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Section I

10 marks

Attempt Questions 1 — 10

Allow about 15 minutes for this section

Use the multiple-choice answer sheet for Questions 1 — 10.

Question 1

1
Which of the following is equal to | ————dz”?
& 4 / V4 — 9z2

A. %sin1 3; +C
B. ésin_l% C
C. %sin1 g +C
D. ésin_1 g +C

Question 2

A 100 litre tub of salt water has initial concentration 3 g/L.

Salt water of concentration 2 g/L flows in at 1 L/min and the mixture is stirred continuously,
before flowing out of the tub at 1 L/min. Which of the following correctly gives the equation

for the rate of change of concentration ¢ in g/L at time ¢ minutes?

A @ZQ_L
dt 100
B. @:L—Zc
dt 100
de 1
Caq T
p f_1 ¢
dt 50 100



Question 3

Let P(z) be a polynomial that leaves a remainder of 2 when divided by « — 3 and a remainder
of —2 when divided by z + 1.

Which of the following is the remainder of P(x) when it is divided by z? — 2z — 37

A —z+1
B. —x—-1
C.xz+1
D.x—-1

Question 4

The graph shows a sketch of y = sin™! x.

VR

N

=l——————_————

v
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The graph is shifted down by 5 units, before rotating around the region bounded by the curve,

the y-axis and y = 0, around the x-axis to form a volume of revolution.

Which of the following is equal to the volume of the solid?

1 2
A. 7r/ (Z —sin! x) dz
0 2



Question 5
A test contains 5 questions, each question can score 1 point if it is answered correctly, 0 if not

answered, and will deduct a point from the total score if it is answered incorrectly.

The probability of a student answering a random question correctly is 0.3.
The student will also leave on average, one out of ten questions blank.

A score of at least 3 is required to pass.

What is the probability that the student will pass?

A. 0.00837
B. 0.03348
C. 0.06615

D. 0.1638

Question 6
Which of the following is equivalent to the function f(6) = cos™!(cos @) defined

over the domain 6 € [0, 27]?

A+ |7 -6
B. 7+ |7+ 6
C.m—|m—40|

D. m— |7+



Question 7
9 position vectors all have length 6 units. At least two of the position vectors will have a

minimum dot product equal to which of the following?

A. 0
B. 18v2
C. 183

Question 8
A particle’s velocity is a function of time v = f(t).

The diagram shows the graph of y = f(¢)f'(¢).

y/\
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The particle has an initial velocity of 3 m/s.

Calculate the speed of the particle at time t = 6.

A. 3m/s
B. 4m/s
C. Vi3 m)s
D. \/ﬁm/s



Question 9
Let f(z) = 2z +1)(3z +1)(4dz+1)... (202 + 1).
Which of the following is equal to f(0)?

A. 207
B. 208
C. 209

D. 210

Question 10

Let y = f(z) be a continuous function defined for all real .
It has an inverse function defined by y = g(x).
Which of the following is equal to the derivative of y = g(g(x))?




Section 11
Attempt Questions 11 — 14
Allow 1 hour and 45 minutes for this section

Answer each question in the appropriate writing booklet.

Extra writing booklets are available.

In Questions 11 — 14, your responses should include relevant mathematical reasoning
and/or calculations.

Question 11 (14 marks) Use a SEPARATE writing booklet.

(b) Let «, 3,7 be the roots of the polynomial 32% — 32 + 4z +9 = 0.
Evaluate o + 32 + 2.

3
(c) Evaluate the integral / sin @ sin® 26 df.
0
(d) Find the coefficient of = in the expansion of (1 — 3z)(2z — 1)°.

(e) Prove that tan <% + 9) = sec 20 + tan 20 by using the substitution ¢ = tan6.

1

(f) Tt is given that a and b are real numbers such that sin™" a = cos™* b.

Prove that (a,b) lie on the unit circle in the first quadrant.



Question 12 (15 marks) Use a SEPARATE writing booklet.

d
(a) A section of the differential equation d_y =y — 22 is shown, along with a point Q.
x
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On the sheet provided, sketch a possible solution curve that passes through the point Q).

(b) Let n be an odd positive integer.
Prove by mathematical induction that 5™ + 2" is divisible by 7.

(c) Some butter is in the shape of a sphere, with radius r.
It is placed into an oven so that its volume is decreasing at a rate proportional to the
square root of its surface area, S. You may assume as the butter melts, it is melting

uniformly along its surface.

dr  —k
(i) Show that — = —= for some positive constant k& > 0.

it~ /S

(ii) The butter initially had radius 2 cm. By how much does the total melting time exceed
the time needed for the butter to shrink to half of its original radius?

Express your answer as a percentage, to the nearest percent.

Question 12 continues on page 11

— 10 —



Question 12 (continued)

(d) A graph of y = f(z) is shown.

N

0 O
SR

v

1
On the sheet provided, sketch y? = —.

f(z)

(e) For non-zero values of p and ¢, the polynomial equation P(z) = 2* — 2pr — ¢ =0

has 3 distinct roots. Prove that 27p* 4+ 16¢> = 0.

End of Question 12

— 11 —



Question 13 (14 marks) Use a SEPARATE writing booklet.

(a) (i) Let A and B represent the vectors a and b respectively.
A point P satisfies 3PA = PB, and all possible points P lies on the circle shown.

B
———————————————————————————————— :,—.
. : . ? 9 1
By using vector methods, prove the centre of the circle C' has position OC' = ég— §b'

(ii) Find the radius of the circle, in terms of ¢ and b.

15
(b) (i) Show that there are < 5 ) ways to distribute 10 identical pineapples between 6 people.

(ii) Hence, by considering the number of ways that 5 people can share up to 10 identical

pineapples, prove using a combinatorial argument that

> (1) -(5)

n=4

Question 13 continues on page 13



Question 13 (continued)

(c) A stream of water is shot from a nozzle from ground level at 21 m/s, at an acute angle of
elevation 6. A board is placed vertically 30 metres horizontally from the nozzle, with a

4 metre hole cut such that its base is 8 metres above ground.

