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+ Attempt Questions 1-10
« Allow about 15 minutes for this section

Section Il - 90 marks (pages 8-19)

+ Attempt Questions 11-16
« Allow about 2 hours and 45 minutes for this section



Section I
10 marks
Attempt Questions 1-10

Allow about 15 minutes for this section

Use the multiple-choice answer sheet for Questions 1-10.

1 Which expression is equal to J

L e
V1-4x? '

A. lsin_1£+C
2 2
|

B. Esm 2x+ C

C. sin_lﬁ +C
2

D. sin'2x+C

2 What are the equations of the asymptotes of the hyperbola Ox? — 4y% =367

A. y:i%x
B y=i%x
C y=i%x
D y:i%x

3 The cubic equation x> +2x% +5x—1=0 has roots , B and y.

Which cubic equation has roots _—1 _—1 _—1?
a By

x> —5x-2x+1=0

x> =5x>-2x-1=0

452+ 2x+1=0

B +5x2-2x+1=0

S 0w »



4

Which graph best represents the curve y =

A. VA

x?—4

B.

=V

=



5 The diagram shows the graph y = > for 0 <x<4. The region bounded by y = -1,
y= e, x=0 and x=4 is rotated about the line y =—1 to form a solid.

Yi

NOT TO SCALE

=Y

4
A. nJ (¥ +1) dx

6 Which complex number is a 6th root of i ?

1 1 .

—— i

2 2

1 1.
2 2

C. —V2++2i
D. —V2-2i



7  Which diagram best represents the solutions to the equation arg(z) = arg(z +1—1)?

A. B.

N\
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The diagram shows the graph of the curve y = f(x).

i

y=f(x)

Let F(x):J f(t)dt.
0

=Y

At what value(s) of x does the concavity of the curve y = F(x) change?

o 0w »

d
a, c
b,d

a, c,d

It is given that a, b are real and p, g are purely imaginary.

Which pair of inequalities must always be true?

A.

B
C.
D

a’ p2 + b’ q2 < 2abpq,
a’ p* + b? q2 < 2abpq,
a’ p2 + b q2 > 2abpq,

a’ p2 + b’ q2 > 2abpq,

a® b* + p2 q2 < 2abpq
a® b* + p? q2 > 2abpq
a’ b + p2 q2 < 2abpq

a® b* + p2 q2 > 2abpq



Consider the functions f(x) = sinx and g(x)=x sinx.

The x-coordinate of each stationary point of f(x) is very close to the x-coordinate of a
stationary point of g (x).

Suppose f(x) has a stationary point at x =a and the stationary point of g(x) with
x-coordinate closest to x =a is at x = b.

Which statement is always true?

A. a<b
B. a>b
C. la|<|b]
D. |a|>|b]



Section I1

90 marks
Attempt Questions 11-16
Allow about 2 hours and 45 minutes for this section

Answer each question in the appropriate writing booklet. Extra writing booklets are available.

In Questions 11-16, your responses should include relevant mathematical reasoning and/or

calculations.

Question 11 (15 marks) Use the Question 11 Writing Booklet.

(a)

(b)

(c)

Let z=2+3i and w=1-1.

(i) Find zw.

. _ 2. .
(ii)) Express 7 — S, i the form x + iy, where x and y are real numbers.

The polynomial p(x)=x>+ ax® + b has a zero at r and a double zero at 4.

Find the values of a, b and r.

o x2-x-6 . a bx +c
By writing 7—————-= in the form ——+ I
(x+l)(x —3) x+1 x°-3

. x2—x-6
find dex

Question 11 continues on page 9



Question 11 (continued)
(d) The points A, B and C on the Argand diagram represent the complex numbers
u, v and w respectively.

The points O, A, B and C form a square as shown on the diagram.

B (v)

C(w)
A (u)

Itis given that u =5 + 2i.
(i) Find w.

(i1) Find v.
(i) Find arg(%).

(e) The circle centred at O with radius » has a diameter AB. Points C and D are
chosen on the circle as shown in the diagram. The chord AC has length d.

C

Show that d = 2r sin D.

End of Question 11

_9_



Question 12 (15 marks) Use the Question 12 Writing Booklet.

(a) The base of a solid is the region enclosed by the parabola x =1- y2 and the
y-axis. Each cross-section perpendicular to the y-axis is an equilateral triangle,
as shown in the diagram.

=Y

Find the volume of the solid.
(b) A curve has equation x>+ xy + y2 =3.
(1) Use implicit differentiation to show that L = —M.
dx x+2y

(ii)) Hence, or otherwise, find the coordinates of the points on the curve

where ﬂ =0.
dx
2
2
() Find | 2" g,
X“+2x+5

Question 12 continues on page 11

~-10 -



Question 12 (continued)

(d) The diagram shows the graph of the function f(x)= xl'
x_
VA i
:
|
|
|
|
|
|
|
:
|
i
|
_______________ | EO—
i
- i .
B 0 ' X
|
|
|
|
|
i
bl

Draw a separate half-page graph for each of the following functions, showing
all asymptotes and intercepts.

(i) y=]/(x)]
i) y=(r(x))?
(i) y=x+f(x)

End of Question 12

—11 =



Question 13 (15 marks) Use the Question 13 Writing Booklet.

(a) The graph y? =x(1—x)? is shown.

v

=YV

Use the method of cylindrical shells to find the volume of the solid formed when
the shaded region is rotated about the line x =1.

