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Section I
10 marks
Attempt Questions 1-10

Allow about 15 minutes for this section

Use the multiple-choice answer sheet for Questions 1-10.

1 Which conic has eccentricity —;3 ?
2 2
X y
A —+—=1
(A) 3 T2
2 2
X yo o
(B) 3—2+2—2—1
2 2
X y
) ——=1
©) 3 2
2 2
X yo o
D) =l

2 What value of z satisfies z> =7 — 24i?

(A) 4-3i
(B) —4-3i
(C) 3—4i

(D) -3 —4i



3

Which graph best represents the curve y = (x —1)*(x+3)° 2

(A) Y4 (B) Y

_I3 0] i X _.1 0] 3 X
© YA (D) y

/3 o1 " "o ] x

The polynomial x* + x> — 5x + 3 has a double root at x = .

What is the value of ¢?




Given that z =1 —1i, which expression is equal to 27

o {2
o (o ZE)on )
o ()

o ol )on()

B

2

Which expression is equal to Jx sinxdx ?

~

(A) —x%cosx— | 2xcosxdx

-
(B) —2xcosx+ x?cosxdx

J
R
(&) —x%cosx+ | 2xcosxdx

J

-
(D) —2xcosx— x?cosxdx

%

The numbers 1, 2, ... n, for n >4, are randomly arranged in a row.

What is the probability that the number 1 is somewhere to the left of the number 2?7

1
@ 3
®) L
n
1
© -2
1
@ e



The graph of the function y= f(x) is shown.

yl

=Yy

a\/b
A second graph is obtained from the function y= f(x).
yi
0 a b X

Which equation best represents the second graph?

A) ¥ =]/
(B) ¥y =7(x)
C) y=/(x)
D) y=f(Vx)



The complex number z satisfies |z—1|=1.

What is the greatest distance that z can be from the point i on the Argand diagram?
(A) 1

(B) 5

(C) 2V2

(D) 2+1

Consider the expansion of
(1+x+x2 +---+x”)(1+2x+3x2 +---+(n+1)x”).

What is the coefficient of x” when n = 100?

(A) 4950
(B) 5050
(C) 5151
(D) 5253



Section II

90 marks

Attempt Questions 11-16

Allow about 2 hours and 45 minutes for this section

Answer each question in a SEPARATE writing booklet. Extra writing booklets are available.

In Questions 11-16, your responses should include relevant mathematical reasoning and/or
calculations.

Question 11 (15 marks) Use a SEPARATE writing booklet.

(a) Express 42+ 3_l in the form x + iy, where x and y are real. 2
—1

(b) Consider the complex numbers z = —J3+i and w= 3(cos§ +1i sing)

(i) Evaluate | z|. 1

(1) Evaluate arg(z). 1

(i11))  Find the argument of i. 1

w
(c) Find A, B and C such that _A4, b ¢ 2
x(x2 + 2) x  x"+2
x2 y2
(d) Sketch >3 + 16 =1 indicating the coordinates of the foci. 2
(e) Find the value of ? at the point (2, —1) on the curve x + x2y? = -2, 3
x
. 0

(f) (i) Show that cotf+ cosecf = cot 5 ) 2
(i) Hence, or otherwise, find J(cot@ + cosec)do. 1

I



Question 12 (15 marks) Use a SEPARATE writing booklet.

(a) The complex number z is such that | z\ =2 and arg(z)= % )
Plot each of the following complex numbers on the same half-page Argand
diagram.
@ z
(i) u=2>

(i) v=2z2>-7%

(b) The polynomial P(x)=x*—-4x>+11x>-14x+10 has roots a + ib and
a + 2ib where a and b are real and b # 0.

(i) By evaluating a and b, find all the roots of P(x).

(i1)) Hence, or otherwise, find one quadratic polynomial with real coefficients
that is a factor of P(x).

(c) (i) By writing w in the form mx+ b+ E find the equation
X — X —
of the oblique asymptote of y= w .
x p—
(x=2)(x=5)

(ii)) Hence sketch the graph y= , clearly indicating all

intercepts and asymptotes.

Question 12 continues on page 9



Question 12 (continued)

(d) The diagram shows the graph y=+/x+1 for 0 <x < 3. The shaded region is
rotated about the line x =3 to form a solid.

YA

Use the method of cylindrical shells to find the volume of the solid.

End of Question 12



Question 13 (15 marks) Use a SEPARATE writing booklet.

X )
= —1 are shown in the

2 2 2 y2
=1 and H,: )

X
(a) The hyperbolas H, : a_z_ .

%[

a
diagram.

Let P(asec®, btan@) lie on H | as shown on the diagram.

Let Q be the point (atané, bsec6).

