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Section I
10 marks
Attempt Questions 1-10

Allow about 15 minutes for this section.

Use the multiple-choice answer sheet for Questions 1-10.

1 Let p(x) = 2x* — 3x° — 5x* + 2x + 2.

Given that the line y = mx, where m is real, crosses the curve y = p (x) at four distinct
points.

Let the x-coordinates of these points be x,, x,,x;, and x,.

What is the value of x,x,x;x,?

A. 0 B. 1 C. 2 D. 3

2 Which of the following is equivalent to n(n — 1)(n —2) ... (n—r+ 1)?

| |
A. - B. —
n—r! (n=r)!
| |
(n=r—=1)" (n—r+1)!
3 Which of the following is equal to cos o — cos S ?

A. 2sin(a+ﬂ)cos (a—ﬁ)
2 2

B. 2sin(a+ﬂ)sin (a—/})
2 2

C. 2cos(a+ﬂ)cos (a—/})
2 2

D. —2sin((x+ﬂ)sin (a—/)’)

2 2




Which of the following parametric equations represents a circle tangent to the y-axis?
A. x=-1+2cosf, y=-2 + 2sinf

B. x=-2+2cosf, y=—1+2sinf

C. x=1+2cosf,y=1+ 2sinf

D. x=2+3cosb, y =3+ 3sinf

A particle has a position vector given by r =2 sin3¢i—2 cos 3¢ j for t > 0.
What is the Cartesian equation of its path?

A. ¥+yP=1,2<x<2
B. y=4/4—x2,2<x<2
C. y=—+/4—x2,2<x<2

D. ¥ +y?P=4,2<x<2

Two balls, 4 and B, are rolled horizontally off a cliff at v m/s and 2v m/s respectively.

I

NOT TO
SCALE

Which of the following statements is false?

A. A and B are in the air for the same length of time.

B. A and B are travelling with the same vertical speed on impact.

C. B is travelling at twice the speed of 4 on impact with the ground.
D. B lands twice as far from the base of the cliff as 4.
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+x+y =0 is shown above.

dy
dx

The direction field for the differential equation

A solution to this differential equation that includes (0, —1), would also include which

of the following?

G,-1)

A.

(3.5,-2.6)

B.

(-1.5,-2)

C.

(2.6,-1)

D.

S@Sz—”.

z
3

The magnitudes of two vectors p and ¢ are 3 and 2 respectively.

The angle between these two vectors is € such that

8

3

Which of the following is the correct range of ‘ pP—q ‘?



10

Three standard, unbiased dice are tossed.
Given that the three uppermost faces have a sum of 8, what is the probability that
exactly one of three dice has 4 on its uppermost face?

A 2
39
B 2
7
c. =2
11
p. 2
13

A tank initially holds 1000 L of water in which 10 kg of sugar is dissolved.
A solution containing 2 kg of sugar per litre flows into the tank at a rate of 6 L/min.
The mixture is stirred continuously and flows out of the tank at a rate of 9 L/min.

What is the differential equation for Q, the amount of sugar (in kilograms) in the tank
after / minutes ?

A O, 99
di 1000 -3

B, YL_p 9
di 1000+ 3¢

c. X_pp, 9
di 1000+ 3

p. X_,, %9
di 10003t



Section 11

60 marks
Attempt Questions 11-14
Allow about 1 hour and 45 minutes for this section

In Questions 11-14, your responses should include ALL relevant mathematical reasoning and/or

calculations.
Question 11 (14 marks) Use a SEPARATE writing booklet
(a) By first factorising f(x), where f(x) = x> — 2x* + 4x + 8, solve ) < 0.
X
n n
(b) State the value of n such that = :
12 8
(c) (i) Prove by mathematical induction that for all n € Z*,
1
1+(1+2)+(1+2+3)+ ...+ (1 +2+3+...+n)=gn(n+ 1) (n+2).
(i1) Hence find, in terms of n
3+4B3+6)+B3+6+9)+..+B+6+9+ ...+ (6n-23).
(d) Explain why, that in any party with two or more people, there must be at least two people

who have the same number of friends.

You may assume that if X is friends with Y, then Y is friends with X.

Consider the case where everyone has at least one friend and the case where there is
someone who has no friends.

Question 11 continues on page 7



Question 11 (continued)

(e) Consider the differential equation
1 dy cosx
y dx 1-sinx

where 0 < x<§ and y > 0.

T
Given that y =1 when x = g, express y as a function of x.

End of Question 11

_7-



Question 12 (16 marks) Use a SEPARATE writing booklet

: . 2x+ a
(a) The function fis defined by f (x) =
x —

, where a is a constant, x > 2.

) Given that /! exists, state the value that @ cannot take, justifying your answer.

(i) A function /4 is said to be self-inverse if 4 (x) = A~!(x) for all x in the domain of /.

State the range of values of a such that f'is a self-inverse function.

(b) Letc = |a |b + |b|a, where a, b, and ¢ are non-zero vectors.

Show that ¢ bisects the angle between a and b.

(c) The population of dingoes on an island is modelled by the logistic equation

dy
Z=y(1-y),
o y(1-»)

where y is the fraction of the island’s carrying capacity of dingoes reached after 7 years.