_

4m

8m

Q
N
v

30m

You may assume that the position of a particle launched from the origin with speed U

and angle ¢ to the horizontal is given by
1
r(t) = (Utcos ¢)i + (Ut sin ¢ — §gt2) j (Do NOT prove this.)
where g is the acceleration due to gravity. Take g = 9.8 m/s?.

1
(i) Prove the Cartesian trajectory of the water follows y = x tan § — —x? sec? 6.

(ii) For what range of values of 6 will the water stream pass through the hole?

Leave your answer to 2 decimal places.

(iii) What is the total length of wet ground to the right of the board as 6 varies?

Give your answer to the nearest metre.

End of Question 13

— 13 —



Question 14 (17 marks) Use a SEPARATE writing booklet.

(a) Let AABC be inscribed in a circle of radius r centred at O.

Let ZAOB = o and ZAOC = 8.

(i) Prove that the area of triangle ABC' is given by
0 0
A = 2r%sin (%) sin % sin 3

(ii) Hence, or otherwise, find the value of § that maximises the area of the triangle

if o 1s fixed.

(iii) Hence, by treating 0 as a fixed angle or otherwise, find the values of o and 6 where

the maximum area occurs and state the type of triangle formed.

Question 14 continues on page 15



Question 14 (continued)

(b) There is a chemistry course at the University of Old North Scotland that has a course
size of 300 students. Students cancel their enrolment right before the course starts which
leads to empty spots. Therefore, the lecturer allows for more than 300 enrolments before
the course to account for this, given that the lecturer expects to be overbooked at most
1% of the time. What is the range of values of the probability that a singular student

comes to class if the lecturer opens up 320 enrolments?

You may assume that the sample size is sufficient for the normal approximation to the

binomial distribution to be used (without continuity correction).

You are given that if Z ~ N(0,1) then P(Z < 1.285) = 0.9 and P(Z < 2.326) = 0.99.

(c) (i) Prove that if 1 = [w, then w = Ae' for some real numbers A and .

(ii) Suppose that y; and y, are the solutions to the paired differential equations
Y1 = 2y1 + 6y,

Y2 = 2y1 + 3y

with the initial conditions y;(0) = 2 and y»(0) = —3.
Prove that ¢y + ky2 = (2 + 2k)y1 + (6 + 3k)y, for all real constants k.

(iii) Hence, by letting k = 2 and another suitable value, solve the differential equations

for y; and ys».

End of Paper

— 15 —
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Sketch a possible solution curve that passes through the point Q.

Place inside booklet for Q12 at the end of the exam
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A section of the differential equation
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Sample Solutions

NOTE:

This process of checking your mark is about reading the solutions and the comments.
Before putting in an appeal re marking, first consider that the mark is not linked to the
amount of writing you have done.

Just because you have shown some ‘working’ does not justify that your solution is worth any
marks.

Students who used pencil, an erasable pen and/or whiteout, may NOT be able to
appeal.
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Section | Multiple Choice Solutions

1 2 3 4 5 6 7
A D D A B C B
1 Which of the following is equal to / ﬁdw?
% sin 3; +C
B. % sin™* 3; +C

C. %sin_1 g +C

1
D. Esin‘1 g +C

Method 1: f— dx =
\/4—9x2

Fe="
=

1 [ 3x
= —sin | — | +C
3 2

Method 2;: Reference sheet

IL sin”f(x) + C

V1-[F0)P

4—9yx2 4—(3x)?
1 : 3x
= —smn |—|+C
3 2
A 146
B 2
C 5
D 0

MC #1

10



S aOw

A 100 litre tub of salt water has initial concentration 3 g/L.

Salt water of concentration 2 g/L flows in at 1 L/min and the mixture is stirred continuously,

before flowing out of the tub at 1 L/min. Which of the following correctly gives the equation

for the rate of change of concentration c in g/L at time ¢ minutes?

dc c
A =2 100
dc 1
dc 1
C. %—%—C

@_L_L
dt 50 100

If ¢ = 2 then the system is in equilibrium i.e. same in as same out.
This is only true for option D.

Otherwise:

Input: Gramsin=2g/L X 1 L/min = 2 g/min
de 2
Cdr 100

Output: Grams out=c g/L X 1 L/min = ¢ g/min
ode ¢
odr 100
dc 2 c 1 c

Input — Output: — = —- = -
nput — Outpu dt 100 100 S50 100

66
10
27
50

MC #2



Ca=

Let P(z) be a polynomial that leaves a remainder of 2 when divided by z — 3 and a remainder
of —2 when divided by x + 1.
Which of the following is the remainder of P(z) when it is divided by z? — 2z — 3?

A —z+1
B. —z—-1
C.xz+1
x—l
By the Remainder Thm:
P(3) =2
P(-1)= -2

Note: x> - 2x -3 =(x-3)(x + 1)
P(x) =(x -3)(x+1) Q(x) + mx + ¢

[+ deg (remainder) < deg (divisor)]

S3m+ ¢ =2

—-m+c = -2

“dm =4 = m =1

11
12

120

MC #3



S a= >

The graph shows a sketch of y = sin™! z.

Y y
2 A
I 2
! /f@) =sin"(x)
!
|
I p
! - ;1
I -1 A0
. |
~ O 1 P ' 7[
@ -3
R
A4
-t

The graph is shifted down by g units, before rotating around the region bounded by the curve
and y = 0, around the z-axis to form a volume of revolution.

Which of the following is equal to the volume of the solid?

7r /01 (g —sin! x)zdx
B. 71'/0% (g —sinx)2dac
C. 7r/01 [g — (sin™? x)z] dz

D. 71'/0% [72_r - (sinx)z] dx

1
Volume = T f f (x)? dx
0
The ‘new’ function is f(x) = sin"!(x) - %

Or, students can note after drawing the transformation that the other responses are clearly
invalid/wrong.