(b) Let z=1-co0s20+ isin20, where 0 < @ < r.
(i) Show that |z| =2sin 6.

(i) Show that arg(z) = % — 6.

Question 13 continues on page 13

— 12—



Question 13 (continued)

(c) A particle of mass m is attached to a light inextensible string of length /. The
string makes an angle 6 to the vertical.

The particle is moving in a circle of radius r on a smooth horizontal surface. The
particle is moving with uniform angular velocity @. The forces on the particle
are the tension 7 in the string; the normal reaction N to the horizontal surface;
and the gravitational force mg.

The particle remains in contact with the horizontal surface.

By resolving the forces on the particle in the horizontal and vertical directions,
show that

<2
fcosO

Question 13 continues on page 14

13—



Question 13 (continued)

(d) The points P(cp, EJ and Q(cq, EJ lie on the rectangular hyperbola xy = 2.
p q
The line PQ has equation x + pgy = c(p + q). (Do NOT prove this.)
The x and y intercepts of PQ are R and S respectively, as shown in the diagram.

Vi

=Y

(i) Show that PS = QOR.

The point T(Zat, atz) lies on the parabola x%= 4ay. The tangent to the
parabola at T intersects the rectangular hyperbola xy = ¢? at A and B and has
equation y = fx — at’. (Do NOT prove this.) The point M is the midpoint of the
interval AB. One such case is shown in the diagram.

YA

2
X =4ay y = tx — ar®

=Y

/4

(i1) Using part (i), or otherwise, show that M lies on the parabola 2% = —ay.

End of Question 13

— 14—



Question 14 (15 marks) Use the Question 14 Writing Booklet.

T
: . 0 2 de
(a) Using the substitution ¢ =tan— evaluate _— .
2 o, 2—cosb

(b) A falling particle experiences forces due to gravity and air resistance. The
acceleration of the particle is g - kv?, where g and k are positive constants and
v is the speed of the particle. (Do NOT prove this.)

Prove that, after falling from rest through a distance, 4, the speed of the particle

will be /%(1 i)

0
(¢) Let Inz[ x"Jx+3dx for n=0,1,2, ...
-3

(i) Show that, for n > 1,

—6n
o 342p U

(i1) ~ Find the value of I,.

(d) Three people, A, B and C, play a series of n games, where n > 2. In each of the
games there is one winner and each of the players is equally likely to win.

(i) What is the probability that player A wins every game?
(i1)) Show that the probability that A and B win at least one game each but
n n
C never wins, is (%) - 2(11 .
3 3

(1i1)) Show that the probability that each player wins at least one game is

3=l ooy
3n-1 ’

— 15—



Question 15 (15 marks) Use the Question 15 Writing Booklet.

(a)

The point P(acos@, bsinf), where (<6< %, lies on the ellipse
2 2

*r + Y _ 1, where a > b. The point A(acos®, asin®) lies vertically above P

272
a b
on the auxiliary circle x*> + y? = 4>, The point B lies on the auxiliary circle such

that ZAOB = g and the point Q lies on the ellipse vertically below B, as shown.

Vi

A(acos 6, asin 6)

EP(a cos 0, bsin0)

—a

(i) Show that Q has coordinates (—asin 0, bcos 6).

The line QO meets the ellipse again at Q"(asin 6, —bcos 6). (Do NOT prove this.)

(i) Show that the minimum size of ZPOQ’ is tan_l( 22a122 ) .
a?—

Question 15 continues on page 17

—16 —



Question 15 (continued)

(b) (i) Use De Moivre’s theorem and the expansion of (cos® + isiné’)8 to
show that

. 8 70 8 5003 8 3005 8 .7
sin86 = ) cos’' @sinf — 3 cos”@sin’ 0 + 5 cos” @sin’ 0 — 7 cos@sin’ 6.

(i1) Hence, show that

80 4(1-10sin20 + 245in*6  165in6).
sin26

(c) Letn be a positive integer and let x be a positive real number.
(i) Show that x" =1 —n(x—1)=(x=1)(1+x+x>+ - +x"" = n).
(i) Hence show that x" >1 +n(x —1).

(i11)) Deduce that for positive real numbers a and b,

d"b'™" > na + (1- n)b.

End of Question 15

17 -



Question 16 (15 marks) Use the Question 16 Writing Booklet.

(a) Use mathematical induction to prove that, for n>1,

NN (x - 1)(x2 +x+ 1)(x6 +x7+ 1)---(x(2X3H) N 1).

(b) In AABC, point D is chosen on side AB and point E is chosen on side AC so
B
that DE is parallel to BC and D—Z =2.

The process is repeated two more times. Point F is chosen on BC and point G

on BA so that FG is parallel to CA and % =42.

Point H is chosen on side CB and I on CA so that HI is parallel to BA and

BA
BA _ 53
HI

The segments FG and HI intersect at X, DE and HI intersect at Y, and DE and
FG intersect at Z.

(i) Prove that DY =ZE.

YZ
(i1) Find the exact value of the ratio E

Question 16 continues on page 19

— 18—



Question 16 (continued)

(¢) Let o, B, y be the zeros of p(x)=x>+ px+¢q, where p and ¢ are real and
q#0.

(i) Show that (B—y) =a®+ %q.

(1)) By considering the constant term of a cubic equation with roots
(- ﬂ)z, (B- 7/)2 and (y — a)z, or otherwise, show that

(a=p) (B=7) (r-a) ==(27° + 40°).