S
=y

(i) Verify that the coordinates of Q(atan®, bsec) satisfy the equation
for H,.

(ii) Show that the equation of the line PQ is bx + ay = ab(tan0 + sech).

(iii) Prove that the area of AOPQ is independent of 6.

Question 13 continues on page 11

~10-



Question 13 (continued)

(b) Two quarter cylinders, each of radius a, intersect at right angles to form the
shaded solid.

A horizontal slice ABCD of the solid is taken at height /4 from the base. You may
assume that ABCD is a square, and is parallel to the base.

(i) Show that AB=+a®>—-h>.

(i1)) Find the volume of the solid.

Question 13 continues on page 12

11 =



Question 13 (continued)

(c) A small spherical balloon is released and rises into the air. At time ¢ seconds,

) ) 4
it has radius r cm, surface area S = 4zr* and volume V = gmﬁ.

As the balloon rises it expands, causing its surface area to increase at a rate

1

A\
of (%)3 cm?® s~'. As the balloon expands it maintains a spherical shape.

@

(ii)

(iii)

1

By considering the surface area, show that dr = L(iﬂ:)3
dt  8mr\3

1
Show that av = lV3 .
dt 2

When the balloon is released its volume is 8000 cm>. When the volume
of the balloon reaches 64 000 cm? it will burst.

How long after it is released will the balloon burst?

End of Question 13

12—



Question 14 (15 marks) Use a SEPARATE writing booklet.

(a) (1) Differentiate sin" " 16cos 6, expressing the result in terms of sin @ only.
T r
.. . 2 n (l’l—l) 2, n—2
(i1) Hence, or otherwise, deduce that sin" 0d0O = sin" “0do,
0 - Jo
forn > 1.
3
. 2, 4
(iii)) Find sin” 0d6.
0

(b) The cubic equation X - px +q =0 hasroots o, and y.
It is given that o’ + ﬁ2 + y2 =16 and o’ + ﬁ3 + }/3 = -9,
(i) Show that p =8.
(i1)) Find the value of q.

(iii) Find the value of o* + g* + y*.

Question 14 continues on page 14

13—



Question 14 (continued)

(¢) A car of mass m is driven at speed v around a circular track of radius r. The
track is banked at a constant angle 6 to the horizontal, where 0 <8 < g At
the speed v there is a tendency for the car to slide up the track. This is opposed
by a frictional force uN, where N is the normal reaction between the car and the

track, and i > 0. The acceleration due to gravity is g.

UN

mg

(i) Show that v2 = rg(m).

1—putan@

(i) At the particular speed V, where V2= rg, there is still a tendency for the
car to slide up the track.

Using the result from part (i), or otherwise, show that u < 1.

End of Question 14

_14 -



Question 15 (15 marks) Use a SEPARATE writing booklet.

(a) A particle A of unit mass travels horizontally through a viscous medium. When
t = 0, the particle is at point O with initial speed u. The resistance on particle A
due to the medium is kv?, where v is the velocity of the particle at time ¢ and k
is a positive constant.

When ¢ =0, a second particle B of equal mass is projected vertically upwards
from O with the same initial speed u through the same medium. It experiences
both a gravitational force and a resistance due to the medium. The resistance
on particle B is kw?, where w is the velocity of the particle B at time ¢. The
acceleration due to gravity is g.

(@)

(ii)

(iii)

(iv)

1 1
Show that the velocity v of particle A is given by — =kt +—.
v u

By considering the velocity w of particle B, show that
t=——|tan" | u [— |—tan" | w |— ||.
8k 8 g

Show that the velocity V of particle A when particle B is at rest is given

by
11 \/E _1( \/Ej
—=—+ |—tan |u [— | .
V u g g
g

e . 2
Hence, if u is very large, explain why V = — PR

Question 15 continues on page 16

— 15—



Question 15 (continued)

(b) Suppose that x >0 and #n is a positive integer.

1
(i) Show that 1-x<——<1.
1+x

(i1) Hence, or otherwise, show that 1-— 2L < nln(l + lj <l1.
n n

n
(i11)) Hence, explain why lim (1 + l) =e.

n—oo n

.. + .
(c) For positive real numbers x and y, /xy < Ty . (Do NOT prove this.)
2
. x? +y? .
(1) Prove jxy < o for positive real numbers x and y.
2,2, .2, 12
(i) Prove #abcd < \/ a+b"+c+d , for positive real numbers a, b, ¢

and d.

End of Question 15

—16 -



Question 16 (15 marks) Use a SEPARATE writing booklet.

(a)

@

(ii)

(ii1)

A table has 3 rows and 5 columns, creating 15 cells as shown.

Counters are to be placed randomly on the table so that there is one
counter in each cell. There are 5 identical black counters and 10 identical
white counters.