120
12
15

6

MC #4



S aOw

A test contains 5 questions, each question can score 1 point if it is answered correctly, 0 if not

answered, and will deduct a point from the total score if it is answered incorrectly.

The probability of a student answering a random question correctly is 0.3.
The student will also leave on average, one out of ten questions blank.

A score of at least 3 is required to pass.

What is the probability that the student will pass?

A. 0.00837

0.03348

C. 0.06615

D. 0.1638

P (correct) = 0.3; P (left blank) = 0.1; P (incorrect) = 0.6

Score = 5: 5 correct answers
P (5 correct) = 0.3°

Score = 4: 4 correct + 1 blank or 4 correct + 1 wrong
3C to get the 4 correct responses
P (4 correct) =°C; x 0.3* x (0.6 + 0.1) =°C; x 0.3* x 0.7

Score =3 3 correct + 2 blanks
3C, to get the 3 correct responses
P (3 correct) =°C, x 0.3° x 0.12

20
80
39
14

MC #5



6 Which of the following is equivalent to the function f(f) = cos™(cosf) defined

over the domain 6 € [0, 27]?

A 1+ |7 -0
B.m+|r+6
™+ o) A 14
@ : .
C 124
D.m—|m+6| b 12
Forg € [0,m]:  f(0) =0
Only option C gives this.
Note: 71— 60|=n—-0as0<0<~x
7 9 position vectors all have length 6 units. At least two of the position vectors will have a
minimum dot product equal to which of the following?
A. 0 A 28
B 81
D 6
C. 18V3
D. 36

These 9 vectors lie on a circle, radius 6 units, centred at the origin.
Divide the circle into 8 equal sectors, with angular separation of 45°.

By the PHP, 2 of the vectors must lie in the same sector (or the boundary of two sectors)

Note: cos 6 is decreasing for 0 < 6 < %

V'V = |v| X |V| cos 0
l

J

MC #6



A particle’s velocity is a function of time v = f(¢).
The diagram shows the graph of y = f(¢) f'(¢).

y\

y <+

T4

R

The particle has an initial velocity of 3 m/s.

Calculate the speed of the particle at time t = 6.

A. 3m/s
A 11
B. 4m/s B 4
C 56
C. V13 m/s D 44
. b 1 b
Note by the reverse chain rule: f f@) ' (t)adr = [5 f (;)2}
a a
: . . 3 -(-2)
What is the equation of the line for 2 <7 < 6? y—3= ﬁ (r —6)
5
y=3+—(t—6
y 7= 6)
6 5 6
f f&)f' (e)ar = |3t + E(t—6)2 =18 —(6+10) =2
2 2

2 6
ff(t)f’(t)dt=2+0=2 =ff(z)f'(t)dt=z+2=4
0 0

%[ v(6)2 — v(0)?] = 4.5 = v(6)> — 9 = 8

s v(e) | = 17

MC #7



9 Let f(z) = (2z+1)(Bz+1)(4x +1)...(20z + 1).
Which of the following is equal to f'(0)?

A. 207
A 3
B. 208 B 17
C 117
@209 D 16
D. 210

Method 1: Look for a pattern i.e. inductive thinking (and the product rule)

n=1: fl’(O) =2

n=2:f2'(0)=2><1+3><1=5=2+3

3
I

30 f,0)=5X1+4X1=9=5+4=2+3+4

n = 4: f4’(0)=9><1+5X1=14=9+5=2+3+4+5

22 X 19
SOf’(O)=2+3+4+...+20=T=209

Method 2: Implicit differentiation
Take In (log.) of both sides and let y = f (x)

Iny = In (2x+1DBx+ Ddx+1) X ... x(20x+1)
=ln(2x+1) + nBx+1) + In(4x+1) +... + n(20x+1)

Differentiation both sides wrt x:

y' 2 3 4 20
+ + + ..+ —
y 2x+1  3x+1  4x+1 20x + 1

!
0
"'_yéoi =2+34+4 +..420=y(0)=2+3+4 +...+20)y(0)
y
22 X 19
y(0)=1>y(0)=2+3+4 +...+20=T=209

MC #8



10 Let y = f(z) be a continuous function defined for all real z.

It has an inverse function defined by y = g(z).

Which of the following is equal to the derivative of y = g(g(z))?

1
f’(g(w))f’(g2(w))

g(x) =1
sg' () =071 ()

1

1 ()

_ 1
T (g ()
d

In general:
& dx

S aO= >

— g (g(x) = g'(x) X g"(g(x))

1 1

d
e 88 W) = s X Sy

1 1
RS

1
T ) f 7 (52W)

MC #9

48
52
23
29



Section 11 Q11 Solutions 14 Marks

2z +1
(a) Solve e
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2xtl= Zx—%2"
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Question 11 (a) continued on page #2

Q11 #1



Question 11 (a) (continued)
Methed @) : X (o)

-V 2l 22 X (52"
(3~x)(zx+1)> Z(3-2)°
(3-2)(zx+D—Z (3~x)" >0
(3—2) (27t 1= Z(3-2)PO
(3-2) (X ==+ !)Qif (x3) (== +1)K0

ne sty

we wait KO ~> hedgwr 2 -2ai y X #3
e 2T

Ql1#2



ov b c d

(b) Let a, 3,7 be the roots of the polynomial 3z* — 3z% + 4z + 9 = 0. 2
Evaluate o? + 3% + 7>.

w+ By T () ) 2Bt py ey
- CH)-2(8)

=G ~2(%)
=1 _/é

P
— -

o
GM
— wedl o7z o SAudents whe

QI #3



(c) Evaluate the integral /O gsinﬁsin'z 26 df. 3
=2 5106 (2506cer0) A €
— Lf& % S0 cofOL B
= C@E <106 (| ~co3 ﬁ)&v%% AE
[ecaute we wank #ﬂujf (%) S (%)t = [ ﬂ“

"%S Sméfooé smf?omeaéé?

jus :§(>( ) 5®° f@) et
- "%S s o' — (smemg)a(é’

— Coj’be Sﬁ °L

Question 11 (c¢) continued on page #5

Q1 #4



Question 11 (c) (continued)mM@: fdfvﬁrééﬂ(@; MM ﬂé;%
5.
) 6. H 1=t )d6
P ’LS{SMQ — SinBcatole SnwAwsb= z(ﬁsﬂ (A 18)+ s 6"5))
_ — L (sq Sorsufe) T 4

pE——

— — % (Sin56~5ia36)
:‘LE@T}@—'L @956‘ 145 j"é,z
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(d) Find the coefficient of z in the expansion of (1 — 3z)(2z — 1)°.

