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General + Reading time — 10 minutes
Instructions * Working time — 3 hours

+ Write using a black pen.

* Calculators approved by NESA may be used.

+ Answer all questions in the booklet provided.

+ Marks may be deducted for careless or badly arranged work

* In Questions 11 — 16, show relevant mathematical reasoning and/or
calculations.

* A reference sheet is provided at the back of this paper

Total marks: Section I — 10 marks (pages 2 — 5)
100 + Attempt Questions 1 — 10

« Allow about 15 minutes for this section.

Section II — 90 marks (pages 6 — 13)
+ Attempt Questions 11 — 16

+ Allow about 2 hour 45 minutes for this section.



Section I

10 marks

Attempt questions 1 - 10

Allow about 15 minutes for this section

Use the multiple-choice answer page in your booklet to answer Questions 1 — 10.

Consider the following statement:

)]

“If n is a perfect square, then # is not 2 more than a multiple of 3.”
Which of the following is the negation of this statement?

A) Ifnisnot 2 more than a multiple of 3, then # is a perfect square.
B) nis aperfect square and # is 2 more than a multiple of 3.
C) Ifnis 2 more than a multiple of 3, then # is not a perfect square.

D) nisnot a perfect square and 7 is 2 more than a multiple of 3.

3
2)  Which of the following expressions is equivalent to J.in?
Xkl
A) x2 i q2x+1 N
= —X an C
2 "]
X 14x+2
—_x+ o+
B) 22 x + tan 3 c
X 4 _14x+2
— x4 —
0] > Xty tan 3 c
D) X +2ta_12x+1+
——x+=tan e
N) B

3) A polynomial P(z)has real coefficients. It is known that:

P(1+2i)=0
P'(1+2i)=0
P(-3)=0

What is the minimum possible degree of P(z)?

A) 3
B) 4
Q) 5
D) 6



4)  Inthe Argand diagram the point P represents a complex number. When this number is multiplied

by 8 - 1;;‘ it gave a new complex number.
—1i
\ N
A .
P M
° °
0 > X
Ke® ) 7

Which of the following points represents the new complex number?
A) K

B) L

) M

D) N

5)  Consider three vectors ¢ =2i -3/ +4k and b=-3i+4j—k and ¢ =13i +10+k . Which of the

following statements is true?

A) b and care perpendicular to

1Q

B) b and g are perpendicular to

0

C) cis only perpendicular to a

D) cis only perpendicular to b



6)

7)

8)

Consider the position vector of a particle 7 =i +2cost j+2sintk .

Which of the following statements best describes the motion of the particle?
A) A spiral about the z axis in an anticlockwise direction.

B) A spiral about the x axis in an anticlockwise direction.

C) A spiral about the z axis in a clockwise direction.

D) A spiral about the x axis in a clockwise direction.

The points A and B have coordinates (4,3, -5 ) and ( 2,-7, 6) respectively. Point P lies on the
interval AB such that PA: PB =1:2 . What are the coordinates of P?

LR
3 373

B) E,Q,_ﬁj
3° 3 3

0) i—ﬂ,—ﬁj
3 3 3

D) §’_E,Zj
3 3°3

Which of the following is a necessary and sufficient condition for function f(x) to satisfy for all
positive values of a?

ja[f(x—a)+f(a—x)]dx:0.

A) f(x) is increasing.
B) f(x) is decreasing.
C) f(x) iseven.

D) f(x) is odd.



9)

10)

A particle starts moving along a straight line from rest at the origin. At time ¢, its velocity is v and
its displacement from a fixed origin is x.

If ? = 33, which of the following best describes the particle’s acceleration and velocity?
X \%

A) Constant acceleration and constant velocity.
B) Constant acceleration and decreasing velocity.
C) Constant acceleration and increasing velocity.

D) Increasing acceleration and increasing velocity.

A complex number o satisfies @ +

—+ = 0. Which of the following is the correct

I+w
statement about @**°?
A o =w
B) a)2026 — a)z
C) a)2026 — a)3
D) a)2026 — a)4
End of Section I



Section II (90 marks)
Attempt Questions 11 - 16
Allow about 2 hour 45 minutes for this section

Answer each question on the appropriate pages of your answer booklet. Extra paper is available.
Your responses should include relevant calculations and/or mathematical reasoning.

Question 11 (15 marks)

a) Given that z and w are two complex numbers, where z=1+aiand w=a+1i, a € R. Find:
1) z+w.

i) Arg(zw).

i11) For what value(s) of a, will Z be purely real?
w

b) If a+

1S

=i and b =3i+2j—2k, what is the value of |g|?

x°+9

d) Consider the statement P.

P: For all integers n, if n> —6n+5is even, then n is odd.

1) Write down the contraposition of P.

i1) Hence prove that the proposition P is true.

e) Solve z° —z+(4—2i) = 0 ,giving your answers in the form of x+ yi where x and y are real
numbers.



Question 12 (15 marks)

a)

b)

d)

The polynomial P(z)=z* -8z’ + pz*> +gz—80has a root 3+i, where p and ¢ are real
numbers.