(iii) Deduce that if 27¢%>+4p> <0, then the equation p(x)=0 has
3 distinct real roots.

End of paper

19—
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Mathematics

Factorisation
a*~b* =(a+b)(a—b)

a*+b* =(a+b)(a*—ab+b?)
a*—b* =(a—b)(a*+ab+b?)

Angle sum of a polygon
S=(n-2)x180°

Equation of a circle

(x—h)2+(y—k)2 =r?

Trigonometric ratios and identities

sin@ = M cosecl = —
hypotenuse sin@
cosg = Adjacentside |l o1
hypotenuse cos6
tan6@ = —OPPOSHC s.1de tanf = sin6
adjacent side cosf
cotf = C?Se
sin@
sin?@ + cos?6 = 1

Exact ratios
30°
2 V3

45°

\/5 1

45° [ 60° ]
1 1

Sine rule

a b c

sinA sinB  sinC
Cosine rule

c? = a?®+b*-2abcosC
Area of a triangle

Area = %ab sinC

Distance between two points

d =\/(x2 _xl)z +(y2 _y1)2

Perpendicular distance of a point from a line

_ ‘axl+byl+c|

Ja? + b?

Slope (gradient) of a line
Y=V
X =X

Point—gradient form of the equation of a line

y_yl :m(x—xl)

nth term of an arithmetic series
T =a+(n—-1)d

Sum to n terms of an arithmetic series

n n
S, =§[2a+(n—1)d] or S, =2(a+l)

nth term of a geometric series

_ n—1
7;1 =ar

Sum to n terms of a geometric series

e

n

Limiting sum of a geometric series

s=_14

1-r

Compound interest

n
A = P(1+L)
n 100



Mathematics (continued)

Differentiation from first principles

Sfx+h)— f(x)

£'(x) = lim
h—0

h
Derivatives
If y=x", then @ _ nx"!
dx
If y=uv, then ﬂ—u@+v@
dx dx dx
Jdu_ dv
If yzz,then QZM
v dx y

If y=F(u), then @ _ F’(u)ﬂ
dx dx
If y—ef(x) then d = f’ (x)ef(x)

dy _ f'(x)

I y=log, f(x)=1ns{x). then & ==

If y=sin f(x), then % = f’(x)cos f(x)
X
dy
If y=cos f(x), then —
dx

S (x)sin f(x)

If y=tan f(x), then ? = f'(x)sec? f(x)
X

Solution of a quadratic equation

_ b= Jb% - dac

2a

Sum and product of roots of a quadratic equation

c
off =—
ﬁa

b
+pB=—=
a+p p

Equation of a parabola

(x—h)* = +4a(y—k)

Integrals
(" n+l
(ax+b)" dx = M+C
) a(n+1)
( 1
eax+b dx = geax+b +C
(/%)
) dx = In| f(x)|+C
X
( 1
sin(ax +b)dx = — Ecos(ax +b)+C
( 1
cos(ax+b)dx = gsin(ax +b)+C
( 1
sec?(ax +b)dx = Etan(ax +b)+C

Trapezoidal rule (one application)

b
J F(0)dx = 224 fla)+ £(b)]

Simpson’s rule (one application)

be(x)dx~ [f() 4422 f(b)}

Logarithms — change of base

Angle measure

180° = & radians

Length of an arc

l=r6

Area of a sector

Area = l1’29
2

3



Mathematics Extension 1

Angle sum identities
sin(6+ @) = sin@cos¢ + cosHsing
cos(0+ @) = cos@cosd — sinOsing

tan6 + tan ¢

tan(6 = —
an(6+9) I —tanftan¢

t formulae

0
If t = tana, then

2
sin@ = t2
1+1¢
2
cos¢9=1 t2
1+¢
tan@ =
1—¢2

General solution of trigonometric equations

sinf = a, 0=nr+(-1)"sin"'a
cosO =a, 0 =2nm+cos\a
tan@ = a, 0 =nm+tan"'a

Division of an interval in a given ratio

mx, +nx; my,+ny
m+n ~ m+n

Parametric representation of a parabola

For x? = 4ay,
x=2at, y= at®

At (2at, atz),
tangent: y =1ftx — at®

normal: x4+ ty = at® + 2at
At (xl, yl),
tangent: xx, = 2a(y + yl)

normal: y—y, = —i—a(x—xl)
1

Chord of contact from (xo, yo): Xxq = 261(y + yo)

Acceleration

d’>x dv dv d (1 2)
—2 = — =y— = —| —V
dt dt dx dx\2
Simple harmonic motion

X = b+acos(nt+(x)

)'c':—nz(x—b)

Further integrals

[

.1 X
dx =sin” 'Z +C
J az—x a

1 1 _x
ﬁdxz—tan IZ4cC
a“+x a a

Sum and product of roots of a cubic equation

a+/3+7/:—§

C
off+ay+ By = -

d
Ofﬁ7/=—5

Estimation of roots of a polynomial equation
Newton’s method

/ (xl)

/ (xl)

X2=X1

Binomial theorem

(atb)' =Y [Z]akb”_k -3 (Z)a”_kbk

k=0

_4_
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Question Answer
1 B
2 C
3 D
4 C
5 A
6 A
7 D
8 B
9 B
10 C