(-3 OB g+ 0N T
m Z@%o@‘x :

We wuil codkF. A £ —>

— % X cradant ~— | X

= S %("D?XO}@ = 701(,,)6’(2)'
Sl AR

|

Q11 #6



(e) Prove that tan ) sec 26 + tan 26 by using the substitution ¢ = tané. 3

Wmmmmt ~forruhe & =26

= T I=7 4,076
9ine) Thea o1 S 2.6 = _2/ G020 = L 1T tun76= 22,

[HS m[qf#'é’) " A
—-m—wwﬁww ploFom
| =t tan &
— /’f‘mé) ta/L‘('"'}
[ —Tn®
= [+
(»-15
KHS = @czeFCMz&

— +-
028 ""'2—,5{;7'

e fFt- 24

.——-.____-:E—,Z——\_.
= (/+t)
(- -t)Z“H\t)

= [HS
C omenia;
T he Q weareadly well Aot

QI1#7



(f) It is given that a and b are real n uch that(sin ' a j 2
Prove that (a,b) lie on the unit circle in the first quadrant.

6= w(w == ”‘]

6 =0 (b) 6£0 7;7
6 muat b Tareen, O 2T
waww (comamers rmize),

OW

— Al A& shidents M@MW@&, b>o

Lo cauae had o (C/LQI
Twww% ey \}LZ\

Question 11 (fyTontinues on page #9
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Question 11 () (continued) - "\ \ﬂ =Sun Xﬂ/
J=e X,

ol

a/f-b:(f; —> s (F)=es ()
R I\
F T =
(@%\};}Mcﬁmm b=
O S4A =G
S (o 10) = Sir(ers 1)
g =yl—5" B
a/’z, - I_,éz, 6
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Qb= (PT)

End of Q11 Solutions
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15 Marks

Q12 Solutions

Section 11

=y — x? is shown, along with a point Q.

d

dy

(a) A section of the differential equation
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On the sheet provided, sketch a possible solution curve that passes through the point Q.

Possible Answer 1
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Possible Answer 2
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(a) (continued)
Well done.

No half marks

To receive full marks, the curve needed to
- be smooth and have the correct overall shape

- not cross any of the segments
- follow the correct directions indicated by the slope field
- pass through the point Q
Common errors:
- Sketching only the left-hand or right-hand portion of the curve. No marks were awarded for an

incomplete curve.

- Difficulty following the directions of the slope field, particularly on the right-hand side.

- Drawing a curve that crossed one or more of the given segments.
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(b) Let n be an odd positive integer. 3
Prove by mathematical induction that 5™ 4+ 2" is divisible by 7.

Base case n = 1:
5' +2' =7 which is divisible by 7
Therefore true for n = 1.

Assume true for n =2k + 1,1.e. 5*" 42" =TIM keZ' M eZ"

Prove true for n =2k + 3, i.e. 5% 4 2% =IN ke Z" NeZ"

LHS — 52k+3 + 22k+3

— 52 % 52k+1 + 22 % 22k+l

=25(7M -2 )+ 4x 27

= Tx 25M —25%x 2K 4 4% 2%+

=Tx25M —21x 2%

=7(25M -3x2%)

=7N (where N =25M —-3x2**" which is an integer)
7N is divisible by 7, as required.

Hence, by mathematical induction, 5" + 2"is divisible by 7, for all » be an odd positive integer.

Well done.
Most students were able to follow the correct proof structure of mathematical induction.

As this was a proof question, errors in establishing the base case or stating the induction assumption
affected students’ ability to complete the proof successfully.

Common mistakes:
- Students did not realise that n is odd, which prevented them from completing the proof successfully.

- Students did not follow the standard structure of a proof by mathematical induction. Please refer to
the 2025 and 2024 Mathematics Extension 1 HSC papers for examples of the expected proof
Structure.

- A few students made careless errors, such as miswriting 2 as 7, which led to incorrect solutions.

Students should take care to check their working and ensure that numbers and expressions are
copied accurately.
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(c) Some butter is in the shape of a sphere, with radius .
It is placed into an oven so that its volume is decreasing at a rate proportional to the

square root of its surface area, S. You may assume as the butter melts, it is melting

uniformly along its surface.

d —k
(i) Show that &~ 7% for some positive constant k& > 0.

dt /S

S =4xr* (area of a sphere)

d—V:—k\/§ (given)
dt

dr_dr av

dt dV dt

=éx(—k\/§)

_ —k

s
Generally well done.

No half marks.

As this is a show type question, sufficient working was required to demonstrate the necessary steps and
Justify the answer.
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(c) (continued)

(ii) The butter initially had radius 2 cm. By how much does the total melting time exceed 3
the time needed for the butter to shrink to half of its original radius?

Express your answer as a percentage, to the nearest percent.

dr k k k

a” S Jaz®

=2 mrdr = —kdt

0

2 t
J 2\/;rdr:—J k dt
2

t
0

[V

= —[kt]

2
N7t —adr =kt
_ W=z’

k
t(l):%
Jr

t(O):T

St

NN

1(0) (1) Kk k
100% = —K_x100%
t(]) X 0 i X 0
k

:lXIOO%
3

B 33%
Generally well done.