Show that the probability that there is exactly one black counter in each

column is .
1001

The table is extended to have n rows and g columns. There are
nqg counters, where g are identical black counters and the remainder are
identical white counters. The counters are placed randomly on the table
with one counter in each cell.

Let P, be the probability that each column contains exactly one black
counter.

n4

(7]

Show that Pn =

Find lim P,.

n—oo

Question 16 continues on page 18
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Question 16 (continued)

(b) Let n be a positive integer.

(i) By considering (cosa + isinoz)Z'1 , show that

2n 2n
cos(2nor) = cos*or — ( ) jcoszn_zasinz(x + [ 4 jcoszn_4asin4a -
e 20 2 in2n=2 n o 2n
+ 4 (=1) cos“a sin”" o + (=1)"sin”" x.
2n—-2

Let T, (x)= cos(2ncos_1x) ,for -1 <x<1.

(i1)) Show that

T, ()= 5 - @”jxh—z (1- %)+ (24]24 (1= ot 11— 22)

(iii) By considering the roots of 7, (x), find the value of

COS(%)COS(Z’-—:) COS(%).

(iv) Prove that
Ll
2 4 6 2n 2

End of paper
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STANDARD INTEGRALS

1 )

x" dx = O on#E-1; x#0,ifn<0
n+1

(1

—dx =lnx, x>0

X

Y

([ 1

e™ dx =—e", a#0
a

o

([ 1

cosaxdx =Esinax, az0

[ 1

sinax dx =—Ecosax, az0

[ 1

2
sec”axdx =Etanax, az0

r

1
secax tanaxdx = Esecax, az0

(1
5 2alx =—tan_1—, a#0
J a +x
-
1 X
dx =sm1—, a>0, —a<x<a
2 2 a
J a —X
(1
dx =ln(x+\/x2—a2), x>a>0
J x2—612

J;dx =ln(x+\/x2+a2)

NOTE : Inx=log,x, x>0

—20-—
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BOSTES 2015 HSC Mathematics Extension 2~ Marking Guidelines

Section 11

Question 11 (a)

Criteria Marks
* Provides correct solution 2
* Attempts to use conjugate of denominator, or equivalent merit 1
Sample answer:
4+3i _(4+30) (2+i0) 8+6i+4i-3
2—i  (2-i) (2+1i) 4+1
_5+10i
5
=1+4+2i
Question 11 (b) (i)
Criteria Marks
* Provides correct answer 1

Sample answer:




BOSTES 2015 HSC Mathematics Extension 2~ Marking Guidelines

Question 11 (b) (ii)

Criteria Marks

e Provides correct answer 1

Sample answer:

argz = 7r+tan_1(

j Vi
j e 1

G- Sl

= ﬂ—tan_l(

|
o)
|
<
=Y

Question 11 (b) (iii)

Criteria Marks

e Provides correct answer 1

Sample answer:

arg(ij =argz—argw
w

_st_x
6 7
_2n

42




BOSTES 2015 HSC Mathematics Extension 2~ Marking Guidelines

Question 11 (c¢)

Criteria Marks
¢ Provides correct solution 2
* Finds A, or equivalent merit 1

Sample answer:
1 A Bx+C
x(xz +2) B ;+m
1= A(x?+2)+(Bx+C)x
1= Ax* +2A+ Bx* +Cx

Equating constant terms,

1=2A
A=t

2
Equating coefficients of x2,
O=A+B

1
O=—+B

2
p=-1

2

Equating coefficients of x,
c=0




BOSTES 2015 HSC Mathematics Extension 2~ Marking Guidelines

Question 11 (d)

Criteria Marks
* Provides correct sketch 2
* Finds eccentricity, or equivalent merit 1

Sample answer:

For an ellipse p?=a*(1-¢?)

N 16=25(1-¢2)
E=1—e2
25
2=1-18
25
3

=V

S(3., 0 /5




BOSTES 2015 HSC Mathematics Extension 2~ Marking Guidelines

Question 11 (e)

Criteria Marks
¢ Provides correct solution 3
* Correctly differentiates, or equivalent merit 2
* Uses the chain rule, or equivalent merit 1
Sample answer:
Differentiating with respect to x
1+ 2xy3 +x23y29 =0
dy -1-2xy°
= = - 27;
dx x“3y
At (2, -1)
dy _—1-2x2x(=1)’
dx  22x3x(=1)?
1
4
Question 11 (f) (i)
Criteria Marks
¢ Provides correct solution 2
) 7] ) )
* Expresses cot@ or cosec@ in terms of tanE, or equivalent merit 1

Sample answer:

LHS = cot0 + cosecO Letr= tang

1—12 1+12
+
2t 2t

= RHS




BOSTES 2015 HSC Mathematics Extension 2~ Marking Guidelines

Question 11 (f) (ii)

Criteria

Marks

¢ Provides correct solution

Sample answer:

J(cote +cosecH)d6

r

= cothO
2

+c
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Question 12 (a) (i), (ii), (iii)

ylk

r
4

W14

=Y

Question 12 (a) (i)

Criteria
Provides correct solution

Sample answer:

Marks

yﬂ

=Y




BOSTES

2015 HSC  Mathematics Extension 2~ Marking Guidelines

Question 12 (a) (ii)
Criteria Marks
¢ Provides correct solution 1
Sample answer:
T A
arg(z2)== Y
2 2
+ 4
| %] =4 -
SO z2 =4
0 x
Question 12 (a) (iii)
Criteria Marks
¢ Provides correct solution 1

Sample answer:

v
2 —
 —Z
2
<
N T T~ .
- ~o
N /// \\‘//Z
= A
—Z ///\\
N , \
\
AN 7 \
N , \
N ’
N 7 \
N 14 \
AJig 1 >
or ' X
\\ N x
N !
\ /
N /
N /
\ ’
AN~
. \Z
N
- A
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Question 12 (b) (i)
Criteria Marks
* Provides correct solution 3
* Finds a, or equivalent merit 2
* Recognises that the conjugates are also roots, or equivalent merit 1

Sample answer:

The roots are a £ib and a * 2ib
.. The sum of the roots is
(a+2ib)+(a-2ib)+(a+ib)+(a—ib)=4
=4a=4
a=1

The product of the roots is
(a+2ib)(a—2ib)(a+ib)(a—ib)=10
= (a®+4b?)(a®+b%) =10
Buta=1,

S(1+4p2)(1+5%) =10

4b* +5b* +1-10=0

4b* +5p*-9=0
(462 +9)(p2-1)=0
b? =1
b=+l

~.Rootsare 1+i, 1£2i

Question 12 (b) (ii)

Criteria Marks

¢ Provides correct solution 1

Sample answer:
Therootsare x=1xiandx=1=%2i
Polynomials with real coefficients have roots that occur in complex conjugate pairs.

.. Using the sum and product of the roots, the required quadratics are:

W =(+i+1-D)x+0+i)(1=i) and x*>—(1+2i+1-2i)x+1+2i)(1-2zi)

—x2_2x+2 = x2—2x+5

~10-



BOSTES 2015 HSC Mathematics Extension 2~ Marking Guidelines

Question 12 (c¢) (i)

Criteria Marks
* Provides correct solution 2
* Attempts a division of polynomials, or equivalent merit 1

Sample answer:

(x-2)(x=5) _x*=7x+10
(x-1)  x-1
Using long division,
x—=6

x—lix2—7x+10

XZ—X

—6x+10

—6x+6
4

pCa LG I N

4
x—1 x—1

where m=1, b=-6, a=4

.. The oblique asymptote is y=x—6

—11 -
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Question 12 (c) (ii)

merit

Criteria Marks
* Provides correct sketch 2
* Identifies any TWO intercepts and the vertical asymptote, or equivalent 1

Sample answer:

yi
X = 1
i /,/’/)} =x-6
o 1 2 576 X
_6 :V//
oy,

—12 -
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Question 12 (d)

Criteria Marks

¢ Provides correct solution 4

* Attempts to evaluate the correct integral using a suitable method,

' . 3

or equivalent merit
* Provides correct integral expression for the volume, or equivalent merit 2
* Recognises the radius is 3 — x, or equivalent merit 1

Sample answer:

Radius of a typical shell is 3 — x 4 |
3 1
.'.V=27TJ (3—x)Vx+1dx //ﬁi
0 / |
Let u>=x+1 h - i
x=u’-1 i ‘
X 3 -
ii£=2u
du
x=0, u=1

area of a typical shell = 27zrh
x=3 u=2

2
:J/=2ﬂJ~(4—wﬂ)w2udu
1

3 572
:4,{‘&_”_}

3 5]
:4,{%_2_(&_1)]

3 5 \3 5
188

— 13-
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Question 13 (a) (i)

Criteria Marks
¢ Provides correct solution 1
Sample answer:
At Q, x=atan@, y=bsec0, so substituting into H,
2 2
LHS = (atag@) B (bsec20)
a b
B a’tan’ 0 3 b%sec’ 6
a’ b?
B a’b? (tan2 0 —sec> 0)
a’b?
2,2
b~ (-1
= aziljz) (since tan” 6 + 1 = sec? 0)
=-1
= RHS
Question 13 (a) (ii)
Criteria Marks
¢ Provides correct solution 2
* Finds the slope of PQ, or equivalent merit 1

