™ = cos(nf) + i sin(nd) (De Moivre’s theorem)
z~" = cos(—n0) + i sin(—n@) (De Moivre’s theorem)
z" + 1
7N
= cos(nf) + i sin(nf) + cos(—nh) + i sin(—nh)
= cos(nf) + i sin(nf) + cos(nf) — i sin(ndh)

= 2 cos(nd)

1 Mark
Correct solution




Q15bii 1\ 1\ 2 Marks
(Z + E) + (Z - E) Correct solution
4 3.1 , 1 1 1 1 Mark
=<Z +4z° X -+ 62 X—2+4Z><—3+—4) C .
z z 73z orrect expansion
1 1 1 1 i
+(Z4—423X—+6ZZX——4ZX—+—> to obtain
z 7?2 73 z* 4, 1
L 1 2(z"+—+6
=2(z +;+6) ...... (1 z
1 1
zZz+—=2cos8, z——=2isin@
z z
1\* 1\*
s
z z
= (2cos0)* + (2isinB)*
=16cos*0 + 16sin* 9 ...... (2)
Equate (1) and (2)
1
16 cos* 0 + 16sin* 6 = 2(24 +Z—4+ 6)
1
cos* @ +sin* g = 3 (2 cos(46) + 6)
1
cos* @ +sin* g = Z(cos(49) +3)
Q15biii 8x*+8(1—x%)?=7, X = cosf 2 Marks

8cos*@ +8(1—cos?6)2=7
8cos*6 +8sin*f =7

8 <% (cos(46) + 3)) =7

2(cos(48) +3) =7

cos(460) ==

10=2" 204" 2n 4+ 2
—3,3,7‘[ 3,7‘[ 3
_m 5z 7t 11w

T 12’127127 120

_ T 5w 7 117
x = coslz,coslz,coslz,cos v

_ T 5w 5 T
x = COSlZ'C0512’ cos 7k cos12

_ 4 T 5w
x =tcos =, fcos

Correct solution

1 Mark
Determines 0




Q15biv

8x*+8(1—x%)2=7
8x*+8(1—2x2+xH) =7
8x*+8—16x%+8x*=7
16x* —16x2+1=0

c
a[)’+ay+a6+,8y+,86+y6=a

T 51'[+ T ( 57T>+ T ( 1'[)
— X — — X | = — —X (= —
cos 7 cos 1 cos 17 cos 7 cos 17 cos12

5 5 5 T
+ cos— X (— cos—) + cos— X (— cos—)

12 12 12 12
+< 577,'))(( 1'[)_—16
cos12 cos12 =Tg
2t 25_”=_
cos 17 cos 17 1
cos? - + cos? 5T[—l D
12 12_ ------

6—6
aBfy ==

T 5 ( 511) ( n) 1
— X — x| = — | x (= —)=—
cos12 cos 1 cos12 cos

2 aom_ 1
CoSs 12COS 12—16

5T . 5 . .
cos—= > 0 and cos—n, since — and -= are both in the first qguadrant.

12 12 12 12

T 57'[_1 )
coslzcoslz—4 ...... 2)
D+@)x2

21T+ 251'[+2 T 5n_1+2
cos 17 cos 17 coslzcoslz— 2
( T[+ 57'[)2_3
cos12 cos12 =5

TL'+ 57'[_ 3
cos12 COSlZ_ >

T 51 V6

cosE+ COSE = 7

4 Marks
Correct solution

3 Marks
Makes significant
progress

2 Marks
Finds
T 5t
2 Y 220 _
cos 12+cos 12 1
and
T 5t _ 1
coslzcos 73
1 Mark
Finds
T 5t
2 228 _
cos 12+cos 12 1




Ql4bv

Sum of roots:

T 51 V6

cosE+ cosE = 7

Product of roots:

T 57'[_1
coslzcos12 =3

T

cos—,
12

5 . .
cos£ are roots of the quadratic equation:

i

. 51
Since cos— > cos
12 12

5t V6 -2
12 4

2 Marks
Correct solution

1 Mark
Finds quadratic
equation with roots

T 51
COS—, COS—
12 12

Q1l5ai _(° n 3 Marks
b= fl (1~ Inx)"dx Correct solution
u=_1-Inx)" v= 2 Marks
U = _2(1 —no)™! oy =1 Correct integration
x
. 1 Mark
n . .
I, = [x(1 — Inx)")¢ — f —— (1 —Inx)"! x xdx Use integration by
1 X parts
e
I,=[e(1—Ine)"—1(1—-In1D)"] + nf (1 —-Inx)"1dx
1
I, =[e(1—1)"=1(1 - 0)"] + nl,,_,
ITL =-1+ Tl[n_l
Q15aii 2 Marks

e
I3 =f (1 —Inx)3dx
1

I3=_1+312
12=_1+211
11=_1+IO

Correct solution

1 Mark
Finds [,




e
Iy =f (1 —-Inx)%dx
1

Iy = [x]%

Ih=e—-1
L=-1+e—-1=e-2
I,=-14+2(e—-2)=2e-5
I;=—1+3(2e—5)=6e—16

Q16aiii let A, =2 2 Marks
n Correct solution
Use the recurrence: I, = —1 + nl,,_
n n-1 1 Mark
I, -1 nl,_, Makes significant
PO L progress
L, -1 |
nl nl (n—1)!
1
Ap =Apq — nl
Iy
A0=a=€—1=€—m
_ 1 1 1
R TR TR T
_ 1 _ 1 1 1
S TR A TR T
n-—1
1
An—l =e — F
=0
n-1
_ 1 1
=\e- Ll m
r=0
n
_ 1
An =e — Z F
=0
I, z": 1
— =e — J—
n! r!
r=0
Ql6avi 1<x<e 1 Mark
Inl1<Ilnx<lIne Correct solution
0<lhx<1

0=>—-Ilnx=-1
1>21—-Inx=>0
0<(-lnx)"<1

e e
OSJ (1—1nx)"dx£f 1dx
1 1




=e—1

~0<,<e—-1

Q1l6bi Since £OMC = 90°, then OM L MC 4 Marks
OM-MC =0 Correct solution
OM = 0A+AM = a + kc 3 Marks
= ~ Makes significant
MC=MB+BC=_1- k)g —-a progress

2 Marks
(Cf + kE) ' <(1 — ke - ‘f) =0 Obtains
(1-20a ¢~ [of
(A-ka-c-aa+k(l-kc-c—kac=0 sk -k | =0
2 2
(1—2k)a-c—|a| +k(1—k)|c| =0 1 Mark
Finds OM and MC
Since |5?| = 2|m|, then |c| =2 |a| In terms ofc~1 and ¢
2 2
(1-2k) |a| |c| cosa — |a| +k(1-k) (2 |a|) =0
2 2 2
2(1 - 2k) |a| cosa — |a| +4k(1—k) |a| =0
2
al| (2(1—-2k)cosa—1+4k(1—k))=0
2
al 2(1—-2k)cosa—1+4k—4k?*) =0
2
al Q1 -2k)cosa—(1—-2k)?) =0
2
a ((1 —2k)(2cosa — (1 — 2k))) =0
2
al| (1-2k)2cosa+2k—1))=0
Ql6bii 3 Marks

2
((1-2k)(2cosa+2k—1)) =0

1 Q

1-2k)=0 or (2cosa+2k—1)=0
1—2cosa
“=2 or k=—p—

Ifk = %, then M is the midpoint, then this is only one position. So k + %

Correct solution

2 Marks

Determines
T 2

§ <ac< ?

1 Mark

Finds both k cases
or shows why k = %




Giventhat0 <k <1,

1—2cosa

0<
- 2

0<1—2cosa<?2

—1<—-2cosa<1

Since k # %, then

1—2cosa 1
2
1—2cosa#1

cosa #0

a F -

NS

w3
IA
IS
A
I
C
T
A
IS}
IA
w| ¥
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