Common mistakes:

- Some students had difficulty separating the variables correctly that they did not substitute 4z’ for
S, which prevented them from integrating correctly to obtain the required relationship between r
and t.

- Some students did not recognise that 4 =27 .
No marks were deducted. However, being able to simplify expressions is essential for solving
problems efficiently and accurately.

- Some students did not read the question carefully. The most common incorrect answer was 75%,
which suggests that the final question requirement was not fully considered.
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(d) A graph of y = f(z) is shown.

'yl\

AN
i

1
On the sheet provided, sketch y? = —.
P YT @)

e e -

Generally well done.

To achieve full marks, the curve needed to:
- have the correct general shape
clearly show the asymptotes: y ==x1, y-axis and x = 4

intersect the original curve at y = +1

be symmetrical
have no graph between x =2 tox =4

Common mistakes:
- Some students did not recognize that y = —1 is an asymptote as well.
- Some students forgot to erase the section of the graph between x = 2 to x = 4, resulting in an
incorrect sketch.
Students should check their final graph carefully and ensure that only the required sections are
shown.
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(e) For non-zero values of p and g, the polynomial equation P(x) = z* — 2pz — ¢ =0

has 3 distinct roots. Prove that 27p* + 16¢% = 0.

Method 1a: Method 1b:
P(x)=4x’-2p=0 P(x)=4x"-2p=0
. o 3
= V4 Sop=2x
2

P(x)=x"-2px—q

=x*'-2x2x’xx—¢q

:x(x3—2p)—q =-3x'—¢
p =0
=x| =-2p |-
(2 pj ! )
3 S.qg=—3x
= Py
0 ~.27p* +16¢* =27(2x°) +16(-3x*)’
=27x16x" +16x(-27)x"
2q
X=—— :0
3p
} Method 1c:
(24| _pP
\3p) 2 P(x)=4x-2p=0
1
_(r}
8 p x_(2j
27p° 2 4 1
3 3
P(x) = BJ —219(3] —q
~.—16¢" =27p* 2 2
1
py(p
S 27p" +16¢° =0 (P[P _p,|_
e 2 (225)-4
1
_(L2P(_3r)_
2N 2) !
1
_3p(p)_
"2 [2] !
=0
4 4
ie3p’=-23q
4 3 4 3
27p* =-164"

~27p* +16¢° =0
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(e) (continued)
Method 2:

Let a,a, 5,y be the roots of P(x)=0

20+ pf+y=0 O]
a’+2af+2ay+pPy=0 @
a’p+a’y+2afy =2p ®
a’fy=—q ®

-By=a’ +2af+2ay

=a’+2a(f+y)
=a’ +2a(2a)
=-3q’

- By =3a’

27p* +164° = 2p) +164°

a’B+a’y+ 20{,87/) +16(—a2ﬁ;/)3

(
2
—6(
:—Z[az B+7) +2a(3a )]4—16056(30:2)3
_7[,12 “2a)+2a(30?)] ~16a° (30°)
(

20’ +6a’ ) —16x27a"
:2(4(13) —16x27a"
6

=27x16a"” -16x27a"

=0
Generally well done.
Method 2 was the more popular approach; however, no students were able to apply it successfully to
complete the question.
To receive the first mark, all four sums and products of roots were required to be established.
Using multiplicity was the recommended approach. However, some students experienced difficulty
manipulating the algebraic expressions required to complete the proof.

Students should continue to develop their algebraic manipulation skills, as these are essential for
constructing clear and accurate proofs.

End of Q12 Solutions
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Section 11 Q13 Solutions 14 Marks

(a) (i) Let A and B represent the vectors @ and b respectively.

A point P satisfies 3PA = PB, and all possible points P lies on the circle shown.

Since C s the contre o,‘ civele  and Q,C andK ave (‘(\//iwem"(@f
i% d\amejru,

C s o \/\/\cc‘rﬁ;w\)( of GR
@ ond R gq{nse\’ Hre aonditicu da'fm..M) P 1-@
P = G | 5GA = GB

P=R \ %RA_; R =
. let OA =a C8 =b
Gk - 1a8 o
= > =
R = 0A - 0Q
= a - 0@ A
8= 08 - oG



(a) (continued)

Cinee R lieg lyu"weeu A anol I3

Ri = -1Rp

= ——';)3 — —_—

OK - GR ==L (O - oR )
o) : .

@ -0 ==l Ch =2F)

— —= —
CC= 5 (0& +0OF)
= L 2 L | \ T P
- -zg-zl;k+ .3 a +Qb'> (_From é ()WIC/Q)
ox q -1
Bk H\Q>
= 3a -1l
2~ 22

Marking Scheme:

1 mark: Correctly finds either position vector OR or @
1 mark: Correctly find the remaining position vector (ﬁ or @)
1 mark:

Complete the proof using valid vector methods to derive the required result

Marker’s comments:

e This question was poorly answered by majority of candidates.

e The relation 3PA = PB specifies scalar distance, making the assumption 3PA=PBa major
conceptual error since P, A and B generally form a triangle rather than parallel vectors.

Conversely, O and R are unique boundary points where P is collinear with 4 and B making them the
only locations where this magnitude ratio can be converted into directed vector equations.
[ ]

Some candidates wrote correct vector relationships but made no meaningful progress
towards the required result and therefore could not be awarded marks.
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(a) (continued)

(ii) Find the radius of the circle, in terms of g and .

: —
r=_ 4 |6R]|
=) =)
= .lz)orz—oa?
Ll 7 3 L, -~ (3 —Lh)]
- JZ'](EQ-+T4-L’« (zq* 2b“)
= & -3 Z
- e 2 b |
= 2|b-a]
)
Marking Scheme:
1 mark: Correct answer.