Sample answer:

bsecO—btanO

The gradient of PQ is
atan@ —asec6

_ —b(tan6 —secB)
a(tan@—secO)
_—b

a

.. equation of PQ is
y—btanf = _—b(x—aseCO)
a

= ay—abtan0@ =—-bx+absech
= bx+ay=ab(tan6 +secH)

_ 14—
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Question 13 (a) (iii)

Criteria Marks
* Provides correct proof 3
* Finds a correct expression for the area, or equivalent merit 2
* Finds a correct expression for one relevant distance, or equivalent merit 1

Sample answer:

PO? =d?(tanB —sec0)* + b* (secO — tan 0)?
=(a?+b*)(tan6 — sec)?
~. PQ =+a*+b*| tan@ —sech|
=va® +b* (secO—tan0)

Since for OSQS%, secO > tanf
line PQ: bx+ay—ab(tanO+secO)=0
Perpendicular distance from O to PQ is
_|bx0+ax0—ab(tanf +sech)|

B Ja® +b*

_ ab(tan6 +sec6)

B Va? +b?

Now, area of AOPQ is

%x [ + b2 (secO — tan) x ab(tan6 +secH)

\]a2+b2

= %(sec2 0 — tan> 9)

= % (1) which is independent of 0

—15-
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Question 13 (b) (i)
Criteria Marks
* Provides correct solution 1
Sample answer:
The cylinder is bounded by a circle X+ y2 =a?
~.when y=h, x= \/a2 e
Or
Using the right hand quarter cylinder
A B
h
a
Using Pythagoras’ Theorem, AB = a’—h?
Question 13 (b) (ii)
Criteria Marks
* Provides correct solution 2
* Finds correct integral expression for the volume, or equivalent merit 1

Sample answer:

Area of the slice ABCD = a” — h>

Hence, the volume is given by

0
3 a
ft
3 Jo
3
4 units>

—16-
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Question 13 (c¢) (i)
Criteria Marks
* Provides correct solution 2
. das . dr ) .
* Correctly finds I in terms of o or equivalent merit 1
Sample answer:
1
Ar A
S =4nr® and d—S:(—ﬂ]z' and d—S:d—Sﬂ
dt 3 dt dr dt
ds dr
so—=8nr—
dt dt
1
( 4r )3 dr
— | =8mr—
3 dt
1
vin ﬂ = L(L‘—ET
SV T 8\ 3
Question 13 (c) (ii)
Criteria Marks
* Provides correct solution 2
* Correctly finds CZ—‘; in terms of % , or equivalent merit 1

Sample answer:

dv_av dr
dt dr dt
d—V=4ﬂ:r2£
dt dt
1
1 (4r\3
= 4nr? —(—”)3 by (i)
wr\ 3
1
3

17 -
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Question 13 (c) (iii)

Criteria Marks
* Provides correct solution 2
* Finds correct primitive for ¢ in terms of V, or equivalent merit 1

Sample answer:

As av =
dt

l
) — ==
64 000 .
J Vv 3dV——J
2
8 000
5 764000

1 —
—t=|4.V3
2 |3

1
2

2 8 000
r=3(402-20?)
time =3 600 seconds

(=1 hour)

— 18-
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Question 14 (a) (i)

Criteria Marks

¢ Provides correct solution 2

* Attempts to differentiate and obtains an expression involving cos’0,
or equivalent merit

Sample answer:

y=sin""6cosO
Y =u'v+vu Letu=sin""'0 v =cosf

w =(n—1)sin" 20 cosO v’ =—sin0

v =(n—1)sin" 20 cos’ 6 +sin" 1 6(—sinH)
=(n—1)sin"? 9(1 —sin? 9) —sin" 0
=(n—1sin"20-(n—1)sin" @ —sin" 6

=(n—1)sin"20—-nsin"

—19-
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Question 14 (a) (ii)

Criteria Marks

¢ Provides correct solution 2

* Attempts to evaluate the integral of the expression from part (i),
or equivalent merit

Sample answer:

y = j—z =(n—1)sin" >0 —nsin" O

T
2
J dy =J (n—1)sin" 20 —nsin" 0d0O

T
. x x
y }2 :(n—l)J' sin"_ZGdO—nJ sin" §d6
L 0 0 0

x

2 2
sin” '@ cosO }2 =(n—1)J sin"_29d9—nj sin" 0do
0 0 0

2 c n—2 2 s on
0=(-1)| sin"*0d6—n | sin"do
0 0

T T
2 (2
n| sin"0d6 =(n-1)| sin"?0d0
0 J 0
T T
2 n—1 (2
sin" 046 :(—] sin""20d0
0 nJJy