Page 1 of 40



NESA 2018 HSC Mathematics Extension 2  Marking Guidelines

Section |l

Question 11 (a) (i)

Criteria Marks
e Provides correct answer 1
Sample answer:
zw=(2+3i)(1-i)
=2-2i+3i+3
=5+1i
Question 11 (a) (ii)
Criteria Marks
* Provides correct solution 2
« Obtains 7z, or equivalent merit 1

Sample answer:

Z—£=2—3i——2_
\% 1-1
3 2 (1+19)
(1-0)(1+1)
=2—3i—(2+2l)
1+1
=2-3{—1-1i
=1-4

Page 2 of 40



NESA 2018 HSC Mathematics Extension 2  Marking Guidelines

Question 11 (b)

Criteria Marks
* Provides correct solution 3
» Obtains the value of a, or equivalent merit 2

» Obtains 64 + 16a + b =0, or equivalent merit

Sample answer:
p(x)=x>+ax’>+b

p(r=r+ar’*+b

p(r)=0
Prar’+b=0 O@

p’(x)=3x>+2ax

P’ (4)=3(4)* +2a(4)

p'(4)=0

48+8a =0
a=-6

p(4)=0

(47 +a(4) +b=0
64-6(16)+b=0
b=32

Substitute into ©
r’—6r’+32=0

p(=2)=0
r=-2

Page 3 of 40



NESA 2018 HSC Mathematics Extension 2  Marking Guidelines

Question 11 (c)

Criteria Marks
* Provides correct solution 4
« Obtains primitive of the form pln|x + 1|+ qln|x2 -3, or equivalent merit 3
» Obtains the values of a, b and c, or equivalent merit 2
» Obtains the value of a, or equivalent merit 1

Sample answer:

2-x-6 a(x2—3)+(bx+c)(x+1)

(x+1)(x2—3) - (x+1)(x2—3)

B ax®> —3a+bx*>+bx+cx+c
(x+1)(x2—3)

3 (a+b)x>+(b+c)x—3a+c
(x+1)(x*-3)

Equating coefficient

a+b=1, b+c=-1, 3a+c=-6

b+c=-1 @
-3a+c=-6 ©)
0-0
b+3a=5 ©)
a+b=1 @
®-@
2a =4
a=2
Substitute into @
2+b=1
b=-1
Substitute into @
—l+c=-1
c=0

x2—-x-6

(x+1)(x2—3)

_ |2 2x dx
x+1 x--3

=2In|x+1]| —%ln‘x2—3| +c

Page 4 of 40



Marking Guidelines

NESA 2018 HSC Mathematics Extension 2

Question 11 (d) (i)

Criteria

Marks

Provides correct answer

Sample answer:
w=1i(5+2i)
w=5-2

w=-2+5i

Question 11 (d) (ii)

Criteria

Marks

Provides correct answer

Sample answer:
vV=u+w
v=5+2i+-2+5i

v=3+7i

Question 11 (d) (iii)

Criteria

Marks

Provides correct answer

Sample answer:

arg(m) =argw —argv
v

_T
4

QLN

Page 5 of 40




NESA 2018 HSC Mathematics Extension 2  Marking Guidelines

Question 11 (e)

Criteria Marks
* Provides correct explanation 2
» Explains why it is sufficient to consider AABC, or equivalent merit 1

Sample answer:

0
D
ZABC = ZADC (angles standing on same arc are equal)
=0
ZBCA =90° (angle in a semi-circle is a right angle)
sinf = —
2r
sinD = 4
2r
d =2rsinD

Page 6 of 40



NESA 2018 HSC Mathematics Extension 2  Marking Guidelines

Question 12 (a)

Criteria Marks
» Provides correct solution 3
» Obtains a correct integral for the volume in terms of y, or equivalent merit 2
» Obtains the area of a general slice, or equivalent merit 1

Sample answer:

AV = %xxXstin60°Ay

X
:ﬁszy
4
1 _[60°
V= ﬁxzdy x
_14
)c=1—y2
1 2 _ 1 A2, 4
zﬁj (1257 + y*)dy xT=1-2y"+y
2
0
23]
= — [ +_
2 17737 75,
_£(1_2+1_0)
2 3 5
43
15

Page 7 of 40



NESA 2018 HSC Mathematics Extension 2  Marking Guidelines

Question 12 (b) (i)

Criteria Marks

¢ Provides correct solution 2

» Correctly finds derivative of a product using implicit differentiation, or 1
equivalent merit

Sample answer:

x2+xy+y2=3

Find dy
X
2x+xﬂ+y+2y.ﬂzo
dx dx
dy dy
—+2y—=-2x—
xdx ydx Y
L+ 2y)=~(26+)
dx
Q_—(2x+y)
dx x+2y

Page 8 of 40



NESA 2018 HSC Mathematics Extension 2

Marking Guidelines

Question 12 (b) (ii)

Criteria

Marks

¢ Provides correct solution

merit

» Obtains a quadratic from which the solutions can be found, or equivalent

Sample answer:

—(2x+
@:7()6 y) x2+xy+y2=3
dx x+2y
ﬂ=0 when —(2x+y)=0
dx
2x =-y
or y=-2x

Substituting into the equation for the curve

X%+ x(=2x)+(=2x)* =3

x?—2x2 +4x? =3

3x2=3
x2=1
x==1

when x=1 y=-2
when x=-1 y=2

Points on the curve where ? =0are (1,-2) and (-1, 2).
x

Page 9 of 40




NESA 2018 HSC Mathematics Extension 2  Marking Guidelines

Question 12 (c)