Initially, the population of dingoes is estimated to be one-quarter of the island’s
carrying capacity.

. o . . dw
1) Use the substitution y = to transform the logistic equation to % =—w.
t

1-w

(ii) 1. Show that w = Ae™ is a solution to ci—v: =—w
2. Using the solution of cj{—w =—w, find the solution of the logistic equation
t

for y satisfying the initial conditions.

(iii))  Show when ¢ =1n 9, the dingo population is three-quarters of the island’s carrying
capacity.

Question 12 continues on page 9

—8—



Question 12 (continued)

x2—-4

(d) The graph of y= is shown below.
x+1

Use the Answer sheet provided to answer the following questions.

Put your Answer Sheet for this question inside your Answer Booklet for Question 12.

) Sketch y = 1/f(x) .

2= 4

(i1) Sketch y =
x+ 1

End of Question 12



Question 13 (16 marks) Use a SEPARATE writing booklet

(2)

(b)

Hugh has six pairs of socks in a drawer, each pair is of a different brand, including
his favourite X-men brand.

Each pair consists of two identical socks.
He selects one sock at a time and at random, without replacement.
(i) What is the minimum number of socks he needs to pull out so that he has at least

one matching pair socks?

(i) Find the least number of socks he must select so that the probability of having
the X-men pair is higher than the probability of having only 1 X-men sock.

A ship S is travelling with a constant velocity, v km/h, where

-12
y= .
- 15
At time ¢ = 0, the ship is at point 4 (300, 100) relative to an origin O, where distances are
measured in kilometres.

A lighthouse is located at a point L (129, 283).

_ — 171 -12
(i) Show that LS = +t
—-183 15

(i) By finding |LS , find the value of # when the ship is closest
y g p

to the lighthouse.

(i)  An alarm will sound if the ship travels within 20 km of the light house.
State whether the alarm will sound. Justify your answer.

Question 13 continues on page 11

~10-



Question 13 (continued)

(©)

A vertical wall, height H metres, stands on horizontal ground.

An object is thrown towards the wall and is projected with an initial speed u m/s
at an angle 6 with the horizontal plane.

The object is starts from a point on the ground D metres from the wall
and it just clears the wall at the highest point of its path.

Let the position of the object at time ¢ be given by r (f) where

utcos 6

r(t) = (Do NOT prove this.)

_ 1
utsin 6 — ;gt2

usin 0

8

1) Show that the particle reaches the highest point on its path when 7 =

(ii))  Show that the speed of projection is given by u?= %( 4H?+ D?).

(iii))  Show that 0, the angle of projection, is given by

2H
6 = tan~ ‘(—)
D

End of Question 13

—11-



Question 14 (14 marks) Use a SEPARATE writing booklet

(a)

(b)

With respect to the origin O, points 4 and B have position vectors a and b respectively.
Point P is on the line AB such that AP : PB =m : n, where m and n are positive integers.

Point C is on OP extended such that OP : PC=1 : 2.

(i) Showthat/Tcz(zn_ij( 3m jb

m+n m+n

(ii)  Find the ratio AP : PB such that AC is parallel to OB.

In the figure above, the shaded region enclosed by the circle x* + )* = 25,
the x-axis, and the straight line y = 4 (where 0 < & <5) is revolved about the y-axis.

3
Show that the volume of the solid of revolution is (ZSh —h?] 7 cubic units.

Question 14 continues on page 13

—12—



Question 14 (continued)

(b)

(continued)

In the diagram below, an empty coffee cup consists of two parts.

The lower part is in the shape of the solid described in (b) (1).

The upper part is a frustum of a circular cone of height 8 cm, where the radius of the top of
the cup is 6 cm.

Hot coffee is poured into the cup to a depth 4 cm at a rate of 8 cm®/s, where 0 < h < 12.

Let ¥ cm® be the volume of coffee in the cup.

(i1) Find the rate of increase of the depth of coffee when the depth is 3 cm.

(iii))  Show that the volume of coffee in the cup when for 4 <4 <12 is given by

=ﬂ+3—ﬂ(h+4)3.
3 64

v

(iv)  After the cup is fully filled, it cracks at the bottom.
The coffee leaks at a rate of 2 cm?/s.

Find the rate of decrease of the depth of coffee after 15 seconds of leaking.
Leave your answer correct to 3 significant figures.

End of paper

—13—
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SectionI  Multiple Choice Solutions

1 Let p (x) = 2x* — 3x% — 5x2 + 2x + 2.

Given that the line y = mx, where m is real, crosses the curve y = p (x) at four distinct
points.

Let the x-coordinates of these points be x,, x,,x;, and x,.

What is the value of x,x,x,x,?

A. 0 1 C. 2 D. 3

2433 -5+ 2x +2=mx = 2x* - 3x* - 5+ 2 -m)x +2=0

A 9
B 125
C 29
D 0

2 Which of the following is equivalent to n(n — 1)(n —2) ... (n—r+1)?

o Q)
' n—r! (n—r)!