—20-
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Question 14 (a) (iii)

Criteria Marks
¢ Provides correct solution 1
Sample answer:
J sin*0do = ﬂJ sin” 6do
0 4 0
T
2—-1 2
A
4 2 0
3 1 [ 5
=Zx—| @0 } 2
4 2 0
37,
8\ 2
3t
16
Question 14 (b) (i)
Criteria Marks
¢ Provides correct solution 1
Sample answer:
b
o+B+y=——=0
a
c
of+oy+fy=—=-p
(o + B+ y)2 =0
ie o+ B +y” +2(af+oy + Py)=0
16-2p=0

p=38

21—
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Question 14 (b) (ii)

Criteria

Marks

¢ Provides correct solution

or equivalent merit

* Obtains a correct equation involving g and at least one of o, ,33, ;ﬁ ,

Sample answer:
o 18 a root so

o’ =pa—gq M
similarly B = pB—g )

Y’ =pr—q 3)
adding (1) + (2) + (3)

a3+ﬂ3+y3:p(a+,8+y)—3q
—-9=px0-3¢q

Soq=3

Question 14 (b) (iii)

Criteria

Marks

¢ Provides correct solution

* Obtains an equation involving ot + ﬁ4 + 7/4, or equivalent merit

Sample answer:

Since o’ = po—q

SO ot =po’—qga

similarly B*=pp*—qp
v*=pyi-ay

adding a4+[34+y4 =p(a2+[32+y2)—q(a+ﬂ+y)
=8X16—¢gx0
=128
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Question 14 (c¢) (i)

Criteria Marks
¢ Provides correct solution 3
* Provides correct resolution of forces, or equivalent merit 2
* Resolves forces in vertical direction, or equivalent merit 1
Sample answer:
N
N,
7]
Ncos@
UN u N
mg UNsin@
7] 5 6
Nsin@ UNcosO

Resolving forces:

Vertically N cosO — UNsin@ = mg (1)
2

Horizontally Nsin@+ uN cosf = m (2)
r

Dividing (2) by (1)
sin@ + ticosf ﬁ
cos@—usin@ rg

2=y sinf + [ cosb
. cosO — usinf
Dividing by <239 .
cosf

’ (tanO-huj
vi=rg| ———
1—putan6
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Question 14 (c) (ii)

Criteria Marks
* Provides correct solution 2
* Obtains correct expression for tan@ in terms of (4, or equivalent merit 1

Sample answer:

Sincev=V
+
vi= rg and vi= rg(tane—uj
- putan6
t
‘o an0+ u _1
- putan6
hence

tan@+ u=1-—putanO
U+ utan@=1-tand
1-tan@

SO =
1+tan@

since O<9<%, tan0 >0

so 1—tan@ <1 and 1+tanf >1
sou<ld

_24—
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Question 15 (a) (i)

Criteria

Marks

¢ Provides correct solution

e Obtains ¥ = —kvz, or equivalent merit

Sample answer:

2
0 <« —kv
=—kv
[
dt
dv
kdt=——
2
dv
S kt=—|—
m=l+c
v

1
Now t=0,v=u=C=——
u

l:kt+l
1% u

_25_
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Question 15 (a) (ii)

Criteria Marks
* Provides correct solution 3
* Correctly integrates to find ¢, or equivalent merit 2
« Obtains ¥ = —g — kw?, or equivalent merit 1

Sample answer:

| [

-8
0
X=—g—kW2
dw 2
s——=—lg+k
= (g rin?)
ﬂ__ 1
dw g+kw2

Nowt=0, w=u, so

C= ﬁtan_] (u \/S

—26-—




BOSTES 2015 HSC Mathematics Extension 2~ Marking Guidelines

Question 15 (a) (iii)

Criteria Marks

¢ Provides correct solution 1

Sample answer:

The second particle is at rest when w =0

1 \/E
S =——1tan u |—
&k g

At this time the velocity of the first particle is

Lol —an o 2| from )
V u gk 8

Question 15 (a) (iv)

Criteria Marks

¢ Provides correct solution 1

Sample answer:

1 _
for u range, — =0, tan 1[u\/gjz£
u g 2
1 k
So— = —E:Vzg §
\% g 2 T\ k
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Question 15 (b) (i)

Criteria Marks
¢ Provides correct solution 2
* Obtains one of the required inequalities 1

Sample answer:

Since for x =0

since (1+x)>0 we have 1—x<——

and since x =0 then

1-x%<1 ie (1-x)(1+x)<1
1
1+x

1+x2>1
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Question 15 (b) (ii)
Criteria Marks
* Provides correct solution 2
* Integrates the inequalities from part (i), or equivalent merit 1

Sample answer:

. ’ 1 b
Since L —dr= [In(1+x)] )
=In(1+b)—In(1+a)

We want ln[l+1) solet a=0 andb=l

n
1 1 1
n n 1 n
j 1—xdx SJ —dx SJ 1dx
0 0 1+x 0

1 1 1 1
.'.———2sln 1+—|<—
n 2n n n

multiplying through by n:

I_Lgnm(nl]g
2n n

—29_
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Question 15 (b) (iii)

Criteria Marks

* Provides correct explanation 1

Sample answer:

From (ii), 1—%Snln(1+l)31

n n
n
= 1—LSln(l+l) <1
2n n
) 1 ) 1Y )
Im|1-—— (£limIn|1+—| £lim1
n—oo 2n n—oo n n—oo
1 n
ie 1< lim ln(1+—) <1
n—oo n
1 n
= lim ln(1+—) =1
n—oo n
1 n
= lim (l + —) =e
n—oo n
Question 15 (¢) (i)
Criteria Marks
* Provides correct proof 1

Sample answer:

Replacing x with X%, y with y2 in the given inequality we have

2., .2
x“+
xzyzS Yy

x“+y
2

’ 2, .2
+ .
S0 4Jxy < s 2y , since x,y>0

ie xy<

—-30-



BOSTES 2015 HSC Mathematics Extension 2~ Marking Guidelines

Question 15 (c) (ii)

Criteria Marks

* Provides correct proof 2

* Uses (i) to obtain a valid expression in a2, bz, ¢? and d2, or equivalent
merit

Sample answer:

J(ab)(cd) = Jab~Jed

2, .2 [2, 2
a - +b° [c“+d
< by (i

\/ 2 \/ 2 y M

D

g l(az +b* +c? +d?
2 2
_ a? +b* +c? +d?
4
Taking positive square roots,

2 4,2, 2 2
4’—(abcd)g\/a +b ZC +d

) by given inequality
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Question 16 (a) (i)
Criteria Marks
¢ Provides correct solution 2
15
» Shows total number of arrangements is ( 5 ), or equivalent merit 1

Sample answer:

15
There are ( 5 J ways to place 5 black counters in the grid.

There are three choices to place a black counter in each column, so there are 3° ways to place
the black counters with one in each column.

5
.. Probability = > __ 8

15\ 1001
5

Question 16 (a) (ii)

Criteria Marks
* Provides correct solution 2
. (g ) .
* Shows total number of arrangements is , or equivalent merit 1
q

Sample answer:

n
There are ng places and we choose g places for black counters, giving ( ) arrangements.
q

There are n places for each black counter in each of g columns.

So there are n? arrangements with one black counter in each column.
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Question 16 (a) (iii)

Criteria Marks

¢ Provides correct solution 2

* Obtains an expression for P, with g terms in denominator, or equivalent

merit

Sample answer:

p= "
ng
(7
ng(ng=1) ... (ng—q+1)/q'
q'n?
ng(ng—1) ... (ng—q+1)
q!
1 2
(o= )lo2) - (=73)
n n n o n
Asn — oo,
q!
P, ——
n qq
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Question 16 (b) (i)
Criteria Marks
* Provides correct solution 2
* Applies De Moivre’s theorem, or equivalent merit 1
Sample answer:
By De Moivre’s theorem
(cosa +isiner)*" = cos(2nat) +isin(2nar)

By the bionomial theorem,

2n B 2n 5
(cosoc+isinoc)2”=cosz"05+(1 cos” Lo isina + 5 cos? 2 a(isiner)® +...

2n 2n
+ cosZ o (isiner)?" > +
2n—-2 2

2n
cosa(isinar)*" ! + (isinor)™"
n— n—1 2n
Equating real parts,
2n

2n _
cos(2na)=cos2"a—( 5 cos” 2 asin’ o +...+ 5
n—

jcos2 asin? 2o (=) +(=1)"sin?"

Question 16 (b) (ii)

Criteria Marks
¢ Provides correct solution 2

* Explains the connection between 7, (x) and cos(2na), or equivalent
merit

Sample answer:

T, (x)= cos(2ncos™ x)
put o = cos ™! x, sO X =cosc in (1)

k
noting that sin? o = (sin2 a )

= (1 — cos? (x)k
Then
2n

_ 2n _
T,,(x)=x (2

]x%—zu_m...+<_1>n(1_x2>"
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Question 16 (b) (iii)

Criteria Marks

¢ Provides correct solution 3

* Shows that the roots of T,,(x) are cos[fj, cos(—), ey

, or equivalent merit
4n

2k —1
e Obtains (or verifies) that cos((éli)nj are all roots of 7,,(x),
n

or equivalent merit

Sample answer:

0="7,,(x)= cos(2ncos ' x)

This occurs when 2ncos ' x = Qk-Dr

2
. -1 (2k - 1)7[
ie cos x=—"—

4n

((Zk - l)nj

x=cos| ——
dn
Consider the 2n solutions withk =1, 2, ..., 2n ie

(n) (3%) ((4n—1)7r)
cos| — |, cos| — |, ... , co§| ———
4n 4n ¥7)

As the angles are in the range O to 7 and are distinct these solutions are distinct. (Given that
cosx is decreasing for 0< x<r.)