Criteria Marks
* Provides correct solution 3
* Rewrites integrand as 1— 52 , Or equivalent merit 2
x+1)"+4
o 5 . .
* Rewrites integrand as 1— 5 , Or equivalent merit 1
X +2x+5
Sample answer:
2
+2
S dx
X“+2x+5
)
| xT+2x+5 B 5
J x24+2x+5 x*+2x+5
.
5
=11- —2dx
J (x+1)"+4
5 +1
=x—>tan"! (x )+c
2 2
Question 12 (d) (i)
Criteria Marks
* Provides correct sketch 1
Sample answer:
Vi .
| y=|/(x)
_______________ | A
0 B X

Page 10 of 40



NESA 2018 HSC Mathematics Extension 2  Marking Guidelines

Question 12 (d) (ii)

Criteria Marks
* Provides correct sketch 2
» Shows minimum turning point at the origin or equivalent merit 1
Sample answer:
Vi i
i 2
! y= (f(x)>
1 X
Question 12 (d) (iii)
Criteria Marks
* Provides correct sketch 2
» Provides sketch of curve with correct shape, or equivalent merit 1

Sample answer:

YA |
1 .
] e
I il
| //
| —
| S y=x+ f(x)
1 7
| 4
] 4
1 7
I 7
1 pd
| 7’
] 7
4
! Y
| ,/ X
L%
! 7’ //
(4
10N
L J
z1
7
7
7 |
4 1
’ I
7
4 I
4 1
4
1. i
1
/| !
4 I
7 1
4
7’ |
’ 1
e
7 I
’ 1
— e |
4 -
t >
/, Il
’ I X
4 1
4
v 1
7 I
4 1
4
4 |
/ 1
4
, 1
4 I
/ 1
4
7’ |
4 1
e
4 I
¢/ !
1
1

Page 11 of 40



NESA 2018 HSC Mathematics Extension 2  Marking Guidelines

Question 13 (a)

Criteria Marks
* Provides correct solution 3
» Obtains a correct integral for the volume, or equivalent merit 2

» Correctly finds dV, or equivalent merit

Sample answer:

27(1 — x)
2y

Ax

rl

V=dr| (1-x)-vx(1-x)dx
70

rl
V=dr J}(l—zxmz)dx
J 0

(b 3is
V=4r| x*-2x*+x%dx

<
o

Page 12 of 40




NESA 2018 HSC Mathematics Extension 2  Marking Guidelines

Question 13 (b) (i)

Criteria

Marks

e Provides correct solution

» Obtains \z\z in terms of 26, or equivalent merit

Sample answer:

|z| = \/(1 — c0s26)” +(sin20)?

= \/1 —2¢0820 + cos2 20 +5sin 20
=+/2—2c0s26

=\/2(1—1+2sin29)

=+/4sin’ 0

=2sin0 as required

Question 13 (b) (ii)

Criteria

Marks

e Provides correct solution

» Finds tan(arg(z)) in terms of sin@ and cos#, or equivalent merit

Sample answer:

arg(z)ztan_l( sin26 )

1-cos26

_1 (251n0c0s0)
2sin’6

1 (cos@)
= tan~
sinf

= tan"!(cot @)

L
2

Page 13 of 40



NESA 2018 HSC Mathematics Extension 2  Marking Guidelines

Question 13 (c)

Criteria Marks
* Provides correct solution 3
» Obtains an expression for N independent of 7, or equivalent merit 2

equivalent merit

» Obtains an equation for the vertical components of the forces, or

Sample answer:

mg

Tcos@+ N =mg

Tsin@ = mrw?>

2
mro
T =—
sin@
Substitute into ©
2
mro
- -cosO+ N =mg
sin@
m)*’a)2 -l

-cos@+ N =mg

@
@

N =mg— mo?lcos0

N = 0to remain in contact

mg — mw?1cos6 = 0

mw?lcosd < mg

2

w? <

mg

<75
mlcosO

8

"~ IcosB
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Question 13 (d) (i)

Criteria Marks
* Provides correct solution 3
» Correctly finds the distance PS or equivalent merit 2

» Correctly finds the coordinates of R and S, or equivalent merit

Sample answer:

o5} o)
(

2 C(p+(]) C 2
PS=,[(0-cp) +| “EH_Z
pqg P
J ( cae)
c? p +

c(p+q).0)

PS=c/pz+i2
q
c
q
c 2
OR= (cp+cq—cq)2+(0——J
q
2
_ ’2 2, ¢
=./c°p +q—2
1
_ 2 2
-\ (p +?j
/ 1
_ 2
=c,|p +q—2
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Question 13 (d) (ii)

Criteria Marks

e Provides correct solution 2

» Finds M, or equivalent merit 1
Sample answer:
y=tx— at®
At x=0, y=—ar’ .. y-intercept is (O,—atz)
At y=0, 0=1x—ar

x = at . x-intercept is (at,0)

Using part (1), the midpoint of AB will also be the midpoint of the x and y-intercepts.

)
M s (Ozat’ at +0J

substitute M into 2x> = —ay
2
LHS = 2% (“—’)
2

2a°t?