Marker’s Comments:

e This question was poorly answered, with very few candidates obtaining the correct radius.

e Some candidates got close to the correct answer but failed to express the radius as a length
not vector.
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15
(b) (i) Show that there are ( . ) ways to distribute 10 identical pineapples between 6 people. 1

lﬁ\l (€ icdentica) [oszml)l)les b V«apwsemhci {9\; (€ ilentical 5"/"”93,/,97iﬂ,7
lo divide these o P“"“‘P}’,“ among b distinet ()ee/;l(,bw need
((z-—[=§) Q.(iv'idzvi NPMSem‘-@C’ L)\/ S\{M'oc' ,
Exavvnp‘c ok | fobt fob [ S | | %
represents pevsen 4 g ets 2 pineapples | pevses Z,,fj,ds I
Pz'mea[)p/"s | persen 4 9e/s //9/'”40/3/)/8 f/oé»’S’cfn 4{36115
ZP,‘”faplﬂfs / /9603014 S_ﬂaf's‘ 4, /D/HOK«PP/(’S amé"//)ey,ccn
:a(’ S 2 13/‘5/?(’61/9/) Zs. —
Te ovder these . it is equal te hoving IS + , and choesing any
k 1 9 . ! j /
§ ot them fe tuvn 1o |

('ICS:FY) = (g) (AVZ7- RV ES

Marking Scheme:

15
1 mark: Provides a correct explanation or proof for [ s j by explicitly defining the 10 pineapples

and 5 dividers within the context of the problem.

Marker’s Comment:

e Candidates did not receive the mark if insufficient explanation were given to explicitly link
the math to the scenario of the question.
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(b) (continued)

(ii) Hence, by considering the number of ways that 5 people can share up to 10 identical 2

pineapples, prove using a combinatorial argument that

“ /n 15
>()-(5)
COV\SICIQV ’l’)Lg,)lL éLtaVu,’I? uML[ (/\51017 M(fwc/ 1 [') '
C l”.?n'mear)plas -\ th O -+ am(,/ Y ! | So ﬂ«eve Qare (:)NO\/S
[ pine aPIJ’C ¢ Wwith | o OMC/L/ / / [e) ﬂ‘eré ave [5)0\/0'/5
2 I.’)imzaPPltS : l/\/:ﬂ| 2 4 ClV!C/ Y | ; Seo ﬂtéV? ave [5) Ways

0
o

. 'L/7 )
[0 pineapples  with 10+ aud 4 | Setheve ave (! )v\mys
o 5/%@ % ,'71»1(?6:/)/7 bé?‘wn(u g )/e ‘rllu( Qare

s o

q
:‘qﬂ\/ /zH Ovivr IV (C((L: cCase /cwzl o{ ﬂw /0) Qv e [?m/mbm//(‘ﬂ//l/
3”“1@7%& 5’/)(7% /75» son. This (5 an C/Xc?('f/("o//K’}/'?("zrc?’(’f?("6' Fo
b) 1)

4

= (1) = (")

N=i <

Marking Scheme:

1 mark: Correctly establish the case by case sum for 5 people with brief description.

1 mark: Connect the “leftovers” to the 6% person to link back to the result in part b) 1).

Marker’s Comments:

e This question was very poorly done.

e Many candidates struggled failed to give "combinatorial argument" and did not know
how to break down the problem into mutually exclusive cases based on the number of
pineapples distributed.

A combinatorial argument is a proof where you show an identity is true by counting the
same group of objects in two different ways with explanation, not expanding factorials.
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(c) A stream of water is shot from a nozzle from ground level at 21 m/s, at an acute angle of

elevation 6. A board is placed vertically 30 metres horizontally from the nozzle, with a

4 metre hole cut such that its base is 8 metres above ground.

4m

8m

30m

You may assume that the position of a particle launched from the origin with speed U

and angle ¢ to the horizontal is given by

1
r(t) = (Utcos )i + (Ut sin ¢ — Egt2> j (Do NOT prove this.)

where g is the acceleration due to gravity. Take g = 9.8 m/s?.

(i) Prove the Cartesian trajectory of the water follows y = ztanf — —xz2sec? 6.
U=12] f.c Q-8
A= 2]tces€
R b 6
2(cesE
wi-BEe

t,(: ZI‘fQIv?é/ "i—
= 21tsine -Y4Yqt* (2
5&,(‘9 6 ivl*C' é

, A
= 2 Y 6 }. eiis qcl ‘Z_
k/ P ( ) 2l cosE )

2lces€
= xtaw €& — 4.9 x*
21 ¢as*6
\/ = A {'C(mé ~ L 7525(’(‘2&

= =
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(c) (1) (continued)

Marking Scheme:

1 mark: Correctly obtains ¢ = ort= .
21cosd U cos®

1 mark: Correctly substitute  into y =21¢sin & —4.9¢ <or y=Utsinf - 4.9t2) to obtain the

required result.

Marker’s comment:

e This question was well done by the majority of candidates.
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(c) (continued)

(ii) For what range of values of § will the water stream pass through the hole? 3

Leave your answer to 2 decimal places.