We have 2n distinct solutions of a polynomial of degree 2n, and so these are all the roots.

As we have a polynomial of even degree, the product of the roots is the constant term divided
by the leading term. We may find the constant term by setting x = 0, obtaining (—1)".

2n 2n
1, , 1
Gh ()

The leading term is the sum of these and hence

( i ) (375) ((4n—1)75j D"
COS| — [COS| — |COS =
4n 4n 4n (Zn) (an
1+ + +...+1

The coefficients of x> are

In fact the denominator on the right may be simplified

( T ) (375) ((411—1)75) (-1)"
COS| — [COS| — |COS = =1
4n 4n 4n 2
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Question 16 (b) (iv)
Criteria Marks
* Provides correct proof 2
1
* Evaluates 7, (—j , or equivalent merit 1

NG

Sample answer:

thenl—x2:l

Putxz%
1 1 2n\) 1 2n\ 1 2n\ 1

T, —= |=—- —+ — (D" —

z(ﬁ) 2" (2] " (4) 2" (mj 2"

—cos(2ncos_IL =CoS nr

- 2 ) 2

1—(2nj+(2nj—(2n)+...+(—1)" (271) =2" cos(ﬂ)
2 4 6 2n 2
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Mapping Grid
Section I
Question Marks Content Syllabus outcomes
1 1 3.2 E3
2 1 2.1 E3
3 1 14 E6
4 1 7.2 E4
5 1 24 E3
6 1 4.1 E8
7 1 8 HE3, E9
8 1 1.7 E6
9 1 2.2 E3
10 1 8 E2
Section II
Question Marks Content Syllabus outcomes
11 (a) 2 2.1 E3
11 (b) (i) 1 2.2 E3
11 (b) (i) 1 22 E3
11 (b) (iii) 1 2.2 E3
11 (c) 2 7.6 E4
11 (d) 2 3.1 E3
11 (e) 3 1.8 E6
11 (f) (@) 2 4.1 PE6, E2
11 (f) (ii) 1 4.1 ES8
12 (a) (i) 1 2.2 E3
12 (a) (ii) 1 2.2 E3
12 (a) (iii) 1 2.3 E3
12 (b) (i) 3 74,75 E3, E4
12 (b) (ii) 1 74,75 E3, E4
12 (¢) (i) 2 1.8 E6
12 (c) (ii) 2 1.8 E6
12 (d) 4 5.1 E7
13 (a) () 1 3.2 E3
13 (a) (ii) 2 3.2 E3
13 (a) (iii) 3 3.2 E3
13 (b) (i) 1 8 E2

_37-—




BOSTES

2015 HSC  Mathematics Extension 2~ Marking Guidelines

Question Marks Content Syllabus outcomes

13 (b) (ii) 2 5.1 E7

13 (c) () 2 14.1E, 8 HE3, E8
13 (c) (ii) 2 14.1E, 8 HE3, E8
13 (c) (iii) 2 14.1E, 8, 4.1 HE3, E8
14 (a) (i) 2 4.1 E8

14 (a) (ii) 2 4.1 ES8

14 (a) (iii) 1 4.1 E8

14 (b) (i) 1 7.5 E4

14 (b) (i) 2 7.5 E4

14 (b) (iii) 2 7.5 E4

14 (c) (1) 3 6.34 ES

14 (c) (ii) 2 6.3.4 ES

15 (a) () 2 6.2.1 ES

15 (a) (ii) 3 6.2.2 ES

15 (a) (iii) 1 6.2.1,62.2 ES

15 (a) (iv) 1 6.2.1 ES

15 (b) (i) 2 8,3, 14E E2, HE7
15 (b) (ii) 2 8, 1.4E, 12.5 PE3, HE7, E2
15 (b) (iii) 1 8, 1.4E PE3, E2
15 (c) () 1 8.3 E2

15 (c) (ii) 2 8.3 E2

16 (a) () 2 8 E2

16 (a) (ii) 2 8 E2

16 (a) (iii) 2 8 E2

16 (b) (i) 2 24 E3

16 (b) (ii) 2 8 E4

16 (b) (iii) 3 7.5 E4

16 (b) (iv) 2 7.5 E9
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