1) Find all the roots of P(z). 3
i1) Write P(z)as a product of two real quadratic factors. 1
2 2
Show that = ”; >2+/2 for a>band ab>1. 2
a f—
The lines / and /,are given by the equations: 3
2 2 1 -3
L:r=1|+s|Ina|, L:r=|3|+¢t|Ina|, where seR,teRanda is a positive
3 Ina 2 1
constant.
Given that / and [, are perpendicular, what are the values of a?
| . | P4
By using the substitution ¢ =tan @, or otherwise, evaluate —db 3
o d—3cos26
A particle moves along the x axis in a simple harmonic motion. Its displacement x cm from
the origin at time # seconds is given by x =5—4cos’ 27t .
1) Find the centre and the amplitude of the motion. 2
i1) Find the distance travelled by the particle in the first 5 seconds. 1



Question 13 (14 marks)

a)

b)

Prove by contradiction that P(x)=120+120x+60x” +20x” +5x* + x° has no double roots.

bod
Let I":j —xn, for n>0.
0 (1+x2)

i) Show that 7 =2L{2Ln+(2n—l)ln}, forn>1.
n

i1) Hence, evaluate /.

A particle of mass 1kg is projected from the origin with initial speed ¥ ms™ at an angle a to
the horizontal plane.

The forces acting on the particle are weight force and air resistance of 5y, where v is the
velocity vector of the particle at time ¢ seconds after the particle is projected.

Let the acceleration due to gravity be g =10ms™.

, Ve™ cosa
1) Show that v(¢) = .
(Vsina+2)e™ -2

2507

i1) Given that y(1) =
((250\/3 +2)e -2

], find V and a.

i11) Show that the ratio of the horizontal velocity at the origin to the horizontal velocity at the
maximum height is (1 + 125\/3) :1.

(]



Question 14 (17 marks)

a) Let a, b and ¢ be three positive real numbers. It is known that a+b+c=1.
1) Prove that l+l+l >9.
a b c
i1) Prove that (l— lj(l— 1)(1 - lj >8.
a b c
b) A particle P of mass m kg is released from rest and falls under its own weight.

The particle is subject to air resistance of magnitude mkv?> newtons, where v ms™ is the

velocity of the particle after it has travelled x metres and £ is a positive constant.

i) Show that v* = (1-¢*) .
k
i) Determine the terminal velocity ¥, of the particle.

ii1) Show that the particle attains a speed of %VT after it has fallen a distance of iln (%)

metres.

—n—1

1 X
c) 1) Show that = .
x =1 Al-x

4
i1) Hence, or otherwise, find J. n=123,..
2

dx
xvx -1 ’

4
ii1) Show that j
2

dx >1(2”—1j
xWx -1 n{ 4



Question 15 (14 marks)

a) The acceleration of a particle is ¥ = 4x” —16x, where x is the displacement of the particle
from a fixed point O after ¢ seconds, in metres.

Initially the particle is at O and has a velocity of v, ms™.

i) Show that the quantity (x)2 —2x* +16x” does not change with time.

i1) Show that when v, =, /% , the particle remains in the region —% <x< %

i11) State, with reason, whether the particle is moving in simple harmonic motion.

b) The diagram shows two distinct points 4 and B that represent the complex numbers w and z

respectively. These points lie on the circle with centre O and radius r. Let ZOBA=26.
Y

A(w)
B(z)

i) Show that z = @(—cos26+isin20).

ii) Write down the complex number represented by 4B and deduce that |z + w| =tan 6 |Z - a)| .

Question 15 continues on the next page

10



c) The diagram shows the triangular prism ABCDEF, where BCEF is a rectangle. The triangles
ABC and DEF are equilateral.

Let |E| =m and |CTE| = n . X is the midpoint of EF .

i) Use vector methods to show that XD is perpendicular to EF .

11) Show that |ﬁ| + |ﬁ| is less than the perimeter of the rectangle BCEF.

End of Question 15

11



Question 16 (15 marks)

£ 1

a) Use a suitable substitution to evaluate J‘ dx .
o, COSXx~/secx—tanx

b) The point 4, which represents the complex number z, = —5—4i, lies between two parallel
lines 4 and #,.
The equations of 1 and £, are y =5 and y =—12 respectively.

The point B, which represents the complex number z,, lies on £;.The point C, which

represents the complex number z., lies on £, such that AC =248 and ZBAC = %[

y/
) ?4 /B(zg) y=5
/ .y
0
5T
6
A(zy)
< > y=-—12

C(z¢) ?,

Find the exact value of the complex number z..

Question 16 continues on the next page

12



Let z,, z,, z,,...,z, be complex numbers such that

(k+1)z,,, —i(n—k)z, =0forall ke{0,1,2,..,n—1}.

1) Prove, by mathematical induction that z =i [ jzo for all integers » > 0.
r

It is known that the complex numbers form the identity z, +z +z, +...+z, =2".

i) Hence, show that z, = (1-1)".

n 2

2
It is known that E (n ] :[ nj . (Do NOT prove this)
m n

m=0

2 . (Bn+1)"
S

11i1) Hence or otherwise show that |zo|2 +|z1 |2 + |zz|2 +...|z,

End of Exam
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