A=30 §<yliz

From (i) Y= 20tan@ - L x 307 sec’€
9o

3Ctau -10504"6

30tanmé — (0 ( 1+tan6)

2.\ = —(0tan®6 + 30tam€ —I0

H

n

Case - —10tan’€ + 30 tom & —i0 > €
e [0tan?6 ~30tank + (0 £ ~8
j0tan’€ —30tané +18 < O
TCtan'6 —iStauB +9<L O

When S tan'€ —is tang +9:=0 taul = [§f|/} (—n’)"—{/xs’x‘]

[0
q = 1§51 3¢
\ 10
- { “Lﬁ v
i i
-. iv-3(cZ 60\"6‘ (Is+3(5 (Erorm ghetch Cf/)t?w)
I —— e —

{0 [0
-, 2966 £ & ( 65.27°
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(c) (i1) (continued)

o

(ase 2 ~ { C tan 2": + 20 tan & — 10 l i2
(Ct“'\‘/‘z’;-" = £0 t(au(: 10 D ~I12
(Ctan'€ —3etané t22 >0
-~ ', Py 5 .
Stann € — i3 tann€g Il 20
iNhen Stanl€ —iStaqu@ tll =0 lan & = (ST{(-i15)-9xSx|
FAVA AN R anvt v — AR A

10

:/2}6

LO

- ]/om@’ Zﬁ:ﬁ or lan B >/§1E
[o 0
9 14 §l~qz° or @ )jﬁ‘ggc
gc-(mi‘c,m = .‘/_/‘Zé /m/ev;‘((/{cu o/ S'C‘/u ficm 0/‘ 777(’ ch;sc“s

o

29.66°/ B L §S1-V° or 59.838 <L Bl 45.27°

Marking Scheme:

1 mark: Correct working to establish 8 < —10tan”* @+30tan—10 < 12.
1 mark: Solves one complete case to find its boundary angles and interval solution.
1 mark:

Solves the second case and evaluating the correct overlapping compound range for 6.

Marker’s comments:

e This question was poorly done by many candidates.

e Common mistake by candidates were treating each case strictly as a quadratic equation

to find the roots.
While this identified the critical boundary angles, students heavily struggled to piece these values
back into a logical final range, leading to a high failure rate for the final compound interval.

Conversely, candidates who solved each case as a quadratic inequality were vastly

more successful, as the inequality regions naturally guided them to the correct
overlapping intersection.

Candidates are reminded to leave their final answers in degrees to two decimal places

as modelled in the solution, ensuring their responses align with physical trajectory
contexts.
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(c) (continued)

(iii) What is the total length of wet ground to the right of the board as 0 varies?

Give your answer to the nearest metre.

Tc rﬁmd the z'\on?on'[al rcmg(’ 7(, let iro

Atanl ~ L 32500%R = D
I R .
A (tan€ —L xsec*)=0C
qo
Sivce the ,prc;jec/f/e of watev lands at a distance x40
. toane -1 xsec’8 =0
9e
A = qO{QVle
sec*l
= 4ex2sinbeesl
X = USsin 28

censider The qulpam/e valicl dlonains 7/o?v e

FVOM C) il) r
Casel: 3964 £6 £51.93
- 748° £ 20 £ tog. §¢°

As -1 £ sinte ¢ | e

A Sy

26 = ‘[0“ gives Xysayw amo’(h‘ lies withn this
USsin o i inteval )

Uym

f—fﬂe Minim um Olisjmwc(’ -fcr 2 olCuvs a:‘ﬂu [ywﬂﬂd bomnﬂl-ﬂom 900
yssin(ie3.36°)

U3-69m (2d.p)

Case? . SO (L5.27°

S 11996 ¢ 26  t30-54°
Ciner 2=4S g 28 js ffv.'ct‘/u/ decwasm7 in this olewain

Lpray = USsin (N 1-76") = 29.06m (2d.p.)
Xpmin = USsin (130.54%) = 3Y4-20m (20l.p)

hon

XWUV)

~
-
N
—
-—

s

(US~Y3.69)+ (39.06-3Y%20)
b [neavest paetre )

. Tetal length

Yy2 (0
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() (ii1))  (continued)

Marking Scheme:

1 mark: Derive the general horizontal range equation i.e. x =45sin26 and correctly evaluates
boundaries for Case 2.

1 mark: Correctly accounts for the maximum at 26 =90° within Case 1, finds both interval
lengths and obtains correct answer (i.e. = 6m).

Marker’s comment:

e This question was exceptionally poorly done by candidates.

e Success in this question was dependent on the candidate’s performance in part (ii),
resulting in carried forward errors for most candidates.

e Out of the small group of candidates who was successful in part (ii), the majority still
failed to get full marks as they didn’t account for max distance occurring at @ = 45°,

within Case 1, creating max distance of 45 m.

End of Q13 Solutions
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Section I1 Q14 Solutions 17 Marks

(a) Let AABC be inscribed in a circle of radius r centred at O.

A

Let ZAOB = o and ZAOC = 6.

(i) Prove that the area of triangle ABC' is given by 3

0 0
A = 2r%sin (%) sin % sin 7

LBIC = 2T — (X+8) (angles at a point)
A= Lr2sing + $resink + 5r2 ¢in [ 27— (x+6)]
< 5r* [sing+ sinx — sin(x+6)]

Ly [2¢in(83%) as (422 - 2 sin (£5%) “5(9;10()]
-;—r’x25in(9*“)["°s(0_—20()—f'05(h—z“)]

2
L Lt x2sin[158) x 26in 5[ LK o 05%) sing( 03%_ 8-x)

(1)

. : o X

Ly? x ZSM( —91;_“) X 25'”%9‘“"2
(0% ginx p b

20> sin (42 sin% sin
« Prove question = Show ALL wovking. Students cannot expect markers to read

Haeir mind.
.« Students need to revise therr fmgonowmeint idevhtyes.
Q14 #1
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(a) (continued)
(ii) Hence, or otherwise, find the value of ¢ that maximises the area of the triangle

if v is fixed.
Metrod |
A= Zrzsmgzc_ [ SIn (9+—9_(>L) Sl'u/l—g- ]

= 2 sin% x 4 [0S g - cos (045 )] Nete: sinAsing = £ [w@s(A-8) ws(A+8)]

"

o [ £ - ws(9+%)]

L& IS wnstant, maximum occurs when wos (9+%)=—1.
%
0+ > = Ul
p= -3
Mefhod 2

2=

(1 ]
—

~
%44
S
N

»

s
~—~~
.

+

N
S

0= _%lﬂ‘_ﬁlz'ﬁ'-%,
9elo,T)
= - &
2
% s rtsing ws(0+ %)
A 2. X
ddgt('ﬁ—%); rsin3 wst

Maximum at = TT—-%.