! !
C. =t ) S - S
(n—r-1)! (n=—r+1)!
A 8
B 126
C 17
D 12
3 Which of the following is equal to cosa — cos f§ ?
A. 2 sin il cos Ll ) .
2 2 Using the Reference sheet, options A
and C are out.
B. 231n(a+ﬂ)sin (a—ﬁ) 1
2 2 sinAsinB = E[COS(A —B) —cos(A + B)]
+ 3 a—p A 5
C. 2cos|Z
COSs ( 2 ) COS ( 2 B 36
C 8
D 114




4

6

Which of the following parametric equations represents a circle tangent to the y-axis?

A. x=—1+2cosf, y=-2+ 2sinf

e x=-2+2cosf,y=—1+2sinf A 20
B 100

C. x=1+2cosf,y=1+2sinf C 24

D 13

D. x=2+3cosf, y =3+ 3sinf

The radius must equal the distance to the y-axis, which would be the x-coordinate of the centre.

A particle has a position vector given by r =2 sin3¢i— 2 cos 3¢ j for 1> 0.

What is the Cartesian equation of its path?

A. +yr=1,-2<x<2 A 2
B 21
B. y=\/4—x2,—2§x52 C 50
D 89

C. y=—+/4=-x2,-2<x<2

x'+y?=4,-2<x<2

Option A is clearly out. Options B and C are out because — 2 cos 3¢ can be pos./neg.

Two balls, 4 and B, are rolled horizontally off a cliff at v m/s and 2v m/s respectively.

A 18
B 23
C 109
D 13

Which of the following statements is false?

A. A and B are in the air for the same length of time.
A and B are travelling with the same vertical speed on impact.
B is travelling at twice the speed of 4 on impact with the ground.

B lands twice as far from the base of the cliff as 4.

Options A, B, & D are facts that you need to know.

You also need to differentiate between questions that ask for ‘velocity’ vs ‘vertical velocity’.



0 is shown above.

x+ 1.

y
+x+
dx Y

A solution to this differential equation that includes (0, —1), would also include which

Option C is out because the ‘flow’ or ‘current’ would not take it that far.

Options A & D are out as they are on the ‘other side’ of y

The direction field for the differential equation

Yo
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The magnitudes of two vectors p and ¢ are 3 and 2 respectively.

: 2
The angle between these two vectors is 0 such that % <O< ?ﬂ

Which of the following is the correct range of | P—9q |?

A 18
A 7<|p-q|<19 B. 7<|p-q|<13 B 12
C 111
@ ﬁé|;~9—g|£\/ﬁ D. ﬁ£|;~9—g <13 D -
Using the cosine rule:
lp—al? = [p|2+ |a]>-2 x [p[ x [q] cos ¢
=94+4-2x3x2cosd
= 13— 12 cos 8
T 2r . . . .
Now for 3 <0< ER cos 6 is a strictly decreasing function
1 1
—— <L cos@£—=>—-6<—-12cos0 L6
2 2
S T<13-12cos0 <192 7 < |p-q|2 <19
. JT<lp-al <y
Three standard, unbiased dice are tossed.
Given that the three uppermost faces have a sum of 8, what is the probability that
exactly one of three dice has 4 on its uppermost face?
PN
39 A 27
B 81
° 3 c 39
7 D 16
c. =
11
p. 2
13
Adding to 8
Cases: (1,1, 6) There are 3 of these.
(1,2,5) There are 6 of these.
(1,3,4) There are 6 of these.
2,2,4) There are 3 of these.
(3,3,2) There are 3 of these.
Total: 3+6+6+3+3=21

Exactly one 4 (1,3,4) & (2,2,4) There are 9 of these.



10 A tank initially holds 1000 L of water in which 10 kg of sugar is dissolved.
A solution containing 2 kg of sugar/litre flows into the tank at a rate of 6 L/min.
The mixture is stirred continuously and flows out of the tank at a rate of 9 L/min.

What is the differential equation for O, the amount of sugar (in kilograms) in the tank
after # minutes ?

do 90
— =12 81
dt 1000—3¢

A
B 53
d C 11
B. X_p, %9
dt 1000+ 3¢ D 17
A L, 9
dt 1000 + 3¢
A o, 9
dt 1000 -3¢
4Q_d4Q v
dt —dv " dt
Att=0,1000L, Q = 10kg
kg L Q kg L
T "% 0003 L~ min
We use 100037’ since the original volume is 1000 where less liquid is in the tank for every unit of time. In this

case, this is 6 — 9 = -3 units every minute.
This gives
aQ

— = inflow — outflow

dt
=(2><6)—( Q ><9J
1000— 3¢

%
1000 3¢

End of Section I Solution



Section 11 Question 11 Solutions 14 Marks

(a) By first factorising f(x), where f(x) = —x* — 2x* + 4x + 8, solve

! < 0. R}
f(x)

f(x)=—x" (x+2)+4(x+2)
=(x+2)(4-x)

=(x+2)"(2-x)

n ! 1 ( +2)2 0
= , >
f(x) (x+2)(2-2) O
1 .
has the same sign as (2 —x
70 2
1
If <0
f(x)
2—-x<0
ax>2
Well done.

Many students only partially factorised the expression, no mark was deducted this time.
However, please remember that always completely factorise the expression.