=—-ay

= RHS

. M lies on the parabola 2x* = —ay
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Question 13 (d) (ii)
Alternative solution

y = tx — at? )

xy = c? @)
C2

y=—
X

Substitute into @

2

C

= =tx—at?
X

c? =tx? —at’x

txX—at’x—c2=0

ar® £[(-ar? ) - a(~c?)

x =
2t
at’* + \/a2t4 +4c%t
_x =

x1+x2 y1+y2j
2

m=(*3
v
(%)

at .
x=7 lieson y=tx—at

t

y=t-——at?
__at’

YT
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at _at
SR Y
o2 y__gng
’ 2\ a
_a 4x?
s
2x2
=
2x2=—ay
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Question 14 (a)

Criteria Marks
* Provides correct solution 3
» Obtains correct integral, or equivalent merit 2

« Correctly obtains d6, or equivalent merit

Sample answer:

-z Let 7 = tan
) et r=tan—
I = ZL 2
Jo 2—cosO
rl
2dt 1+7
142 147 2
B =2 1112
_ -1 +t []
Joo 1+7? -2
! 2.d Y
= 2' f 3 dt = —sec®=-d@
J02(l+t )—(l—t) 2 2
2dz:(1+t2)d0
(! 2ar
- | 24 g 2di
Jol+3t T 142
3| 1T, 0=" ;=1
03t 5
1
2 1|t
V3 V3,

1
= ?[tan_lﬁ}

0
=¥(tan"1\/§—tan"10)

23z
3 3

23
=—7
9
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Question 14 (b)

Criteria Marks
» Provides correct solution 3
» Obtains x, or equivalent merit 2
d
» Obtains “@a_ v 5, Or equivalent merit 1
dv g—kv
Sample answer:
X=g- kv?
dv 2
y.-—=g—ky
dx &
ax__ v __
dv g- kv?
v
X = dv
Jg — kv?
xX= —Lln(g—kv2)+c
2k
x=0,v=0 =0=-—"In(g—k(0)’)+C
=c= iln(g)
2k
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Question 14 (c) (i)

Criteria Marks
* Provides correct solution 3
» Correctly applies integration by parts, or equivalent merit 2
» Attempts to apply integration by parts or equivalent merit 1

Sample answer:

0
In=J x"Jx+3dx n=0,1,2...
-3

1
Let u=x" vl =(x+3)>
3
2
B T C k)
3
e
— n— 2
;oo 2 (3 | 2nx" (x +3) .
3
13 -3
2 ~0
- —en -1
I, =(0- )_T X" (x+3)Vx+3dx
J3
2 ~0
In:—?n (x"x/x+3+3x”_1 x+3)a’x
J -3
) ~0 0
In=——n x"\/x+3dx—2nJ W x +3dx
3 J _3
2n
==, =l

2n
I, (1 + ?j =-2nl_,

3+2n
In( 3 ):—2111"_1

_ —6n
n 340 1
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Question 14 (c) (ii)

Criteria Marks
* Provides correct solution 2
e Finds Izin terms of IO, or equivalent merit 1
Sample answer:
-12
I,=—1
2 7 N
— __12 X __6 IO
7 5
0
IO = J vx+3dx
-3
0
3
2
—| 2(x+3)
3
-3
2 3
2
=—(3) -0
RE)
_2x343
3
=23
72
1, =—=x23
235
14443
35
Question 14 (d) (i)
Criteria Marks

e Provides correct answer

Sample answer:

P(A wins) = (%)
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Question 14 (d) (ii)

Criteria Marks

e Provides correct solution 1

Sample answer:

2 n
P(C never wins) = (5)

This includes when A wins all and B wins all.

n
P(A wins all games or B wins all games) = 2 X (%)
2\ 1Y
.. Required probability where A and B both win a game is: (5) - 2(5)
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Question 14 (d) (iii)

Criteria Marks

¢ Provides correct solution 2

» Correctly deals with the case where one player wins all the games, or
equivalent merit

Sample answer:

If A, B or C wins all the games

n
Probability is: 3x(%) = =

If two people win at least one game but not the third person

2 1y
Probability is: 3{[§j —2(5) }

P(each player wins at least one game)

1 2"-2
R BYSRv=

A )
- 31’!—1

3=t _om 4
= 31’!—1
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Question 15 (a) (i)

Criteria

Marks

¢ Provides correct solution

» Finds coordinates of B, or equivalent merit

Sample answer:

Since ZAOB = %

T . T
(acos(@ + —j, asm(@ + —)j
B has coordinates 2 2

ie (—asin®,acos0)

0 has same x-coordinate

yz » 2
b_z_ _a_2
a’sin%@
=l-—
a
= co0s2 0

- y* =b*cos?0

y=bcos6 (since y > 0)
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Question 15 (a) (ii)

Criteria Marks
* Provides correct solution 3
« Finds the minimum value of tan(ZPOQ’), or equivalent merit 2
« Finds an expression for tan(£ZPOQ’), or equivalent merit 1
Sample answer:
bsin®
M,,=——- (cos8#0
OF ~ 4cosh ( )
bcosO
M, B =— sin@ # 0
00 asin® ( )
bsinf (_bcos@)
. ,_| acos@ asin@
w- an£POQ" = {4 bsin® (_bcos@j
acosO\ asinf
_ absin® 0 + abcos’ 0
a’sinfcosO — b?sinHcosH
(Multiplying numerator and denominator by a”sin@cos6)
2ab .. .
=5\ (all terms are positive so absolute value is not necessary)
(a -b )sm