-r'sin% <o
. Poorly olove.
¢« Some students found §, but didn’t prave (+ was a maximuwm.

.« Methd | was more efficient, put un fortunaftly vot very popular.
Q14 #2



(a) (continued)

(iii) Hence, by treating 0 as a fixed angle or otherwise, find the values of o and # where 2

the maximum area occurs and state the type of triangle formed.
ol -0
Slrvu\arlg\, %= T- =

9= T- ( from i)

o
2
ST f(n-£)

= T A
3 T
4 T 2
g - 2
3

1 HE)- g

LBOC = 213'1 (angles at 4 point)

LABD = L0BC (m-14) (angle sum of triangle)

L
z
. T
©

s =T o+ F - 5 (angle sum)

Similarly, LBAC = LACR = ]%-

e (A6C= T (angle at centre and civcumference)

0ABC is equilateral (all angles 5)
« Vew) poorly done.

o Some students were Incley) evough to guess AABC 55 equilatferal.
. Mang sfudents wrote 0 - -y

sum of tnangle would pe

(

% , tH's would mean LBAC = 7%[ , S0 angle

o3

X 3 = 2TI.
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(b) There is a chemistry course at the University of Old North Scotland that has a course
size of 300 students. Students cancel their enrolment right before the course starts which
leads to empty spots. Therefore, the lecturer allows for more than 300 enrolments before
the course to account for this, given that the lecturer expects to be overbooked at most
1% of the time. What is the range of values of the probability that a singular student

comes to class if the lecturer opens up 320 enrolments?

You may assume that the sample size is sufficient for the normal approximation to the

binomial distribution to be used (without continuity correction).

You are given that if Z ~ N(0,1) then P(Z < 1.285) = 0.9 and P(Z < 2.326) = 0.99.

P( x > 300) < 0.0

p=320p
P(x <300 > 0.99 0= J3z0p0I-p)
0 — 320
P(z = 30_P ) > 0.99
J320 pt1-p)
300— 320
i —F 2.326 — »00-320p 7 0
s0pCi= ) 300 7 320p
p< 300 = 0.92%5
320

300-320p > 2.326 J320 p(1-p)
(300—310;))2 > [2.5?_6 ,lszoptl—p) Jz

20000 - 192000p + 102400p™ > 2.32b" x 320p (1 —p)
let a= 2.3%" x 320

p (102400 + @) - p(192000+ ) + 90000 > o

192000 + & £ | (192000+ @)% — 4£((024:00 + ) 20D00)
20102400+ Q)

p:
p= 0.9b71%¢%6(L , 0.8431FH ...

P 0.95%8

oo 0ep <0t (4ol Q14 #4



(b) (continued)

« Terribly done...
o Students wrofe n= 300.
* Many didn’t know wheve fo start.

P
r
b= [var(x)
300—320p : :
Some Sfudent vofe : > s made the gueshon
nts wrot 320p(1- p) 2.326. %

Significantly easier,
o Expect wordy queshons fov this topic. See 2022 MEI Qi4d for similay Q.

Studemts need o be able fo breakdown the question and extract
key informahon.

Ql4 #5



(c) (i) Prove that if ) = lw, then w = Ae!* for some real numbers A and .

aw
at - 4w
LN
Jo =l
lwl= Lf+cC
C
lw = "rﬁ“ )*Mus’r have axph'chL wmemhon 0 F £ ¥
It ¢
w= ¢ e

= Actt wew A- 1

* Poorly done , many didn‘t read the queshon carefully.

. £t

« [f =4, then w= Ae™

Stavt with s/ pwve thig
(n assuwme g

7 .
Many stwdemts answeved :  Lf w- Ae , on w= Lw.
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(¢c) (continued)

(ii) Suppose that y; and y, are the solutions to the paired differential equations
Y1 = 2y1 + 6y,

Y2 = 2y1 + 3y2
with the initial conditions y;(0) = 2 and y,(0) = —3

Prove that g1 + ky2 = (2 + 2k)y; + (6 + 3k)ys for all real constants k.

LHS

"

29,+6Y, + k(ZUI + 3‘42)

Wi(z+ 2k + Y2 (b+ 3k)

(]

2HS

. TS guestion should be an easy one mark for all, yet some Shil ouldn‘t get it,
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(¢c) (continued)

(iii) Hence, by letting £ = 2 and another suitable value, solve the differential equations

for y; and ys».
It w= fw, then w= Aet®

W e Yy = L0 +EY,) = (2¢26) Y, + (6+3K)y,

{l

Lot k=2, o, +2¥s = (2+2%2K) W, + (h+3x2)Us

6U|+‘2'Az
= 6(9, +2Y2)

ooL=6
L wey +2Yy = Ae't
£=0,Y4,=2,9,=-3: 2-b=A
A=-4
oL+ kY,) = (2+20) Y, + (6+3K)Y,
Equating wefficlents of Y, and Y2
L = 2+2k 0]
Lic = 6+3 @

0@ : (2+2k)k
2kt + 2k -3k -b
W*- k-6=0
(Zk+3(k-2)=0

b+ 3k
0

fn

=-% 2
bt k=%, d-3y = (2r2xd) Y4 (b4 3x-3)y,
= -¥+ 2y,
= - (4 - £9)
L= -
-t



(¢c) (continued)
oY+ 29z - —4ebt ®
-t
Bo” 0

g"%lﬁ—; 2
®-@ : %Uz = _46%—%6_

-t
4, = -%(49“: + '—2370, )

- e —-74
t -
poe 2 (4t - B8y« gl
_apbt 16 4t 26 -t
4= 40 ¢ 73
= —12 ¢t 26 _t
—e+ Te

. How‘fblg done
+ Eftherduie t (ack of Hime or understanding, not many marks were awarded

. Stuodents weeded fo use (i) ond (ii) o help.

End of Q14 Solutions
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