This is a 3 mark questions, students are expected to justify their answers.

Graphical method was accepted as well.

n n
(b) State the value of # such that = . 1
12 8
nCr =” Cn—r
s n=12+8=20
Well done.

No half marks



(©)

(1)

Prove by mathematical induction that for all n € Z7,
1
1+(1+2)+(1+2+3)+...+(1+2+3+...+n)=€n(n+ D(n+2).

Prove that the statement is true for n=1.

When n=1,
LHS=1

RHS:éx1x2><3:1

~ LHS=RHS
-~ The statement is true for n =1

Assume the statement is true for n=4k, k€ 7",

ie. 1+(1+2)+(1+2+3)+---+(1+2+3+---+k):ék(k+1)(k+2)

Prove the statement is true for n =k +1,

ie. 1+(1+2)+(1+2+3)+---+(1+2+3+---+k+k+1):%(k+1)(k+2)(k+3)

LHS = k(1) (k+2) + (1424344 K)
:ék(k+1)(k+2)+—(k+1)(k+2)

:é(k+1)(k+2)(k+3)

=RHS

Therefore, by mathematical induction, the statement is true for all n € Z*.

Extremely well done.
Common errors:

- Incorrect format of Proof questions

- Some students did not recognise (1 +243+-+k+k+ 1) is a simple AP.



(c) (i1) Hence find, in terms of n 2

34B+6)+B+6+9)+ ..+ B+6+9+...+(6n-23).

34(3+6)+(3+6+9)+ -+ (3+6+9+-+(6n-3)) =3[ 1+ (1+2)+ (14 2+3)+ -+ (1+243+--+(2n-1))
:3><éx(2n—1)(2n—1+1)(2n—1+2)

= n(2n —1)(2n +1)
Poorly done. Some students did not attempt this question.

Many students were not able to recognise that k =2n-1

Did not simplify their final answers

Few students did not multiple their answer by 3.
Common wrong answers: %(211 — 1)(2n)(2n + l) , é(2n - 1)(2n)(2n + 1) ,

Sn(n=1)(n+1), 2 (6n-1)(6n)(6n+1)



(d) Explain why, that in any party with two or more people, there must be at least two people 2
who have the same number of friends.

You may assume that if X is friends with Y, then Y is friends with X.

Consider the case where everyone has at least one friend and the case where there is
someone who has no friends.

Case 1: everyone has at least one friend

If everyone has at least one friend, then each person has between 1 to n — 1 friends.

Each of the n partygoers can be categorised as one of these n — 1 values and hence two of
the partygoers must have the same value. That is, the same number of friends by the
pigeonhole principle.

Case 2: someone has no friends

If someone lacks any friends, then that person is a stranger to all other guests — a singleton.
Because ‘friend’ is symmetric, the highest value anyone else could have is n — 2, that is,
they would be friends with everyone except the singleton. Therefore, everyone has between 0
to n — 2 friends.

This means of the n partygoers can be categorised as one of the n — 1 values, and hence two
of the partygoers must have the same value, or number of friends.

Students’ examples:

d) C,OnSid(’r n PQOP"E (nE Z}4 n';lg)
Cose ): EVl’f’one hay ab leasr}  gnc friead 4
= aumber of friend_r SOpmetae  fan

have 8 = 1, 2,3...(n-1) (excludes
l’}-fﬁfi’hfe.r/\/

Cate 2: Jomeone M hes  po frien o s
= nunbe~ o f Fr'!'mh JOMeant Cen
have = 0,1,2,2... (n-2)
ta2) Jdince they cannot be frerds im \/
Vhe pevin wiH m frends

Cares | a-d U art pubnaly, excfuiie

Jn each, Hare @ A pigeons (o pegple )
ﬂd\é‘ {rn-)) II'QEOH}IU'FJ ( n;,,,..}er o[ F‘m'f"’)'
Somtone  Con have)
14 €0 vrey
by piacorhele  proveiple , ak-lass 4, peop le
hove § ane Ay nbe- of ff"’#d! \/



DDPPQMW & leadt | Brendd

Wi EDM

e Hrst (n) horve B, poundt
j forvemols . pefe

Beet case: 12,34, ... e

TL-L {G\.s‘?' Ferson
pod Yo Lioeds it o least |

M0 (11D Gnee e s () o peopl
, A_g MZ( Fomt #-Q Sev

o
hoanloar e sopcove FHon Mo S~ poople
oot be ol leah (ngf-‘/

M&QMZ_FQ‘V&

Tere o G prople Wil of loat | Loy of
Shunlarly to N proft o2, Hy ik C"“'7«>.

hete 1,2,3,. . wny Brewsls I
st ot / % A b tHe
Wd“ is Ha qu::bba{ bave [ 4o n-2 #1‘&“6(-3 \/

le .
A bo% " NLLL RJ{‘ {891)""
Lo 4 rl/’t"?‘ﬂ“ Ll Care “g . ,,{‘e#mf()
Extremely poorly done.
Many students did not attempt this question.

No mark was awarded if students only had the pigeonhole principle as the answer.

Common errors:
- Some students only explained one case.