This expression is least when sin26is greatest
ie when sin20 =1

Result follows
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Question 15 (b) (i)

Criteria Marks
* Provides correct solution 2
e Correctly uses binomial theorem, or equivalent merit 1
Sample answer:
(cos6 +isin®)® = cos80 +isin80 (De Moivre)
o 8 8 8
Also  (cos@+isinf)® =cos®@+| |cos’Qisin@+| |cos®@i’sin?0+| |cos’Oisin’ 6+
1 2 3

8
( ]cos“@z"‘sin“9+---+i8 sin® @
4

8 8 8
=cos89[ )cos705in0i—( Jcos69sin29—[ ]cossesin39i+
1 3

2

8
cos*@sin* @ +---+5in0
4

Equating imaginary parts

8 8 8 8
sin89=£ ]cos79sin9—[ ]cossesin39+[ ]cos305in50—( ]COSOSin79
1 3 5 7
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Question 15 (b) (ii)

Criteria Marks
* Provides correct solution 3
_ _ sin80 . ) . .
» Obtains an expression for — 20 in terms of sin@, or equivalent merit 2
sin
» Correctly divides by sin28, or equivalent merit 1

Sample answer:

8 8 8 8
cos’ Osin@ — cos’ Osin> 0 + cos>@sin’ O — cosOsin’ @
sin80  \ 1 3 5 7

sin20

N | =
P—

N | —
—_—

l_

2sinf@cos@

8 8 8 8
cos®@— cos*0sinZ 0 + cos20sin* 0 — sin @
3 5 7

(1-sin26)’ - (i](l —sin26) sin’0 + Ei](l ~sin26) sin* 6 - (i)sm%]

= 8(1 —3sin%0 + 3sin* 6 — sin60) - 56(sin2 0 — 2sin* O + sin® e)

+56(sin*6 —sin® ) - 8sin69}

= 4[1—3sm29+3sin49—sin60—7sin29+14sin49—7sin60

+7sin*@ — 7sin® @ — sin® 9]

- 4[1—10sin29+24sin49—16sin69]
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Question 15 (c) (i)

Criteria

Marks

¢ Provides correct solution

Sample answer:

Show that x"—l—n(x—l)=(x—1)(1+x+---+x"_1—n)

x>0, xelR

(x"—l)—n(x—l)z(x—l)(x”_l+x"_2+---+x2+x+1)—n(x—1)
:(x—l)(x”_l+x”_2+---+x2+x+1—n)

=(x—1)(1+x+x2+---+x”_1—n)
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Question 15 (c) (ii)

Criteria Marks
* Provides correct solution 2
» Recognises the two cases x > 1, x <1, or equivalent merit 1

Sample answer:

Hence show that x" >1+n(x—1)

When x=1, x"=1, and l+n(x-1)=1
so x" >1+n(x—1)

Suppose 0 < x <1 so 0< xk <1 for all integers k >0

(x—1)<0 and 1+x+x>+-+x""<l+14--+1 (n terms)

SO l+x+x2+-+x"T<n
SO l+x+x2+-+x"T-n<o0
when x <1 (x—l)(1+x+x2+---+x"_1—n)>0

suppose x >1 x¥ >1 for all integers k >0
(x=1)>0 1+x+x*+-—+x"T>n

SO l+x+x2++x"T=n>0

so when x > 1 (x—l)(1+x+x2+---+x”_1—n)>0
Thus

x"=1-n(x-1)=0

SO x">21+n(x-1)
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Question 15 (c) (iii)

Criteria

Marks

¢ Provides correct solution

, a , ,
» Considers x = 5 or equivalent merit

Sample answer:

Deduce that for positive real numbers

a and b

a"b'™" > na+(1-n)b

Let X = % > (0 and use part (ii)

n
g—21+n(ﬁ—1j
b" b

a'b™" Zé+y—@

b b b
a'b™"xb>na+b-bn

a"b'"™ 2 na+b(1-n)
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Question 16 (a)

Criteria Marks
» Provides correct proof 3
» Establishes the inductive step, or equivalent merit 2
» Shows true for n =1, or equivalent merit 1

Sample answer:

Prove for n > 1

n—1

1= (x- 1)()c2 +x+ 1)(x6 +x 4 1)...(x2><3n_1 +x¥ o+ 1)
When n=1

LHS=x*-1=(x- 1)()62 + x4+ 1) as required = RHS

Assume that the proposition is true when n =k

k-1

sox% —1= (x- 1)()(2 +x+ 1)...(x2><3k_1 +x 4 1)

Show the proposition is true when n =k +1

k+1
x3

=(x— 1)(x2 +x+ 1)...(x2><3k7l + 37 1)(x2><3k I 1)
Since proposition is true forn =k + 1

By POMI X -l1= (x— 1)()62 +x+ 1)-.-()62)(3"_1 + x3"_1 + 1)
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Question 16 (b) (i)

Criteria Marks
» Provides correct proof 3
e Proves that BF = HC, or equivalent merit 2

» Observes that BH = DY , or equivalent merit

Sample answer:

In triangles BGF and BAC ZB is common
As GF || AC
ZGFB = ZACB (corres)

so ABGF is similar to ABAC

AC
=~ _2
GF
B
o 5C_p
BF
BC
similarl —= \/5
Y HC
hence BF = HC

AB||IH and BC | DE
so DYHB is a parallelogram

similarly ZECF is a parallelogram

hence
DY =BH (opposite sides in parallelogram)
=BC-HC
=BC-FB
=FC
=ZF (opposite sides in parallelogram)
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Question 16 (b) (ii)