- Many students only discussed the question when the party has 2 or 3 people and did not
provide a general solution. No mark was awarded as they did not address the question.

- Some students were able to find the number of friends but did not link this number to the
question.



Question 11 (continued)

(e) Consider the differential equation

1 dy cosx

y dx  l—sinx’
Wher60$x<% and y > 0.

. T .
Given that y =1 when x = E’ express y as a function of x.

Jd_yzj co§x i
y I—sinx

Jd_yz_J —CO'SX I
y I-sinx

s~ In|y|=—In|l1-sinx|+c

“ y>0,and 0 <sinx <1

lnyz—ln(l—sinx)+c
Substitute x:%,yzl,we get c=—In2

That is, lny:—ln(l—sinx)—ln2

1
=ln| ——
(2—2s1nxj

1

cre 2—-2sinx

Poorly done.

Many students did not provide a reason for getting rid of absolute value, > marks deducted.

—COS X

Common error: j dx =In(1-sinx), so had y=2-2sinxas their answer.

1—sinx

End of Question 11 Solutions



Section 11 Question 12 16 Marks

(a) The function f'is defined by f (x) = , where a is a constant, x > 2.

g
) Given that /! exists, state the value that a cannot take, justifying your answer. 2
) 2(%-2)+4+0
x)=
x-2
- a+4
A
1-1

0t4 £0 for {' toexist since flx)=2 fais the HLT.
.0$-4

Cenerally well done,

(ii) A function # is said to be self-inverse if 4 (x) = #~!(x) for all x in the domain of .

State the range of values of a such that f'is a self-inverse function.

. Blue bvamda (s not self inverse.

Yqg |,
|
| Fr § 1 be @if-inverse, £ needs 4o hove
1' o> symmetny abod y= 2 and be in fine Same

el et- - -
AW - qua dvawt.

: >
{
|

, A7 -4

Poorly dove.



(b) Letc = |a |b + |b |a, where a, b, and ¢ are non-zero vectors. 3

Show that ¢ bisects the angle between a and b.

Method | C
s = &8 A A
)14 ~
_a-(ule+ib)a) e .
411 )
e ek e 1400k ’
- 4114l

a.b+ 415

€1

S(Wll'laHU' (;05P = Ig,”/’z/l + .4 ,b\,

I&]
S oSk = (OSf
X = ﬁ A -—P
0o, =T
x=p ( Bither . B are both awte ov obfuge)

Poorly) dlovie | Stwdents need explicity explain why o= g fam LoSK = cosp.

Some Students didn’t kmow whevt o STAIY, fpe queshion (S asking fov ongles,
s0 studewts shantd vecall the olot pyoducf.



Method 2

e =gl + (b2

aY%

- wel = [14lg]

- 0BCA foyms G rhombus with diagoral 0C.

Diagonals in 4 rhombus bisect angles.
¢ bisects the angle petween [4] 2 and 2]5].

pla s paralies v g, (414 is paralel 0 b
¢ bisects the angle betneen 4 and £

Quite a few students atfempted this method.

A ommon mistake was diagonals in a paralielogram bisect angles. Ti's IS

not e , only works for rhombus.



(©)

The population of dingoes on an island is modelled by the logistic equation

dy
Z=y(1-y),
o =r(1-y)

where y is the fraction of the island’s carrying capacity of dingoes reached after ¢ years.

Initially, the population of dingoes is estimated to be one-quarter of the island’s
carrying capacity.

1) Use the substitution y = 1; to transform the logistic equation to d_vtv =-w. 2
-w
dw _dW  dy L/ —
= = u " T N © (-w)*
it~y dg

"

(-w)* x Y (I-y)

([_w‘)L X Iil/\l ( _ﬁ)

U"W)( - ﬁ\,)
- w-
SN

(1]

o

(A

d -l
Lommon mistale TZI\T = C-w)*

(ii) It Show that w = Ae™ is a solution to %:—w. 1
oW _4%
d - AQ,
= -
W= Ae”" 18 soluhon t9 T s o,

Quite a few Students ook the integration appkoach} fhis s not
recovamended considerning H's worth 1 wark.



2. Using the solution of ‘:’1—?) =—w, find the solution of the logistic equation 2
for y satisfying the initial conditions.
- Ae?
l L
[— W - Ae~*

e

-

s [+3e¢7F

Many students failed +o See the wanection betieen previous
pmsl4 and integrated from scratth, 11is was successful fr some,

but not so mucdh oy others.

(iii) Show.when t=1n9, the dingo population is three-quarters of the island’s carrying 1
capacity.
when 't = [n q 5 = ;
’ I+ 3¢
:

Wien t =09, Hie dingo ﬂUP‘/Iaﬁ'o” (S tHvee guarters
of the island's carrying capacity.

Gererally well dovie.



Question 12 (d)

(i)  Sketch y=,/f(x)

Nofe: Endpoints (le %=12) need +
be verh cal.

Alignment at y=1.

cenerally well done.
Commm mistake for  LHS:

I,

7
7’ '
- |
P U
.
[

=4

(i1) Sketch y = )
x+1

-4
= K+ |

(X4 jip<n
T

) NVE-2, X7 2

o [l IS g

Poor 1y dovie.
Sove Students Skefthed y= | £(%)]

—15—



Section 11 Question 13 Solutions 16 marks

(a) Hugh has six pairs of socks in a drawer, each pair is of a different brand, including
his favourite X-men brand.

Each pair consists of two identical socks.
He selects one sock at a time and at random, without replacement.

(1) What is the minimum number of socks he needs to pull out so that he has at least 1
one matching pair socks?

Marking Guideline Marker’s comments

1 mark — Correct answer - Done well by many candidates.




(a) (continued)

(ii) Find the least number of socks he must select so that the probability of having 3
the X-men pair is higher than the probability of having only 1 X-men sock.

" / ~ ) ” c-
f’){/omz/z X v e 4604§ /x—o,w MSCC’/:Y_.) = ZL/Z )(/ (5,—2
€n
— = e »261 = Y
f (OV‘[;/ o e )(,»rpw Seock Framt sochs) = :;7—1 S
- /2[ =
L or 27 f
£ X L/ 4. = HZ“ = AQ(M,_/ — o —
2 : 2{'—’
g o P
[ : L
o 1o, _ 12
(u'Z 2 (""/ as [y’ 28 —
{ > {
L2 -l
(10 —=(n-2))! (n-2)! (le-Cn-~))! (n-t)]
| R B
(i2-n)! (n-2)! (ﬂ//—/i_)/ (I“’//«/,i,,,i B
(ti—n)! fn-t)! > Ciz2-n)! (n=-2)!
(l=n)! (n-0(n-2)! > Ciz-n)lll-n)!ln-2)!
ol = S F2 =1 B
2n 2 13
Som e 2
2

‘7‘7 n= / r$ TL‘( /?QS?Z M[/(‘uwé?V (/75‘0(’4(,'

Marking Guideline Marker’s comments

3 marks — Correct solution - This question was not done well by majority
of the candidates.
2 marks — Substantial progress towards the correct

solution. - Many candidates showed limited
understanding of the question and were
1 mark — Identifying the correct expression for unable to derive the correct probability
one of the probabilities. expression for either the X-men pair of

socks or for just one X-men sock.

- Some candidates who made substantial
progress still made the mistake of not
considering that the matching pair of X-men
socks were identical when deriving the
expression for choosing one X-men sock.




(b)

A ship S is travelling with a constant velocity, v km/h, where

-12
y= .
- 15
At time ¢ = 0, the ship is at point 4 (300, 100) relative to an origin O, where distances are

measured in kilometres.

A lighthouse is located at a point L (129, 283).

. — 171 -12
6 Show that LS = +t
—-183 15

e — = F =12 ¢ T, )
( ISt *CZ
i} r(c‘) o /r’ C,) : {/ 500)
[ (Z/ {ocC
o R v (£) jj’-l?(i-ﬁ%foj .
' 5t vleo

—_— —
Lg = O =gl

= /\{?{aﬂ;co | _‘/(Z? /
o ) - 7
. (S 1 lea / 283 /

= (7] — 12¢€
L =183 +15¢
- / i / . f/w_z
~(Z5 ./ 5 4
Marking Guideline Marker’s comments

2 marks — Correct Solution

171
is derived.
83

1 mark — Showing how (

As this is a 'SHOW' question, candidates
were penalised if they did not demonstrate

] was derived.

how the result ¢
15

Integration (as shown in the solution) or
explicitly stating that displacement is the
product of velocity and time is required, so
markers do not assume the candidate has
merely taken the result from the question
without proper justification.




(b)

(continued)
(i) By finding ‘B‘
to the lighthouse.

, find the value of # when the ship is closest 2

————
- (70 =12 ¢
/_L§/_~ /«-/z”:‘usf

= i 7 2

= A l1ar—y2¢)%+ (-

= W2 t7ixex 12t + (e )?)+ (E-i93) - 2x 185 % iS5t 467¢ )

= i 369¢%-95994¢ + 62730

dlis |  zraixt
) = 2
ot
= 31 (+-13)
(t2-26¢t 4170 )"
let d (TS _ o
ol
0= =l (£~13) . :
mm)%
.t -3 -0
. . t=13 R
leed F- (2 -
12 ) i3 | iy
A1) ~r3-58/ o {(é.fz?
N

T=1(3 » |{ & minivvtam (%falan TMY‘AH/N} [—761!/?')"

/;1[ += ,/Z/Jm/ws/ LGl +4, o Lhiye 1S (’/05%;% '/c

7/10 /,//%/’ ceuse.

Marking Guideline

Marker’s comments

2 marks — Correct Solution

1 mark — Correct working to obtain
LS| = /369> 9594 + 62730

A significant number of candidates were not
able to derive the correct expression for

‘LS‘ or made careless errors in the

arithmetic calculations. Candidates need to
take more care.

Candidates were penalised if no justification
were explicitly given to why result of =13
hours should give the closest distance
between ship and the lighthouse.




(b) (continued)

(iii))  An alarm will sound if the ship travels within 20 km of the light house.

State whether the alarm will sound. Justify your answer.