Criteria

Marks

¢ Provides correct solution

» Obtains an expression for YZ in terms of BC, or equivalent merit

Sample answer:
YZ = DE - DY - ZE

= DE-2DY (from (i))

BC
=7§—ch_HC)

BC
==~ —2BC+2HC
V2

_BC _spcanBE

NG 5]

BC
=3-=-2BC
2

:Bc(a—zJij

2

YZ 3-22
"BC 2
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Question 16 (c) (i)

Criteria

Marks

¢ Provides correct solution

« Attempts to use o + B+ 7y =0, or equivalent merit

Sample answer:
2
(B-y) =B>-2By+7?

=B*+2By +y*—4By

=(B+7)* - 4By
=(oc+ﬁ+}/—oc)2—M
o
a2 4(=q)
=(0-a) .

(since ¢+ B+y =0 and afy = —q)
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Question 16 (c) (ii)

Criteria Marks
* Provides correct solution 3
» Obtains cubic equation in y having noted y+ p # 0, or equivalent merit 2

4
o Lets y= X2+ il , Or equivalent merit
X

Sample answer:

We want to form an equation with roots

and }/2 +4_q

2, 44 2, 44
—, B+—

o+

Suppose x is a solution of the original equation

Let y=x"+—
X

then xy= x> +4q
=—-px—q+4q sincex3+px+q=0
x(y+p)=3q
Since g # 0, it follows y+ p #0

SoX = —3q

y+p

Since x satisfies original equation

3
y+p y+p
After multiplying by ( y+ p)3

27¢* +3pq(y+ p) +q(y+p) =0

This is an equation with roots (- )*, (B—7)” and (y — )’

— constant term

Product of these roots = - —
loading coefficient
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_ _27q3 +3pq.p2 +qp3 (
q

q#0)
= —(27q2 +3p3 +p3)

=—(27¢° +4p
(27 43)
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Question 16 (c) (iii)

Criteria

Marks

Provides correct solution

Observes that p(x) has distinct roots which are all real or 1 real and 2

complex, or equivalent merit

Sample answer:

Suppose 27q2 + 4p3 <0

Then (o — ﬁ)2 ([3 - }/)2 (j/ — a)2 >0

The roots ¢, and yare distinct otherwise at least one factor would be zero.

If not all the roots are real then there must be one real root and two roots which are complex

conjugates (since coefficients of the cubic are real).

Let the roots be o, a + ib, a — ib where ¢, a, b are real

(a=BY (B-7)(r-a)

let o be the real root and 8 = a + ib and ¥y = a — ib where a, b are real

(=BY (B-7)(r-a) =(a-BY (B-7) (a—7)

_ 5 )

(¢—a)— ib} [Zib} [(a —a)+ ib}
2

[(a —a)- ib}[(a —a)+ ibD X —4b?

2
= —4b? {(a —a)* + bz}

LHS >0 RHS < 0 contradictions

Hence all roots are real.

2
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Mapping Grid

Section |
Question Marks Content Syllabus outcomes
1 1 4.1 ES8
2 1 3.2 E4
3 1 7.5 E4
4 1 15,17 E6
5 1 5.1 E7
6 1 24 E3
7 1 2.5 E3
8 1 1.8 E6
9 1 21,83 E3
10 1 1.4 E6
Section Il
Question Marks Content Syllabus outcomes
11 (a) (i) 1 2.1 E3
11 (a) (i) 2 2.1 E3
11 (b) 3 7.2 E4
11 (c) 4 41,76 ES8
11 (d) (i) 1 2.2 E3
11 (d) (ii) 1 2.2 E3
11 (d) (iii) 1 2.2 E3
11 (e) 2 8.1 E2
12 (a) 3 5.1 E7
12 (b) (i) 2 1.8 E6
12 (b) (ii) 2 1.8 E6
12 (c) 3 4.1 ES8
12 (d) (i) 1 1.3 E6
12 (d) (ii) 2 1.6 E6
12 (d) (iii) 2 1.2 E6
13 (a) 3 5.1 E7
13 (b) (i) 2 22 E3
13 (b) (ii) 2 22 E3
13 (c) 3 6.3.1,6.3.2 E5
13 (d) (i) 3 3.3 E3, E4
13 (d) (ii) 2 3.3 E3, E4
14 (a) 3 4.1 E8
14 (b) 3 6.2.3 E5
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Question Marks Content Syllabus outcomes
14 (c) (i) 3 4.1 ES8
14 (c) (ii) 2 4.1 ES8
14 (d) (i) 1 8 E2
14 (d) (ii) 1 8 E2
14 (d) (iii) 2 8 E2
15 (a) (i) 2 3.1 E4
15 (a) (ii) 3 3.1 E4
15 (b) (i) 2 24,8 E3
15 (b) (ii) 3 8 E4
15 (c) (i) 1 8 E2, E9
15 (c) (i) 2 8.3 E2, E9
15 (c) (iii) 2 8.3 E2, E9
16 (a) 3 8.2 E9
6 (b) (i) 3 8 E9
6 (b) (ii) 2 8 E9
6 (c) (i) 2 7.5 E4
6 (c) (ii) 3 7.5 E4
16 (c) (iii) 2 21,75 E4
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