When 1= 13

— Ty o _
Jts /= (369013%- 2603)+170

== 2

™~

2(9

R rry

I

= 2 0 Kv

o

-~ . [he @/ﬂ&'fv’ will SOMVZ("/.

Marking Guideline

Marker’s comments

1 mark — Correct answer with justification

Candidates were penalised if no (or
incorrect) justification were provided.




(©

A vertical wall, height H metres, stands on horizontal ground.

An object is thrown towards the wall and is projected with an initial speed u m/s
at an angle 6 with the horizontal plane.

The object is starts from a point on the ground D metres from the wall
and it just clears the wall at the highest point of its path.

Let the position of the object at time ¢ be given by r (¢) where

utcos 6
r(t) = _ 1 (Do NOT prove this.)
utsin 6 — ?gt2
. . . . . usin 6
(1) Show that the particle reaches the highest point on its path when ¢ =
8
r(t) = [ utees€ ‘|
((/{_é(v\"'—’u“zl /
’L(ﬁ): / U &es € )
UsSing -~ C]' £ 7
Moy height is yeached yhen tsro 8 -9 te O
L C]f = USin é
L MEhiy
J
Marking Guideline Marker’s comments
2 marks — Correct Solution - Done well by many candidates.

. . 1
1 mark — Correct derivative of y =utsin — 5 gt’




(c) (continued)
(i)  Show that the speed of projection is given by u2= %( 4H?+ D?).

N —
el N o

/ .
/G J

D
7

Ht 1= using 2=D ond y=U

o
Utees€
= U fusin@ ) ces@
/
=
D = U?sinB cos&
q

~

L/ = (A‘/'Sfme '“,2—/5{2'

n

D

It

™

H = u (usin€ )o@ — Lol usiné |°
' ZJ\

9 9 7
= M25fl/l1e o ulsng
3 23
= 2ulsin* — ulsin’€ —
29
< P Usin’é @
29

2U
S £ ulsm—ze-;—#wlwz #w;gﬁ
l{x +
s Lucin?é | / L 26 I -
7 s
29 S S S
= 9° / ubgin“e 2 U 5in*E cos?B / N
=R b 2
__._____[(iSI‘sz 9 9 /
= g7 [ Uisin’€ [ sn?€ +ces?) |
e ( 2 ¢ o
utsin’e g
- gt r g¥sinC |
P 1 >
IJZGI'M 76 vq
s Mz




(©) (ii) (continued)

Marking Guideline

Marker’s comments

3 marks — Correct solution

2 marks — Correct expression for D and H in terms
of u, g and 6.

1 mark — Correct expression for either D or H
in terms u, g and 6.

This question was not done well by many
candidates.

A significant number of candidates were not
able to correctly derive the expression for H
or D or both, and instead incorrectly
manipulated their working to the desired
result.

Candidates need to take more care with their
working and if their solution does not
achieve the correct result than they should
check their working rather fudge their
working.




(c) (continued)

(ii1))  Show that @, the angle of projection, is given by

7Fr0l\71 (71(1] - -
/‘/: ‘z‘,,v-,Z/L 9=tan‘l
U SincE D
2
2U = u’sinm 76
. )
NER SinEcesE
b
24 (/»Y S/m_zé)
Q 9 ——
U2gin @ cesl
=
- ' Gl @
cesé
(T&’tv‘ (/l = _Z_L/
%
e sl 2
2 = /n . B
£24 )
Marking Guideline Marker’s comments

2 marks — Correct Solution

1 mark — Significant progress towards correct
solution.

This question was not well done by many
candidates.

A significant number of candidates started
from the result and worked backward,
produce working that did not justify why the
result is true.

The goal of a proof is to show that a
statement is true through logical deduction,
not to assume its truth and work from there.
No marks were awarded for such effort.

Some candidates had incorrect working and
then incorrectly manipulated their working
to fit the result to be proven.

Candidates need to be aware that marks will
be not be awarded for incorrect working.




Question 14 14 marks

(a) With respect to the origin O, points 4 and B have position vectors a and b respectively.
Point P is on the line AB such that AP : PB = m : n, where m and n are positive integers.

Point C is on OP extended such that OP : PC =1 : 2.

(i) ShowthatA—C;:(zn_m]aJr( 3m jb 3
m+n m+n

AP :PB=m :n

— m
S AP = b -
m+n( a)

.OP=0A+ AP

=a+ (b—a)

m+n

As ﬁ':20—P and I‘:E+P—C then:

—  m m
AC = b- 2 b-
m+n( a)+ (a+m+n( a)j

:(2—3>< m ja+(3x m jb
m-+n m-+n
:[2(m+n)—3m}l+[ 3m Jb

m-+n m+n

(Zn—mj ( 3m ]
= a+ b
m+n m+n




Question 14
(@ () Method2: AC=-04+0C and OC =3 0P

As OC =3 OP then:

25:—3+3(a+ m (b—a)j
m+n

:—a+(3— 3m Ja+(3x " Jb
m+n m+n

:(2— m ja+(3x m jb
m-+n m+n

Comment: It was pleasing that most students could derive OP.

A common mistake was having C in the interior of the triangle.

(continued)

Some students couldn’t achieve full marks as they left the marker to believe they could
handle the algebra and just stated, too early, the result they had to show.

(i1) Find the ratio AP : PB such that AC is parallel to OB.

The coefficient of a must be zero

Comment: Most students could derive the result 2n —m = 0.

Some incorrectly believed that to be parallel to OB that AC had to equal OB.



Question 14 (continued)

5
% x*+y? =25
0

In the figure above, the shaded region enclosed by the circle x> + 32 = 25,
the x-axis, and the straight line y = 4 (where 0 < 4 < 5) is revolved about the y-axis.

(b)y (@)

3
Show that the volume of the solid of revolution is (25}1 - %jﬂ cubic units.

x’=25-y°

h
Vol = EJ x> dy

0

=7Z'J 25—y dy
=7z|25y——y°
| 3yl

=1 25h—lh3 —Oj
3

:ﬂ(25h—§h3j cu

Comment: This was done very well.

Surprisingly, some students wanted to test themselves by doing this indirectly.



Question 14 (continued)

(b) (continued)

In the diagram below, an empty coffee cup consists of two parts.

The lower part is in the shape of the solid described in (b) (1).

The upper part is a frustum of a circular cone of height 8 cm, where the radius of the top of
the cup is 6 cm.

Hot coffee is poured into the cup to a depth 4 cm at a rate of 8 cm?/s, where 0 </ < 12.

Let ¥ ¢cm? be the volume of coffee in the cup.

(i1))  Find the rate of increase of the depth of coffee when the depth is 3 cm.

3
For 0<h<4, V=[25h—h?j7r

v _dv dh
dt  dh’ dt
8:(25—h2)nx@
dt
dh _ 8
dt (25—h2)7r
At h=3: @—L=—cm/5

1 -
i.e. the rate of increase of the depth of coffee is Ey. cms™ .

T

Comment: This was well done by most students.

A common mistake was leaving out 7 or forgetting to substitute 4 = 3.



Question 14 (continued)

(b) (ii1))  Show that the volume of coffee in the cup when for 4 </ < 12 is given by

V= 164z +3—”(h+4)3.
3 64

The volume of the coffee for 0 <h <4 is

found by substituting 2 = 4 into result of b (i)
236m

1.€. cu.

The radius of a circle at height 2 cm is 7 cm.
As A ACF ||| A ADE then AC = 8§ and so 4B = 4.

Method 1a: Let 9 be the semi-apex angle.

r

tand = — =
16 h+4

3
Sr=—(Ch+4)
8

The frustum’s larger cone has a height of (% + 4) and radius .
The smaller cone had a height of 8 and radius 3.

% =§(r2(h+ 4) — 32x 8)

T

9
=—|—(h+4)3-32x8
3\ 64

236x 3z
+ —(h+4)3 =24z
64

Volume of coffee =

1647 3z
= +—(h+4)3
3 64




Question 14 (continued)
(b) (ii1))  (continued)

Method 1b: Similarity
Basically same as Method 1a

A AIH ||| ACF (AA)

) r _3
" h+4 8
3
r=—(h+4)
8

The rest finishes as Method 1a.
Method 2: Volume of revolution

We know: h=4,r=3andh=12,r=6
Rotating the shaded region will give the volume of the frustum.

The equation of the line is /4 =§r—4 or r= %(h +4).

h h
12 Vol = 71'/ r2dh
Ah 5 4 )
81 = S (h+a) 9
=7 —(h+4)? dh
4 64
4
97z h
( h+4)3
64 4
3 6 .
=—[(h+4)3-8%]
4
3
Stated earlier, the amount of coffee at 4 =4 is 23367[ {h =4: (25}, _%J }
Total volume of coffee at height 4 = Z—Z(h + 4)3 —-24r+ @ 16:?7[ 362 (h 4)

Comment: This was not done well by the majority of students.

Surprisingly, students thought they could just fudge their way through this problem.
The term ‘h + 4’ was introduced without justification, probably through ‘reverse
engineering’.

A common mistake was thinking the triangle was only 12 metres high, and not 16 m.

Even though students were more successful with the integration approach, there was no
attempt to defined the variables x and y.



Question 14 (continued)

(b) (iv)  After the cup is fully filled, it cracks at the bottom. 3
The coffee leaks at a rate of 2 cm?/s.

Find the rate of decrease of the depth of coffee after 15 seconds of leaking.
Leave your answer correct to 3 significant figures.

After 15 seconds: Volume of coffee = 16;” 'Z: (12 + 4) -2x15

What is A4?
16472' 37r(h 4) o 15_1647r 372'(12 4) ol
I 3 64
Iz
4(h 4y’ =192 -30
1
V3
Sh=11.73 (>4)
d_V_97Z( cap 3
1 2
After 15 seconds, —2:9_7[ 4 647-1033 | dh
dh -8
dr L 2
973 (647 —-10)3
=—0.0183

i.e. the rate of decrease of the depth of coffee is 0.0183 cm s

. : dv . .
Comment Most students could achieve some sort of expression for o but this only had a minor mark

attached to it.

Quite a few students had completely unreasonable rates. This would have indicated a mistake
has occurred.

End of solutions
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